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Abstract

This paper presents a general line matching method
based on geometrical invariants. A line segment is
characterized locally by invariant parameters under
the group of displacements within an image and the
scale changes. Matching is achieved through two steps,
features clustering and hypotheses verification. Ex-
periments have shown an high rate matching on dif-
ferent types of images. This is due to the stability of
the used line invariants which leads to few hypothe-
ses of matching, as well as the verification using geo-
metrical constraints. Tests conducted on different se-
quences have shown efficient matching of images and
parts of scenes.

1 Invariant matching
technique

Matching an image to a model, or to another image
for the purpose of object recognition, motion esti-
mation or viewer localization is a common and im-
portant task in computer vision. The problem of
matching was widely treated [5, 6, 7]. The invari-
ants are the properties of geometric configurations
which remain unchanged under an appropriate class
of transformations such as rigid, affine and projective
transformations, and therefore, they are of the major
importance in various problems in matching tasks. A
lot of work in object recognition and matching based
on the invariant scene description has been already
reported [1, 3, 4]. Most of these invariants are de-
veloped for planar objects, and are often applied to
images with invariants computed from point sets and
so, they are inherently error-prone. In the proposed
matching approach, invariants features are directly
computed from sets of lines. This type of invariants
are less sensitive to the image noise. The essential
philosophy of our approach is that the primitives in
the images are to be described in terms of such in-
variants and that these invariants provide all the in-
formation about shape and configuration required to
carry out the matching tasks. The article is organized
as follows. In section 2, we give a brief review of the
most important geometrical relations and some use-
ful line representations in images. The section 3 de-
scribes the analytical method to compute the invari-
ant line features from corresponding projective bases.

The section 4 is a summary of experimental results
realized on different types of computer generated and
real data. We conclude with some future directions
and applications of this work.

2 Line coordinates in (6,7)
space

We deliberately use the projective representation [9]
instead of polar representation [2] due to the fact that
the former is homogeneous and can easily be subject
to the matrix operations. However, with a view to
the computation of the invariants, we may wish to
have an unique representation of line (u and Au rep-
resent the same line). The representation (6,7) is a
good candidate for our purpose; in addition, it can
be related to the projective parameterization by the
function F' which maps the polar representation (8, r)
to the projective representation (uj, us, us) :
F:R?+— 3
F(6,7) = (cosf,sinf,—r) = (u1, us, us)

F maps the vector w = (6,r) representing a line
in the (f,r) space into the parameters vector u =
(u1, uz, us) representing the same line in the projec-

tive plane :
Flw)=u
If 6 € [0,7), then F~! exists and is defined by the
mapping G :
G: R R?
(tan=—1(¥2), —=¥a_) wuy >0

)

G(ul)UZJ U3) = (0, %1) Ug = 0

(tan™*(S2), =) u2 <0

Q)

G maps the vector u into G(u) = w such that the
followings equations define the same line :

U1 + ugg + ugzs =0
(2)

cosfzy + sinfzg — rez =0

As Au and u define the same line, they will be mapped
by G to the same w :

G(A\u) =w



In the projective plane, let P be a mapping :
ol = P(u) = P(F()) ®)

Note that to the vector u! we associate the vector
w! = (6%, 1) in the parameter space. In the projec-
tive plane, the mapping P transforms u into u!; HT is
the corresponding mapping which transforms w into
w! in the parameter space. w and w! are then related
by :

wl =Gu!)=GoPoFw)=H(w) (4

Where H' is a combination! of the mappings G, P
and F'.

