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Abstract

We consider a sequential algorithm that detects changes
from an acting stochastic moddl to any one of a number
of alternatives. We adopt discrete approximations of the
stochastic models and we propose the deployment of
stochastic binary neural networks which are pretrained
to produce the appropriate statistical measures
associated with these models. The pretraining is
implemented by a backpropagating supervised learning
algorithm of stochastic approximation nature which
converges almost surely under general conditions. The
overall system performanceis discussed and some
numerical results are presented.

. INTRODUCTION

In this paper, we consider the neural implementation
of asequential algorithm for the detection of changein
the acting stochastic environmental model, when the
model alternatives must be learned themselvesin
interaction with the environment. The original
algorithm for parametrically designed stochastic models
can befound in Bansal et al [1] and its parametric
extension can be found in Burrell [3] and Burréll et al
[4], [5]. Theapplications of the algorithm are
numerous, ranging from quality control, to the detection
of edges in images, to the recognition of failuresin
network lines, to the dynamic capacity allocation in
multimedia ATM networks. For the latter application,
see Burrdl [3] and Burrell et a [4].

[I. THE ALGORITHM AND DISCRETE
ROBUST MAPPINGS

The extended parametric problem in Burrdll [3] and
Burréll et al [4], [5] isasfollows.

Let x; denote the sequencexy, ..., X, of n

observations after time zero. Let the process which
initially generates the data sequence be the process mo.
Let it be possible that a shift to any one of m-1
independent processes m, ; i=1, ..., m-1 may occur at

any point in time, whereif amy ® m; shift occurs, then
the process m; remains active thereafter. The objective
isto detect the occurrence of amy ® m; shift as
accurately and as timely as possible, including the
detection of the process m; which my changed to. Let us
denote by f; ; i =0, ..., m-1 density or probability
functions induced by the processesm, ; i =1, ..., m-1 and
let f,(x,1x{"*) denotethe density/probability function
at x,, conditioned on the sequence x]*. Then, the
parametric algorithm in [3] is as follows:

(a) Select athreshold dg > 0.

(b) Have m-1 parallel algorithms operating. Theith
algorithm; i=1, ..., m-1 ismonitoringam, ® m
shift. Tr?i (X7 ) denotesthe operating value of theith
algorithm at time n, given the observation sequence
x!. Theoperating value T (x!') isupdated as
follows.
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(c) The algorithmic system stops the first time n when
either one of the m-1 paralld algorithms crosses the
common threshold do. If theith algorithm isthe
onethat first crosses the threshold, then it is
declared that amy ® my; shift has occurred.

Let N o; denote the extended stopping variable induced
by theith algorithm in the system; that is,

No, 2inf{nT? (x}) 2 do} . Let us define thefollowing

guantities.
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Consider then, the following conditions:
(A) 15i,j=01,..,m-lexistand
L, =E{l;m}. as (B,)

(B) Fori,j=0,1,.,m-landfor vi (0,1;)).
lim np)(v)=0and & pl)(v) <¥
n® ¥ n3i

Conditions (A) state the existence of the generalized
Kullback-Leibler information numbers {1, } while
conditions (B) ensure the convergence of the large-
deviation probabilities {pinj (v)} fast enough. The
following theorem and corollary can now be expressed,
whose proof can be found in Burrell et al [5].

Theorem 1

Let the processes{m; ;j=0, 1, .., m-1} be
stationary, ergodic, mutually independent, and
satisfying conditions (A) and (B). Then,
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Corollary

Given that the processm ; j =1, .., m-1isacting
throughout, the algorithmic system will asymptotically
detect the my ® my shift correctly, in the expected
stopping time sense. That is:

E{No; Im} ~1;} logd,;
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Given that the processm; ; j =1, .., m-1 isacting
throughout, the asymptotic expected stopping time of
the algorithmic system is: E{Noj |mj} ~ 157 logd,.
Remarks. (a) The algorithm is asymptotically optimal
in the sensethat, asdy ® ¥ and for any extended
stoppingvariabl%{Nst 7j=1, ..., m- ]} , such that
E{Ng Im} 2 2-dy, then B[N, Im} £E{Ng Im}.

(b) From Theorem 1 and its corollary, the importance of
the generalized Kullback-Leibler information numbers
{li;} isclear. Thelarger these numbers are and the
closer to each other, the better is the performance of the

extended algorithm, in the sense that the smaller are
then theratios

E{No; Im} /E{Ng I m};

it g i,j=1..,m-Lasd,® ¥.
(©) Theasymptotic correct detections induced by the
extended algorithm, as stated by the coradllary, are due
to the single common threshold do used. The latter is
basi cally associated with the starting process my. O

The implicit assumption in the algorithm in (1) is

that the conditional densities/probabilities
{f.(x,1x;")} areanalytically known. In reality, these
densities/probabilities may have to be estimated and/or
may not possess analytic forms. In addition, it is
generally desirable that the environment be mapped into
a set of distinct representations for computability. We
thus propose the deployment of m neural networks that
are pretrained to reproduce discrete versions of the
conditional probabilities/densities { f; (X ,1x;)} . The
latter networks will then provide the appropriate inputs
tothealgorithmin (2).

