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Abstract

We discuss a least squares method for identifying
the growth function in a nonlinear hyperbolic initial-
boundary value problem that describes the dynamics
of tree population with self shading effects. Further-
more, we present numerical results of estimating this
parameter from computationally generated data.

1 Introduction

In this short note we consider an identification prob-
lem for the following parametrized initial boundary
value problem that models forest exploitation and
competition for light in trees

([ w +(9(2, Q¢ 2))u)s +m(z, P(t))u =0,
: (z,t) € 0,1] x (0, T]

9 9(07Q(t70))u(t,0)=0(t) (1.1)
+ [! B(z, P())ult,z) dz, t€ (0,T]

L 2(0,2z) = v%(z), z € [0,]

where u(¢, z) is the density of the population of size z
at time t, P(¢) = fol u(t, z) dz is the total population
at time t and Q(¢,z) = fi u(t,z) dz is the popula-
tion of individuals larger than size x. The function m
denotes the mortality rate and 3 is the reproduction
rate of an individual in the population. The function
g denotes the growth rate of an individual and C(t)’
represents the inflow of zero-size individuals from an
external source. In this model, we assume that the
growth rate of individuals of size z is affected by those
which are larger due to shading effects, and that the
death and birth rates depend only on the total popu-
lation. Moreover, we assume that an individual tree
is harvested when it reaches size . The model (1.1)
has been presented in [3]. The existence-uniqueness of
nonnegative solutions to similar equations have been
established in [4] using the classical method of char-
acteristics.

This paper is organized as follows. In section 2 we
discuss the minimization problem and the finite dif-
ference method used to approximate equation (1.1).
In section 3 we present some numerical results of pa-
rameter estimates obtained using the method pre-
sented in section 2 and computationally generated
data. Finally, in section 4 we close the paper with
some remarks and future research issues.

2 Parameter Estimation
Problem

For simplicity, we assume that all the parameters
in equation (1.1) are sufficiently regular, nonnegative
and are given functions except for the growth param-
eter g. To identify g we consider the least squares
problem of minimizing the cost functional

J(g) = E Z I /ws+1 ’U,(t,,.’ z, g)dil) - Zr,.s|2 (21)

r=1s=1 s

over ¢ € (G, where G is a compact subset of the
space C1([0,1]; C[0,0)) which satisfies the following
assumption (necessary for the stability and conver-
gence of the finite difference scheme presented in this
section)

(Ag) Any function g € G is twice continuously dif-
ferentiable in z and Lipschitzian in @. Further-
more, the continuous function g,(z,Q) is Lip-
schitzian in @, g¢(z,Q) > 0,Vz € [0,]) and

The numbers Z, ;,r =1,2,.--,m3,8=1,2,---,ng,
in (2.1) are the observed total number of individuals
in the size class [zs,Zs4+1) at time ¢., and u(¢,z,9g)
is the solution of the parameter dependent equation
(1.1). We remark that the techniques presented here
can be easily modified to allow the identification of
the rest of the parameters 8,m and C.

To solve the above least squares problem we start
first by approximating equation (1.1). To this end, we



consider the following implicit finite difference method

([ ut(g) —uf(g)

At
Lo b1 (g) — gb_ ubtl(g)
Az
) +mbuitl(g) =0, 1<j<N (29)

ghufti(g) = C* + TN, Brubti(g) Az
Pr(g) = SN ubt (g)Az,

=

| QE*l(g) = i 11 v (9)Az,

where Az = %, and At = % denote the spatial and
time mesh size respectively. The point z; = jAz, j =
0,1,2,--,N and t; = kAt, k= 0,1,2,---, M. Fur-
thermore, we denote by u%(g), @%(g) and P*(g) the
difference approximation of u(ix,z;,9), Q(tk,z;,9)
and P(t, g), respectively and we define

g;‘c = g(:l:j,Q?), ﬂ;?:ﬂ(xj,Pk),

m;“ = m(:l?j,Pk) and C* =C(tk).

If we define

At
k k k .
dj—1+—£gj+Atmj, 1<j<N

then (2.1) is equivalently written as the following sys-
tem of linear equations

Ak,l—l:k—i-l — f_7c (23)
where
@ = [kt uk—}-l"”,ullcv+1]T’

and the matrix A* is given by

g -napt —Aagt . —Asph

_A_;g(l)c gllc ()k 0
0 —RLgf di 0
0 0 0 ton-1  dy

From the matrix representation and Lemma 2.1 in [1]
we establish that the system of linear equations given
in (2.3) has a unique non-negative solution provided
that Az, and At are chosen to satisfy the following
condition

,Bk
A.’E?q—'l‘— k( + g]+1+Ath+1) -1 <1

OSJSN—I

At

ﬂN<1

The above approximation is extended to a function
on [0,] x [0,T] by defining

UAt,Aa:(tvx,g) u?(g)a
(t,z) € [th-1,te) X [z;_;,%;),
k = 1,.,M,j=1,..,N.

Hence, for computing minimizers we define the fol-
lowing approximate cost functionals

ny n2 s+1

Janae(g) =33 | / Ust,altrs @, 9)da—Zn,|?

r=1 s=1
(2.49)
over g € G™ a finite dimensional approximating se-
quence of the parameter space G.