3 Invariant line features from cor-

responding projective bases

Qur purpose in this section is computing invariant
encoding way (computation of the transformation P)
such that any pair of corresponding lines will have
the same features in an invariant parameter space.
More specifically, let Image 1 and Image 2 be a pair
of timely consecutive images obtained by moving a
camera in a scene; and let [ : zcosf + ysind —r =0
and I : zcos® + ysin# — r = 0 be a pair of cor-
responding lines belonging in these images. [ and I’
have the respective feature vectors w = (6,r) and
w' = (#',r"). The computed encoding must trans-
form w and w' to the same invariant vector, namely,
w!. From analytic geometry, we know that an usual
representation of a geometric entity (line in our case);
is obtained by the coordinates in a given reference
frame. On the other hand, one of the natural way of
encoding lines in invariant manner is to find an unique
transformation which maps a set of lines as a distin-
guished reference frame into a common canonical ba-
sis. The computed transformation is then applied to
the remaining lines to obtain their coordinates in this
canonical basis. Such coordinates are invariants for
corresponding lines [8]. If we consider that the set of
lines b;, is the chosen projective basis in Image 1, bp
is the set formed by corresponding lines to bf, . Le H*®
be a projective relating lines in Image 1 and Image 2,
we can ttthen write :

br = H;(b)

Now, if we consider that P is an unique linear appli-
cation which transforms the projective basis bz, into
a canonical basis b¢ :

bec = P(br)

1 The symbol o means the combination of mappings.

Ifin Image 2, it exists an unique application P’ which
transforms the lines forming the set b into the canon-
ical basis b¢ :

be = P'(bg)

we can deduce that :
bc = P'(H,(br)) = P(br)

and that :
P=PoH,
P associates to each line in Image 1 an homogeneous
vector P(l). In Image 2, P’ also associates to each
line I’ a vector P'(I'). As !’ corresponds to I, we can
write :
U'=H,()

We can then deduce :
P'(l) = P'(H,(1)) = P() (5)

The expression (5) proves that the representations ob-
tained by applying respectively P and P’ to a pair of
corresponding lines [ and I are identical; so these rep-
resentations are invariants under the projective trans-
formation H;. In the invariant parameter space, the
feature vector w! is computed by applying the map-
ping (7, and because of the equality between P(I) and
P'(I"}, they have the same invariant parameter vector
w!. So the lines I and I’ are represented by the same
invariant feature vector w! :

L[ ewwen)
w' = (6)
G(P'(F(0',7")))

3.1 Projective basis correspondence

In the Image 1, we have chosen a feasible set of four
coplanar lines as a basis b7,. As we have seen before,
to compute line features in the Image 2, we must
identify the set of lines belonging to the Image 2 and
corresponding to bz. The key idea to identify such
set, is indexing the set bz, by invariant parameters. In
Image 2, the identification scheme will consist to the
search of combination of lines which have the same
index parameters as the basis by,.

From projective geometry, it is known that there ex-
ists only two independents invariants resulting from
a set of five lines which are directly related to the
order of lines which enter in the computation. These
scalars, I; and I, are largely used in numerous recog-
nition algorithms. Let Fr, = {u},u}, u},u4, u8} be a
set of five homogeneous lines; the invariant scalars Iy
and I computed from this set are :

I |D431]| D52y

T {D421||Dsaal

I = {Da21]|Dsaal (7)
2 {Das2|[ D521l



Where the matrix Djjx is computed from homoge-

neous coordinates of lines u?, ug, and uf :
cos0? cos Hz cos 6%
Djjr = sin 9b sin 6'% sin 9b
b b
-ry —r] Ty

| Dijx| is the determinant of the matrix D;;x. In Image
2 we form a set of five lines Fr = {u®, u, uf, v, u},

where :
io . 2] bi bi [
u;’ = (cosH sindy’,—r}"), 1=1,...,5

Let I{ and I; be the invariant scalars associated to
the set Fr computed from D;. ik the matrix of lines

1 b s 2 1 e
u,,uj,anduk,z,],lc—l,...,o.
If:
L=1
(8)
gt
I, =1,

We can deduce that :

ull = Hul, i=1,...,5 (9)

In Image 2, the corresponding projective basis, bg,

is then formed by the lines represented by the homo-
geneous vectors u/®, i =1,...4:

b, 1b 1b
bR""{”l)“Za Ug, Uy

The projective basis by is then identified.