Discrete Finite Memory Robust M appings

Let x4, ..., X, denote a sequence of observations,
representing the environment. Then, given theith
environmental modd, given x4, ..., X, the objective of
the discrete mapping is to predict which one of M
distinct regions, the observation x ., isgoing to bein.
Denoting theseregions A j; j=1, ..., M, ahigh-
performance predictive encoding operation requiresin
fact the computation of the conditional probahilities,
{pij X1y -y Xn)EP(XnﬂeA‘j IXgy oo Xo b agjems
which are used to map an observed sequence {x 4, ..., X
n} onto each of theregions{A j}, with corresponding
probabilities{p;; (X1, ..., Xn)}. Two problemsarise
immediately:

(i) Exploding computational load, dueto theincreasing
memory represented by the sequences (X 4, ..., X p).

(i) Statistical information on the sequences (X g, ..., Xp)
needed for the computation of the probabilities
{Pij (X1, .o Xn)}

Thefirst problem isresolved, if theincreasing
memory is approximated by finite, say size-| memory.
That is, the increasing computational load is, instead,
bounded if the process that generates the observationsis
approximated by an I-order Markov process. Then, the
information loss is minimized when the processis
Gaussian (see Blahut [2]).

Thus, to reduce the exploding computational |oad
due to increasing data memory, we may initially model



the process that generates the environmental data or
observations by an |-order Gaussian Markov process,
whose autocorrelation mxm matrix Q;, has components
identical to the corresponding components of the
original process. We namethisinitial (Gaussian and
Markov) process, nominal process.

Starting with our nominal process, but incorporating
then statistical uncertaintiesin our model, we are led to
a powerful (qualitatively) robust formalization, which
results in a stochastic mapping (see Papantoni-K azakos
et a [8]), asfollows:

Given observations (X 4, ..., Xp,), use the | most recent
observations for the prediction of the next datum X .4,

and defining Y = [Xp.mets -r Xl , decide that X p.1€A,
with probability d;j (ym), defined as follows,

Ay V) = 355 ) #1176 @)D, Om)s (5)

wherep;; (Ym) isthe conditional probability of X 1A,
given y& =[X,.ms1, s X,],» under theith model, as
induced by the Gaussian and Markov nominal process,
and where, for some positive finite constant | ;,
¢
r(Ym)BR1- mingl, ——1—1 (6)
g \IY%Qi-IYm f
The value of the constant | ; in (6) represents the
level of confidence to the “purity” of the data vector yp,
in terms of it being generated by the nominal Gaussian
process. the higher the value of | ;, the higher the level

of confidence, where as| ; decreases, increased weight
on purely random mappings (represented by the

probability ﬁ per region) isinduced.

In addition, robust estimation of the autocorrelation
matrix Q; will berequired. The components of the
autocorrelation matrix Q; should emerge from the
statistics of the nominal Gaussian process. It isthus
necessary to provide a scheme for the robust estimation
of the matrix Q, in which observations generated from
the outlier process are rgjected in the estimation of the
components of the matrix, (see Kazakos et a [6]).
Special attention should be paid to allow for the

existence of the inverse autocorrelation matrix Q;*
from the estimates of its components.

The robust prediction expression in (5) was based on
a Gaussian assumption for the nominal process that
generates the data in the environment, where the latter
assumption was the result of an information-theoretical
approach to the reduction of the computational load

caused by increased past memory. Theimportant robust
effects induced by the mapping in (5) remain unaltered,
however, when instead, the probability pij (Ym) in (5)
arises from an arbitrary nonGaussian process, and when
its conditioning on yy, is substituted by conditioning on
quantized val ues of the scalar quantity y1 Q;'y,,.

When quantized values are involved, the
implementation of the mapping in (5) involves the
following stages:

(a) Preprocessing. This stage correspondsto long-term
memory and involves the robust preestimation, (see

Kazakos et al [6]), and storage of the matrix Q;*.

(b) Processing. This stage corresponds to short-term
memory. It usesthe matrix Q;* from the
preprocessing step and the observation vector y, to:
(i) first compute the quadratic expression y! Q'y,.,,
(ii) then, represent y! Q;'y,, in a quantized form
comprised of N distinct values, (iii) finally, use the

quantized valuesin (ii) to compute the
corresponding value of the function r; (yn) in (6).