3 Numerical Results

For our numerical experiments, we choose the fol-
lowing function forms for the parameters 8,m and
c

B(z,P) = 0.522/3Pexp(—4P)
m(z,P) = (l+z)(1+P)?
Cc =0

In addition, welet T' = 2, I = 1 and choose the initial
condition

Wagy=[ 2 052<05
0 05<z<l.

Note that for the parameters given above the follow-
ing bounds can be obtained 0 < @ < P < 1, independent
of any growth function g € G. In fact, the lower
bound follows from the nonnegativity of solutions to
equations (1.1). While the upper can be obtained by
integrating the first equation in (1.1), as follows

% [ wdo—g0,Q(t,0)utt,0)+ /0 m(z, P(t))u =

Hence, using the boundary condition in (1.1) we get

1
- /0 (B(z, P) — m(=, P)) udz < wP

where, w = sup, ,(8(z, P) — m(z, P)). This implies
that
P(t) < lullz2oe”? <1

since, w < 0 and ||[u°||11(p,1) = 1 for the above choice
of parameters.

As for the growth function g, we assume that it has
the following separable form \

9(z, Q) = 91(x)g2(Q).
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Figure 1. This graph represents the estimated versus the
true parameter for the function ¢3(Q) = (1 + Q)e ™2,

Furthermore, we assume that the function g;(z) =
(0.1+z)(1 — z) is given and attempt to identify only
92(Q). Hence, for this special case we choose the pa-
rameter space G to be ‘

{92 €C[0,1] : |g2| < L,
|92(Q1) — 92(Q2)] < L|Q1 — Q2]}

where L is a fixed positive constant. This set is com-
pact in C[0,1] with the sup norm, by Arzela-Ascoli
theorem. We define the finite dimensional approxi-
mating sequence of this parameter space G to be

G™ = SPan{BJEn };I;O )

where BT is the j-th linear B-spline on the inter-
val [0,1] defined with respect to the uniform mesh
{o,1,2 ... 1} Thatis

‘m?m?

B (@) = 4 . |
j+1i-mQ L<Q<Ip
(0 Hl<@<1

j=0,1,---,m. Hence, if ¢J* € G™ then ¢* is given
by 95 = 3 i—o @f*B7*(Q) and solving the identifica-
tion problem (2.4) involves the choosing of the pa-
rameters (o, o, - -, o) from a compact subset of
R™t! 50 as to minimize the functional Ja; a.(g3").
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Figure 2. This graph represents the estimated versus the
true parameter for the function g3(Q) =1 — 0.5Q2.

To test our scheme, we choose a “true” function g}
and generate the total population data Z = P*(g3) =
Zfil u¥ (g3)Az, k = 1,---,200, using the finite dif-
ference method given in (2.2), with Az = 0.0125 and
At = 0.01. We then used our least squares method
to attempt to identify g3 from the generated data Zy,
k=1,---,200.

In the simulations presented here the nonlinear least
squares minimization was carried out with LMDIF1,
an implementation of the Levenberg-Marquardt algo-
rithm available from NETLIB. We let m = 10, and as
an initial guess for g5 we took g9 = 0.5.In our first nu-
merical experiment we let g3(Q) = (1 + Q) exp(—2Q)
and presented the difference between the true and es-
timated parameter in Figure 1. We repeated the pro-
cess for the function g3(Q) = 1-0.5Q? and presented
the results in Figure 2.

4 Concluding Remarks

In this paper, we have presented a least squares
method for identifying parameters in a nonlinear tree
population model with shading effects. The numeri-
cal results of parameter estimates obtained using com-
putationally generated data sets appear to be very
promising. Our future efforts will focus on using such
techniques for identifying parameters from observed
field data.

We point out that using similar techniques as those
used in [5] together with the abstract least squares



theory presented in [2] we can establish results con-
cerning subsequential convergence of minimizers of
the finite dimensional approximate cost functionals
Jat, Az to a minimizer of the infinite dimensional one
J. These efforts will appear in a forthcoming paper.

Acknowledgments- This work is supported by the
Louisiana Education Quality Support Fund under grant
LEQSF(1996-99)-RD-A-36.

References

[1] Ackleh, A.S. and K. Ito (1996) An Implicit Finite
Difference Scheme for the Nonlinear Size Struc-
ture model. Submitted.

[2] Banks, H.T. and K. Kunisch (1989) Estimation
Techniques for Distributed Parameter Systems.
Birkhduser, Boston.

[3] A. Calsina, A Nonlinear Model for Size-
Dependent Population Dynamics, in C. Perell6 et
al. (eds), International Conference on Differential
Equations, Barcelona 1991, World Scientific Pub.
1993, pp. 345-351.

[4] A. Calsina and J. Saldana, A Model of Physio-
logically Structured Population Dynamics with a
Nonlinear Growth Rate, Journal of Mathematical
Biology, 33 (1995), pp. 335-364.

[5] Ben G. Fitzpatrick, Parameter Estimation in
Conservation Laws, Journal of Mathematical Sys-
tems, Estimation, and Control, 4 (1993), pp. 413-
425.



