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1 Introduction 

In this article, two somewhat separate questions are 
being discussed, and the first one concerns finding 
a mathematical model of the combined, horizontally 
rotational movements of the human head and eye. 
Therefore we devote Section 2 to finding systems of 
differential equations for describing the movements, 
based on simplified physical models of the muscular 
configurations in the neck and the eye respectively. 
However, it must be stressed that even though we use 
simplified models, our aim is to come up with a phys- 
ically feasible model for the human muscular actions. 
This model could be of some interest in robotics, but 
our primary goal is that it will help us understand 
the dynamics of the actual muscles. 

The next task, when it comes to finding a math- 
ematical model, is to link the two separate systems, 
constituted by the head and the eye respectively, to- 
gether, so that we can move on to the next major 
problem investigated in this article; How do we com- 
bine the movements of the head and the eye in or- 
der to follow a moving object with a given, known 
trajectory, at a constant distance from the head? 
This question is discussed in Section 3, where con- 
trol laws are developed for activating the neck and 
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the eye muscles in such a way that the pupil fol- 
lows the desired trajectory, at the same time as both 
the head and eye trajectories, viewed separately, are 
three times continuously differentiable. 

The reason for investigating the known trajectory 
case is that even though we in practice do not know 
the trajectory, we believe that since the problem in- 
volves four actuators, one for each muscle, the control 
of the overall switching system is interesting for it’s 
own sake. We also hope that we further on are going 
to be able to make predictions of the observed ob- 
ject’s trajectory, and then base the tracking on these 
predictions. This can be done using the same strate- 
gies as those suggested in this article. But any con- 
trol laws that accomplish this will not do and in this 
article, we try to use controls that make the energy 
produced in the movement as small as possible, since 
we believe that to be a reasonable, physical control- 
criterion. 

We also investigate what role time delay plays 
when it comes to switching between active and inac- 
tive muscles. This phenomena could hopefully help 
explaining what happens in esotropia cases, were the 
eye is stuck on one side. 
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2 HEAD-EYE-DYNAMICS 

2 Head-Eye-Dynamics 

2.1 Head Rotation 

What we want to do in this paper is to model the 
complex behavior of the more than 20 pairs of mus- 
cles that control the human head movements. We 
want to do the modeling in such a way that the rota- 
tion of the head is given account for in a simple way. 
Therefore we chose to model the muscles as just one 
pair of muscles, conducting the same actions as all 
of the actual muscles together. This is because we 
are more interested in the principles of the controls 
behind the muscular contractions, than in finding an 
exact muscular model at the price of clarity. 

We chose to model these muscles as damped 
springs with a second order linear dynamics of the 
form [ll] 

f = -k(x - L) - giz + v(i), (1) 

where L and x are the lengths of the unstretched 
and the stretched spring respectively, and k and g 
are frequency and damping parameters of the spring. 
A controller, v(t), is added to the spring, and the 
control term is produced by an active and an inactive 
part, corresponding to the active and the inactive 
muscle in the rotational movement, respectively. 

Figure 1: The two forces producing a rotation of the 
head. 
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If the angle 0 is chosen to be the system state vari- 
able, as seen in Figure 1, we get 

i= q(4cosp-Fz), (2) 

where I is the moment of inertia of the disc that is 
being rotated, since the angular acceleration is given 
by the torque, produced by the two tangential forces 
Fl cos /5’ and Fz. If we now let xi and 22 be the 
lengths of the left and the right spring respectively 
and consider the fact that we now have two springs 
affecting the lengths simultaneously, we, after some 
calculations get a system on the form 

i = sign(B)f(]B], sign(e (3) 

+ w(+l(t) +uz(Q,(t), 

where 

fb(t) = 

C 

%ctive(t) if e > 0 

Qxsctive ifB<O, (4 

and the opposite for 212(t). The inactive muscle con- 
trol is only a constant term, which is due to the fact 
that a muscle is never completely at rest. This last 
condition (equation 4) gives us a physically inspired 
description of when we are to switch between actively 
controlling one muscle to the other. 

2.2 Eye Rotation 

The external and internal recti, the muscles behind 
the rotation of the eye, both attach on the so called 
Annulus of Zinn, behind the eye, and they also at- 
tach rather high up on the eye itself, which makes 
the modeling a bit easier than in the head case, since 
the geometry is simplified by the fact that the forces, 
produced by the two muscles, can be assumed to al- 
ways be tangential to the eye itself. However, in al- 
most the same way as in the neck case case [ll], we 
get the system describing the eye rotation to be 

d = -‘&d+W) - f(~ll(t)- 212(t)), (5) 

with vi(t), (i = 1,2) determined in the same way as 
in the neck case above. 
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2.3 The Combined Movement 

So if we return to our initial problem; How do we 
combine the movements of the head and the eye in or- 
der to follow an object with a given trajectory, $(t), 
at a constant distance from the head? Simple geo- 
metrical considerations, mainly involving the Law of 
Cosines, gives us that the acceleration of the head 
and of the eye, can be linked together by a function 

$ = F(B,+, i, I+& 8, $), (6) 
but we still have equation 5, which gives us a control 
law on the form 

weye = -sign(+)(wl(t) - w2(t)) 

-sign(d)r[F(~, ti, e, ?I, i,G) 

T 2(g$ + @)I. 

(7) 

This way of letting the eye do most of the tracking 
is a product of the so called occulocentric view. This 
means that the main tracking is performed by the 
eye, while the head just moves in a general way. This 
approach is a rather reasonable one, since the fast 
sacccadic movements of the eye make the eye better 
suited for following fast movements than the head [6]. 