3.2 Invariant encoding way computa-
tion

The computation of P and P’ depends on the lines
forming the sets bz, bg and b¢. P and P’ are homoge-
neous matrices, with eight unknown coefficients, and
so they are included in the projective transformation
group. Usually, a pair of quadruples of correspond-
ing lines are sufficient for the determination of pro-
jective transformation. Let by = {uf,u$,u$, ul}, be
the projective basis. by line’s are represented by the
followings homogeneous vectors :

u? = (cosb;,sinf;, ~r?), i=1,...,4

The set bc = {e1, e, e3,e4} is the canonical basis
whose the homogeneous vectors ¢;, ¢ = 1,...,4 are
chosen such that :

e1 = (cos0,sin0,0) = (1,0,0)
ez = (cos §,sin 3,0) = (0,1,0)
es = (cos0,sin 0, —1) = (1,0, -1)
eq = (cos §,sin %, —1) = (0,1, -1)

Now, if we consider that the inverse of P is given by
the matrix :

ai1 G21 a3y

-1 _
P~ =} a2 a3 as
@13 @23 0433

We are dealmq with homogeneous coordinates, vec-
tors u? and \jul, i = 1,...,4, represent the same line
and so :

MNPul=¢;, i=1,...,4

We can then deduce the followings equations :

ail a12 a13

A1 = b = . b = b (10)
cosfy] sinf;  —r}
a a2z @23

Ay = = T = —% (]_1)
cos@l  sinf3 —ry

A3 = 11 — @31 _ Q12 — @31 _ @13 — a33

b b b
cos 03 sin 63 -3

(12)

@21 — a3z ag2 — a3z a23 — 433
Ay = = = 13
* cos 64 sin 6% —rd (13)
The resolution of equations (10), (11), (12) and (13),
yields the coefficients a;;,7,7 = 1,...,3. The matrix
P can be then written :

L P11 P12 P13
P= Zicaeaxs | P2t P22 p23 (14)
P31 P32 P33

The coefficients p;; and ¢;, 1,7 = 1...3 are given
in the Annexe A.

Finally, in Image 1, for each line [ represented by
the homogeneous vector u = (cos 8, sin 8, —r), we com-
pute a pair of the invariant parameters (47, r’) which
are given by ::

', 7") = H1(9,7) = G(P(F(8,r))) = G(P.u)

By Substitution of P defined in (14) and applica-
tion of the mapping G described in the relation (1),
the invariants parameters 8! et r! represented the line
I can be written :

¢! = tan—'(def/abc)

pl = Zgef (15)

v/ ((abe)?+(def)?)

The coeflicients a, b, ¢, d, e, f, and g are explicited
in the Annexe A.
The respective substitution of 6 and r? with #/° and
r®, i = 1,...4 in the formulas (14), we can easily
compute the mapping P’ which transforms the pro-
jective basis bg to the canonical basis bc, and then
calculate the invariant parameters for each line in Im-
age 2.



4 Experimental results

The proposed approach was implemented on Station
SUN using the C programming language. The used
images are timely consecutive and obtained by an un-
known displacement of camera in a polyhedral scene.
The approach has been verified on both computer
generated and real data :

4.1 Synthetic images

We have developed a software which generates syn-
thetic scenes. The images taken with a virtual camera
can be formed.The following figures present the result
of line matching between images of the same planar
object observed at different viewpoints.

Polygon 12

Figure 1: Polygon 1

After the estimation of the projective transforma-
tion relating Polygon 1 and Polygon 12, we predicted
the positions of segments in Polygon 12. The cor-
responding line segments in the pair Polygon 1 and
Polygon 12 are presented in the figure 3.
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Figure 2: Representation of lines in Polygon 1 and
Polygon 12 in the invariant parameter space (%, rf)
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Figure 3: Matched line segments in Polygon 1 and
Polygon 12

4.2 Real images

By the conducted tests on real images, we prove that
the invariant line matching technique can be applied
for line matching in image sequences which are dif-
ferent by their nature (indoor, outdoor image) and
the aim of the line matching tasks (modeling, recog-
nition, ...).