(c) Predictive Mapping. This stage involvesthe
estimation of the probabilities{pi; (ym)} and the
computation of the probabilities{q;; (Ym)} in (5)
using inputs from the processing stage, and the
subsequent implementation of the prediction
mappings.

The three different stages above are performed
sequentially by separate but connected neural structures,
named preprocessing layer, processing layer, and
predi ctive mapping layer, respectively. Our focusin
this paper ison the latter layer: its structure and its
operations. Towards that direction, we first note that,
due to the quantization operations at the processing
layer, the expression in (5) takes the following form:

1
qijr:Mrir +[1- 1 Ipi, s
fory!Q'ly,® R, ;r=1..,N

(")

whereq;;,, pijr, andr;, denote, respectively, the
probabilities q; ; (Ym) and p; j (Ym) and the number r;

(Ym), when the quantized value of y;| Q:'y,, equalsR;.

1. THE PREDICTIVE MAPPING LAYER

Consider theinteger M in (7), and let s be a unique
positive integer, such that 2°'<M£2°. Then, in modulo-
2 arithmetic, each statej; j=1, ..., M can be represented
by an s-length O-1 binary sequence x;---X,. Thestate R

+ isprovided as an input to the prediction layer by the



processing layer, and the former produces a binary
sequence X,--- X, asaprediction mapping. Given the
state R, the operations of the prediction layer must be
such that, a given prediction sequence X;---X, iS
produced stochastically with probability.

Q) (X Xs/ R) = +[1- 13 1P, (%4 X6 /R,) (8)

where expression (8) isthe same as expression (7);
when the binary representation of the positive integer |
in the latter is X;---X,, and where p; (X;--- X,/ R, ) is

the prediction mapping generated by the nominal
process that represents the actual data environment.
Due to the stochastic nature of therulein (8), such is
also the nature of the predictive mapping layer, whose
neural representation corresponds then to a stochastic
neural network, first developed by Kogiantiset a [7],
when the response of each neuron is limited to binary.
We proceed with the description of the latter
representation.

Let ustemporarily assume that the probabilities
p; (X;---Xs/ R, ) have been “learned” and are known.

Without lack in generality, let us also assume that
M=2%. The original constraint of binary firing per
neuron in the prediction layer leads usto the digital
representation of the future states, {x,, ... , X;} . The

design can be accommodated easily in abinary tree
structure. In detail, given the observed state R, and the
resulting R ; value, the mapping x,---x, can be
obtained via a stochastic binary tree search, on the 2
leavestree, asfollows: (a) With probability r;, afair
tree-search is activated, where the tree-node x ¢; x 1=0, 1
isvisited with probability 0.5, and each of the two tree-
nodes branching off a visited tree-node

X1+ Xy 1E kK £ s-1 isalso visited with probability 0.5.
(b) With probability 1-r;, agenerally biased tree-
search is activated, where the tree-node x ; isvisited
with probability p; (X +/R;), while from a visited tree-
node X,--- X,; 1£ K £ s-1 thetree-node

X1 X X 41 ISVisited with probability:

Pi (Xk+l/Xl'”Xk'Rr)2pi (X1 X Xpear I Xg X, RY)
where,

P (XX IR )=p (X, /R, )+ )
pi(Xk+1/X1"'kaRr) pi(Xslxl"'Xsrl'Rr)

Thus, the predictive mapping layer may be viewed
as been comprised of afair-search binary tree and a
number of biased-search binary trees, each of the latter
corresponding to a specific observation state R,. Given

R, the common fair-search binary treeis activated with
probability r; ., while, with probability 1-r; ., the biased-
search binary tree that correspondsto the state R, is
activated, instead; we name the latter tree, the R, tree.

Given the observation state R, consider the R, -tree
in conjunction with the sequential stochastic
representation in (9) of the corresponding prediction
mappings, as generated by the process representing the
actual data environment. Let u, 1EKEs

represent the binary random output of the neuron that
corresponds to the node x,---x, of theR, -tree. Then,

u =1l ifandonlyif u, ., =L"i£k. Thus,

X1X g

X!

the output u may be viewed as generated by a

W,

Xi /X1 X1

X1X K

product, W, W,y -+ , of mutually
independent binary random variables {W, . ... . }iiex
whose distributions at the operational stage of the R, -
tree must be as follows, (in view of (9)):
P(uxlmxk = 1) = P(lewlexl'“ka/xlmxk_l = 1) =

=P (XX IR ) =pi(X /R, ) -

P (X / XX, R ) =

(10)
=PB(W,, =1 P(W,,,, =1)...
PW,, iy, =1); 2EKES
P(le :1) = P(le = ]_) =p (X1/ Rr)!
where,
P(ka/xl»z-xk_ 1 = 1) = (11)

=p, (X XX ,R, ) 2EKES

The above logical arguments and expressions lead to the
following neura structure of the R, -tree: (@) The
neuron corresponding to the tree-node x 4; X ;=0, 1 hasa
binary random variable le built in, where Wy=1-W,.

