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Abstract

Systems with time-varying non-linearity confined to a
given sector (Luré type) and a linear part with uncertainty
formulated by an interval transfer function, are consid-
ered.

Sufficient conditions satisfying the Popov criterion for
stability, which are computationally tractable, are derived.

The problem of checking the Popov criterion for an in-
finite set of systems, is reduced to that of checking the
Popov criterion for a finite number of fixed coefficient sys-
tems, each in a prescribed frequency interval.

1 Introduction

A large group of “real life” engineering systems, which
are non-linear and (possibly) time-varying, can be clas-
sified as Luré type systems. This class of systems will
be defined formally in the next section, but it is a well
known one and extensively treated in the literature for
many years. Essentially, the (single input single output
case) system is composed of a single non-linear and (pos-
sibly) time varying element, in cascade, or in the feedback
path, of a linear system.

The non-linear element, although constrained by some
conditions, is of a very broad nature and allows a large
class of non-linearities, so that uncertainties and ignorance
about the exact type of non-linearity are taken care of, and
do not impair stability analysis of the system. On the other
hand, with a few exceptions [1]-[6], the linear part of the
system is assumed, in the vast majority of publications on
the subject, to be exactly known and precisely modeled
by its transfer function or state-space description, with no
uncertainties. This is obviously not a realistic assump-
tion, even if the model is precise with no neglected dy-
namics, since the physical parameters of the system are
never known exactly and, in addition, they are subject to
changes.

In [1]-[4], continuous-time systems are considered,

whereas in [5]-[6] discrete-time systems are considered. .

In [1]-[2] parameter uncertainties in the linear part of the
system are assumed, and sufficient conditions for the exis-
tence of the Popov stability criterion [7] are derived. Note
that the Popov stability criterion is itself only a sufficient
condition for stability, but not a necessary one. In [3], pa-
rameters uncertainties in the linear part of the system are
again assumed, and a necessary and sufficient algorithm

is derived for the existence of the Popov stability crite-
rion. The price is in the computational complexity of the
algorithm. The results in [4] pertain to uncertainty in the
frequency response of the linear part of the system, which
is a non-parametric form of uncertainty.

In this paper, we consider the parametric form of un-
certainty. We use some recent results [8] on the tight
envelopes of the frequency response of a family of inter-
val coefficients transfer function of a continuous-time sys-
tem. These results allow us to obtain sufficient conditions
satisfying the Popov criterion, which are computationally
tractable. In fact, checking stability of the entire (infinite)
family of systems, is reduced to checking the Popov con-
dition for a finite number of systems, each with a fixed
coefficient linear part, and each in a prescribed frequency
interval.

The structure of the paper is as follows: In Section II,
some preliminary derivations are presented and the prob-
lem is stated formally. The main results are presented in
Section III, and the paper is concluded in Section IV.

2 Preliminaries and Statement of
the Problem

Consider a single-input single-output Luré type contin-
uous time system, as described in Fig. 1 and formulated
by its state space representation:
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and F is a non-linear (possibly time-variable) continuous
function from IR to IR satisfying the following sector con-
ditions:
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The relationship between the state space representation
and the transfer function G(s) of the linear part of the sys-
tem, from input z to output ¢ = —y, is given by

G(s) = c(sI — A)™*b “)
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Figure 1: Luré type continuous-time (possibly time-
variable) system.

If the system is not time-variable, i.e. F(y,t) = F(y),
then it was shown by Popov [7] that such a system is sta-
ble (the equilibrium z = 0 is asymptotically stable in the
large) for every non-linearity as in (3), if the linear part of
the system (the transfer function G(s) or the matrix 4) is
stable and, in addition, there exists a real number ¢ such
that
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The time-variable case has been considered in [9], where
it was shown that the system is stable for every non-linearity
as in (3), if the Popov criterion is satisfied with ¢ = 0. It
can be verified that imposing ¢ = 0 in (5) yields the con-
dition
1+ KoG(jw)
1+ K:1G(jw)

Suppose now that the uncertainty is not only with re-
gard to the non-linear part of the system, expressed in (3),
but there is also parametric uncertainty with regard to the
linear part of the system namely, the numerator and de-
nominator of the rational transfer function G(s) are inter-
val polynomials. In other words, their coefficients are not
known exactly, but only known to take on values in given
intervals. It will be shown in the next section how to check
the above stability conditions, in this uncertainty case.
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3 Checking Stability in the Case of

Uncertainty
Let 4
G(s) = 38 ™
where
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The first stability condition is to ensure the stability of
the family of linear systems (7), (8). To this end, it is only
necessary (and sufficient) to check that the following four

Kharitonov [10] polynomials with fixed coefficients have
all their zeros in the open left half complex plane:

Bi(s) = bps"+Db, 15"t +b, 55" 2
Hbp_38" 2 4 bpgs

Ba(s) = bps"+bp_15" 1+ b, "2
by, 35" fby_gs" T

B3(s) = b,8" +b,_ 18" +bp_gs"2
+5n_33n~3 + Qn_48n_4 + -

By(s) = b,s"+by_15" +by_gs" 2
tbygs" T by g5 (9)

Turn now to the second stability condition, namely (6).
It can be verified that its geometrical interpretation is that
there is no intersection between the locus of G(jw) and
a circle whose center is at (d,0) and whose radius is r,
where

1/1 1 1/1 1
d=—>(—4+1 S
5 <K1 +K2> » T=3 <K1 K2> (10)

Thus, condition (6) can be re-written as
| —d+G(w)|>r Yw>0 . (1D
Substituting (7) in (11) yields

|A(jw) — dB(jw)|
|B(jw)]
where the coefficients of A(jw) and B(jw) take on values

in the intervals (8.2).
Let

>r Yw>0 (12)

c; = a; — db; , t=0,1,...,max{{,m) (13)

where it is understood that a¢; = 0 for7 > m or b; = 0 for
>4,

Then, a sufficient condition to ensure (12) is that at each
frequency w, > 0, the ratio between

. x(£, . g
Mm’zy;ao( ) ci(]wo) _ (14)
over a; —db, <¢; <a;—db;
and
Max |S2{_g biljwo)’
over b, <b; < b;

(15)

is greater than .