In the image Panel 4 of the couple in figure 4, we
choose the set F, = {20,21, 22,23, 28}, the associ-
ated invariants are J; =1.0928, I, = 0.2529. The
projective basis b, is composed by the following line
segments {20, 21,22, 23}. In Panel 7, Fg found by the

searching process is formed by the lines {40, 46, 49, 50, 39},

the computed invariants are I} =1.07 and I} = 0.2496.
The basis bg is then identified.

xloieats) x(pizals)

Figure 4: Panel 4 Panel 7
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Figure 5: Representation of lines in Panel 4 and Panel
7 in the invariant parameter space (67, rf)
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Figure 6: Real and predicted positions in Panel 7

The line segments in Panel 4 which have a corre-
sponding line segment in Panel 7 are shown in the
figure 7.
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Figure 7: Matched line segments in Panel 4 and Panel
7

The figure 8 presents aerial images of an industrial
city taken at two different viewpoints. Because the
altitude of the camera position is bigger than the size
of the observed objects size, the primitives in the im-
ages Aerial 1 and Aerial 2 are related by a projective
transformation; and so, the proposed line matching
technique can be applied to this type of images.In
the image Aerial 1, the set FJ, is selected. In Aerial
2, we idenify the set Fg and the projective basis bg,
as is fetched in the figure 8.

2

Aerial 2

Figure 8: Aerial 1

The invariants line features are then computed and
represented in the same parameter space.
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Figure 9: Representation of lines in Aerial 1 and
Aerial 2 in the invariant parameter space (67, 7!)

The predicted positions of line segments in Aerial 2
are presented in the figure 10.
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Figure 10: Real and predicted line segments of Aerial
2

After the verification scheme, the corresponding
line segments in Aerial 1 and Aerial 2 are shown in
the figure 11.
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Figure 11: Matched line segments in Aerial 1 and
Aerial 2



5 Conclusion

This report was dealing with the problem of analyz-
ing of the timely consecutive images using feature-
based approach. In the past, this problem has been
discussed under various geometrical and physical set-
tings. In the present work, a new approach was for-
mulated; it is based on the transformation invariant
indexing, and largely inspired by the classical geomet-
ric hashing. The lines in the images are represented
by an invariant feature vector from the sets of cor-
responding lines chosen as frames. The line match-
ing is then reduced to the clustering of two sets of
primitives in a common parameter space. The veri-
fication scheme is included in the matching stage to
ensure that correspondence of line features in the de-
rived parameter space implies the correspondence of
lines in the image plane. As the local properties of
the invariants make this method efficient against to
occlusions, the hypotheses verification by geometri-
cal constraints provides a robust technique to scene
clutter. We show that the approach can be used in
a noisy environment where only line features can be
rather reliably detected. Future research may include
considering the sensitivity of the geometric matching
with line features, analytically determining how the
uncertainty of line parameters affects the computed
invariants and resolve the problem of the false match-
ings due to the bad primitives extraction in the im-
ages.
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Annexe A
c; = —rfsin(05 —05) + rsin(64 — 05) — 4 sin(68 — 67)
cg = —r§sin(65 — 65) + risin(6% — 65) — 8 sin(6g — 62)

c3 = r§sin(6% — 6%) — r§sin(6% — 63) + ¥ sin(65 — 62)
p11 = ca{c1r} sin 6 —cy 7 sin 05+carg sin 05— carg sin 63)
P12 = —cC2 (clrg cos 6"1’-—61 rll’ cos 0§+C3rg cos ﬁg—c;grg cos Hg)
P13 = cacysin(88 — 68) + c3sin(68 — 63))

p21 = cies(rf sin 6 — r§ sin 63)

P22 = —cie3(rh cos 04 — rf cos 83)

pas = —cieasin(6? — 65)

p31 = cic2(rf sin 65 — r§ sin 63)

pa2 = c1co(rf sin 65 — 7 sin 63)

p3s = —cieasin(68 — 68).

a = r§sin(6} — 63) — 5 sin(6% — 65) + r8 sin(65 — 63)
b= r§sin(d — 05) — r§sin(6 — 65) + r¥sin(6 — 63)

¢ = —r§sin(0 — 63) — r§sin(6 — 65) + ¥ sin (65 — 63)
d = —r§sin(f — 6%) + rbsin(0 — 63) — +¢ sin (8% —- 63)

e = risin(6% — 65) — r§sin(8 — 63) + 2 sin(65 - 65)

f =r5sin(64 — 05) — r§sin(85 — 63) + r§sin(45 — 63)

g =r5sin(6 — 8%) — risin(d — 63) + rsin(6% — 63)