At the operational stage, the neuron must be activated
with probability p; (X +/ R;); thus,
PW,, =D =p,(x;/R,) then, where

P(W, =) =1- PW, =1). (b) For k3 2, theneuron
corresponding to the tree-node x,---x, hasabinary

random variable W, ,, .., , builtinandfires, if and

only if the latter variable takes the value 1 and
simultaneoudly the neuron corresponding to the tree-
node x,---X,; firesaswell. Thus, the binary neura

output u, .., isformed asa product

u where,

w1 % o1 Wi rxgox g



P(uxl»l-xk = 1) = P(uxl»z-xk_lka/xlmxk_l = 1)
= P(uxl»z-xk_l = 1)P(ka/x1~-xk_1 = 1)

and where, at the operational stage of the R, -tree, the

e

probability P(W, ..., =1 must beasin (11). We
note that,
Wﬂx1~~~xk_1 =1- WO/X1~~~xk_1; "k 2 XXy (13)
and thus,
PMWygxeq =1 =

=1-PWorgxp =15 K2 207 XXy
Learning at the Predictive M apping L ayer.

Giventhe R, -tree, we observe that, due to (10), any
adaptations of the probahility P(u =1)

backpropagate to adaptations of each of the
probabilities P(W, =1), ..., P(W, ;. ---Xs; =1) . It

thus suffices to focus on the learning of the
probabilities, {P(u,,..,. =1)}, for the various binary

X1+ +Xg

sequences X;---Xg, Which correspond to the responses of
the output or “visible” neuronsin the R, -tree network.
For easiness in presentation, let us now consider afixed
sequence X;:--Xg, (in conjunction with the fixed
observed state R, that representsthe R, -tree). Let then
p denote the value of the probability p(x;---X/R,), as

induced by the environment, and let g denote the value
of the probahility P(u =1). Let thenatura

number n denote discrete observation time from the
beginning of the learning stage, and let p, and q,,
denote estimates at time n of the probability values p
and g, respectively. Finally, let therandom variable V,,
be defined as equal to 1; if the environmental event
{x;-x4/R,} occursat timen, and as equal to 0;

otherwise, and let

X1+ +Xg

0, w.p.1-1,
_%1; w.p.1-r,
et a [7], aKullback-Leibler matching criterion between
p and q was used, in conjunction with Newton’s

iterative numerical method, to devel op the supervised
learning algorithm stated below.

Z. bV, (1- W), W . In Kogiantis

ALGORITHM
Initial Values: Sdect an initial value g, >0,
while p; = v;,.

Computational (8 Given computed value p,, and

Steps: Zn., asin (17), compute Py, as
follows:
oo Zoall- Tl B
Pr+r = Pn t = n_:_rl : (14)

For some small positive value d, the
value p,,, iscorrected to d; if

P, <d, andiscorrected to 1-d; if
f)n+l >1-d.

(b) Given computed values (§,,p,) ,
given z,,,, compute §,,,, asfollows:

8., =4, - A(anpn)qn( dn)

(qn - pn)2 + f)n(l' f’n)

+

. 2

z,.a[1-r,, 1% p, é § (1- 6 U
+ n+1 ir n o Aqnz f]n) +4 (15)
n+l é(qn' Pn +pn(1' n) 1}
where,
N ~A Zn+1[1' rir]_l' f’n
Pni1- Pn = n+1 'from

(14).

For some small positive value z, the
value §,,,, iscorrected to z; if

Qn+ <Z,and iscorrected to 1-z; if
Qn+l >1-z.

In Kogiantis et a [7], the following theorem was
proved.

Theorem 2

Let the process which generates the observed datain the
environment be ergodic. Let then, s denote the
probability of the event {x,---x/R,} , asinduced by

the latter process. Then, the supervised learning
algorithm converges to the probability s, almost surely,
with rate inversely proportional to the sample/iteration
sizen. 8

In Kogiantis et al [7], it was found that the learning
algorithm converges rapidly to predictive probability



mappings that are close to those induced by the
environment, even under mismatch network conditions.
Specifically, when past dependence decays fast with
distance, then, even when the network order islessthan
the order of the Markovian environmental modd,
convergence to almost the true process is attained in less
than fifty iterations, in most cases.

V. CONCLUSIONS

We considered a sequential algorithm for the
detection of change from a given environmental model
to anumber of alternatives, when the latter models need
to be learned via supervised environmental
observations. We assumed discretized observations and
stochastic neural networks for the supervised learning of
the models. We also adopted a backpropagating
supervised learning algorithm for the pretraining of
these networks, that guarantees almost sure and rapid
convergence under general model conditions. The
overall system is efficient and accurate, as well as
robust, and has numerous applications.
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