Remark 1 This condition is sufficient but not necessary,
since b; and c; were assumed to be independent inter-
val coefficients, even though there is a dependency of the
value of c; on the value of b;.

Remark 2 The intervals of c; in (14) were determined
taking into account the fact that d < 0.



The results in [8] are particularly applicable to carry out
(14) and (15). It is shown in [8] that (14) must coincide,
at each frequency w, > 0, with one of the following nine
possibilities:

{IC1(w)l, |C2(jw)l, 1C3(Gw)l, [Caliw)l, |Re [Cy(jw)],
|Re [Ca(jw)ll, [Im [C2(jw)]l, [Tm [Cs(jw)]l, 0}(16

where C;(s), 4 =1,...,4arethe four Kharitonov poly-
nomials associated with the family

max(£,m)

Cla)= Y, as an

=0

Moreover, the frequencies where the minimum in (14)
“jumps” from one expression in (16) to another expression
in (16) are given by the real roots with odd multiplicity, of
the following four equations: '

Re[Ci(jw)] = © (18.1)
Re[Ci(jw)] = 0 (18.2)
%Im[Cz(jw)] — 0 (18.3)
%Im[Cg(jw)] — 0 (18.4)

The various expressions in (16) which coincide with (14)
are chosen according to the following Table.
Also, (15) must coincide, at each frequency w, > 0,
with one of the following four possibilities

{IB:(jw)l, [B2(jw)l, |Bs(jw)l, |Bs(jw)l}  (19)

where B;(s), % = 1,...,4, are defined in (9). More-
over, the frequencies where the maximum in (15)
“jumps” from one expression in (19) to another expression
in (19) are given by the real roots with odd multiplicity, of
the following two equations:

by — B’ + 0w’ b’ =0 (0)
by~ Bw?+bfwt — b’ + =0 (202)

where _
b =b;+bi, i=0,...,¢ @b
Furthermore, since the polynomials B;(s),i = 1,...,4

are required to be Hurwitz polynomials by the first stabil-
ity condition, so is the polynomial

£
Bo(s) =) bZs* (22)
i=0

However, for this special case, it is shown in [8] that (19)
can be more explicit: In the interval between w = 0 to the
next “change frequency” (the smallest positive w which
is an odd multiplicity root of (20)), (15) coincides with
| B1(jw)|. At each consecutive frequency interval, created

by the “change frequencies”, the order of expressions co-
inciding with (15) is given by the cycle:

|B1(jw)| = |B3(jw)| = |Ba(jw)| = |Ba(jw)| =
(23)
To conclude this section, it is clear from the above dis-
cussion that to ensure stability of a system as described in
Fig. 1, with uncertainty in the linear part as formulated in
(8), it is sufficient to:

1. Check B;(s), i=1,...,4, in (9), to be Hurwitz
polynomials.

2. Solve Eqns. (18) and (20) to find their real positive
roots with odd multiplicity. It can be shown that
the maximal number of such roots is (n — 1) for
Eqns. (20) and 2(n — 1) for Eqns. (18).

3. Divide the positive frequency axis into a finite num-
ber of intervals created by the roots found in step 2,
and choose an arbitrary frequency w; in the interior
of each of these intervals.

4. Determine which of the expressions in (19) coin-
cides with (15) at each w; (and hence, at each inter-
val associated with w;) by the sequence (23). De-
termine which of the expressions in (16) coincides
with (14) at each w; (and hence, at each interval as-
sociated with w;) by Table 1.

5. For each interval created in step 3, check if the fixed
coefficient expressions determined in step 4 satisfy,
at each frequency w > 0:
(14)

m >r 24)

4 Conclusion

A non-linear time-varying system is considered,

where both the non-linear part and the linear part are only
partially known. There is a lot of uncertainty about the
behaviour of the system which, presumably, makes it very
difficult to analyze the system, even just for stability. Nev-
ertheless, sufficient conditions, for the parametric type un-
certainty of the linear part and Luré type uncertainty of
the nonlinear part, which ensure stability of the system
and which are computationally tractable, are presented
here. These conditions are based on some recently de-
rived results on the frequency response of continuous-time
systems with uncertainties formulated by interval transfer
functions. Using these results, we are able to reduce the
necessity to check the Popov condition for an infinite set
of systems, to checking the Popov condition for a finite
number of fixed coefficients systems, each in a prescribed
(calculated) frequency interval.



Re[C1(jw)] | Re[Cy(jw)] | Im[C5(jw)] | Im[C2(jw)] (14)

+ + + + [Cs(jw)]

+ - + + |[Im [Ca2(jw)]]
- - + + |Ca (jw)

- - + - |Re [C1(jw)]|
- - - - |C1 (jw)|

+ - - - [Im [C5(jw)]|
+ + - - |C3(jw)|

+ + + - |Re [Cs(jw)]]|
+ - + - 0

Table 1: “Sign rule” to choose the pertinent expression for (14).

A final remark concerns the sufficiency of the condi-
tions. Since necessary and sufficient conditions for sta-
bility of a Luré type non-linear system do not exist even
for the standard case of a completely specified and exact
linear part and time-invariant non linear part, it would be
too ambitious and non-realistic to expect such for the case
with uncertainty.
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