3 Control Laws 

Now that we have a model for the combined process of 
activating both the muscles of the neck and of the eye, 
the next task is to find the control laws. A reasonable 
approach is to try to minimize the energy produced 
in the movement, and since the mass of the head, 
M, is so much larger than the mass of the eye, m, 
one criterion for finding our control could be that it 
should make the angular acceleration of the head as 
small as possible. This would make the energy, given 
by the torque, small since 

E= (8) 

In order to accomplish this, we divide the trajectory 
of the head into subparts, where in some parts the 
head accelerates, and in others the angular accelera- 
tion is zero. This is because one obvious control that 

makes ];I small is the one that makes i = 0. There- 
fore we want the major part of the trajectory to be 
of this type. If we recall equation 3 - 4, we directly 
see that to achieve this, we simply let 

%/2(4 = - 
%3n(W(l4, sb-4~)~) 

w(e) 

U2/1(+inactive 
- 

uli2(q . 

(9) 

This linear approach is unfortunately not enough. 
First of all, we assume that we start following the 
object when the head and the eye both are at rest at 
some fixed angle, and therefore we need to find con- 
trols that can accelerate the systems up to some suit- 
able velocity when the tracking is initiated. Secondly, 
when the followed trajectories are not well behaved, 
we have to take into account that that the eye may 
rotate out of bound if no modification of the head’s 
zero acceleration trajectory is being made. These two 
cases show that we need to be able to accelerate the 
head in a controlled way in some situations, according 
to some desired trajectory. 

Inspired by the feed forward control system con- 
cept in [13], the general idea behind the control laws 
we chose to use, can be illustrated by the block chart 
in Figure 2. 

Boundary 
positions 

Figure 2: Block chart for the feed forward non-zero 
acceleration case. 

If we want to find the control producing the desired 
trajectory, we simply use the inverse for i, and then 
use a feedback to take care of numerical and model 
errors, 

ai = cl(ecalc(t) - eactual(t)) 

+ C2(&alc(q - &&d(t)), 

(10) 

where ecalc is the desired, calculated trajectory. If 
we use a polynomial for describing the accelerations, 
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which, for calculation reasons, is a good choice, we 
need a polynomial for describing e(t) with a degree 
of at least seven. This is because we need eight co- 
efficients, since the continuous differentiability condi- 
tions on each boundary for 0 up to i gives us eight 
continuity conditions that need to be fulfilled. 

This approach would for instance give the head’s 
starting trajectory as shown in Figure 3, and a total 
tracking scenario as seen in Figures 4-6. 

iii,---1 
0.1 02 0.3 0.4 

Figure 3: Head rotation when starting with zero ve- 
locity. 
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Figure 4: Head and eye rotation when for a quadratic 
tracked trajectory, $(t) = $0 - (t -ts)2. One correc- 
tion of the head acceleration was necessary, since the 
eye was rotating out of bound. 
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Figure 5: Head rotation for the quadratic tracking 
case. 
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Figure 6: Eye rotation for the quadratic tracking 
case. 

When it comes to physical adequacy, it can be 
worth comparing our results to the trajectories found 
in Guitton’s Eye-Head Coordination in Gaze Control 

[6]. It turns out that our piecewise linear approach is 
not so bad after all, since an actual combined move- 
ments seem to have somewhat of the same piecewise 
linear characteristics as our trajectories, even though 
they are somewhat more complex. This should not, 
however, disqualify our model as not being an inter- 
esting step towards an understanding of the complex 
behavior of human head-eye-coordination. 
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4 Delayed Switchings 5 Conclusions 

If we now impose a time delay on the switchings be- 
tween the active and the inactive muscles in the eye, 
we get, at each switching occasion, a short period of 
time were both the muscles are inactive. 

1 
wactive + wilnactive when d(t) > 0 

--+ i(t) < 0 (11) 
1 

winactive + wLve when $(t - td) < 0 

--+ &t--d) > 0 

This way of introducing delays into the switching sys- 
tem is probably a reasonable assumption, since we are 
trying to model real, physical systems. 

If, for instance, the eye is following a sinusodial tra- 
jectory with high frequency, we get a scenario were 
the pupil is pulled far towards one side. In Figure 7 
this can be seen, where the the flat line indicates that 
the eye is rotated more than what is actually phys- 
ically possible, since we have that &,ax = 1.17rad. 
[ll] This could maybe help explaining what happens 
in esotropia cases, were the eye is stuck on one side. 
Esotropia is believed to start by extreme muscular 
contractions, which later shortens the muscle and 
turns it into a mechanical problem instead of a con- 
trol problem. 

When it comes to the developed model, the weakest 
part is probably that of trying to model muscles as 
second order springs, since an actual muscle has a 
dynamics that is more complicated than that. How- 
ever, this approach has the major advantage that it 
makes the mathematics reasonably simple. It is also 
sufficiently complete when it comes to actually start 
thinking about how to control the head and the eye 
muscles simultaneously. As we have seen, this is a 
non-trivial problem. 

The control strategy we chose to use was based on 
a desire to keep the energy produced in the move- 
ment small, since we believed this to be a physically 
reasonable approach. We therefore let the angular 
acceleration of the head be zero most of the time, 
since this would make the energy small. 

The introduction of a time delay in the control of 
the eye, gave rise to a phenomenon that resembled 
estropia, were the eye is pulled towards one side. 
It would thus be of great interest if it would turn 
out that our model could help explaining this phe- 
nomenon. 
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