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Realization of digital filters or implementation of
controllers in a digital computer may lead to unex-
pected instabilities resulting from the finite precision
effects. Stability is usually ensured for an idealized
discrete-time realization of the system. Neverthe-
less, as soon as A/D and D/A conversions get in-
volved, the quantization of the state of the system,
due to adder overflow, magnitude truncation, finite-
wordlength format, may introduce severe nonlineari-
ties responsible for overflow oscillations, limit cycles
or chaotic behavior, even under zero input. This pa-
per considers a parameter-dependent, discrete-time
system in the companion form. We derive LMI con-
ditions ensuring stability for the uncertain system in
spite of the finite precision effect. We also seek an
LMI formulation for the synthesis of a static output-
feedback controller that guarantees robust stability
for the finite precision problem.

1 Introduction

Proving the stability of a discrete-time system of
the form

o(k +1) = Az (k), (1)

leads to the resolution of a Lyapunov equation, ie to
find P = PT > 0 such that

ATPA-P=-QQ, (2)

with (A, Q) observable. Then, it guarantees that the
above system is asymptotically stable in a “mathe-
matical” sense, ie assuming the system is implemen-
ted with infinite precision. In this case, explicit so-
lutions for this equation are given in [2, 1], when A
is in the companion form. However, this case rep-
resents an idealized behavior of the system. Most
control problems involve the issue of finite precision
computation. The most widely studied area where
this problem arose during the last two decades con-
cerns the fixed-point arithmetic digital filter. Imple-
menting a controller in a digital computer also points
out the difficulty to guarantee stability when A/D
and D/A conversions are involved. There is an ex-
tensive literature on the effects of finite wordlength or

quantization in digital control and signal processing.
Adder overflow in second-order digital filters are re-
sponsible for self-sustaining oscillations, called limit
cycles [22]. Overflow oscillations [8] and chaos [12]
are also studied as the dramatic effects induced by
fixed-point arithmetic for digital filters. Moreover,
digital feedback can induce chaotic behavior when or-
dinary linear feedback is applied. Since magnitude
truncation, overflow and underflow result in highly
nonlinear systems, the performance and even the sta-
bility of such systems can be drastically affected. For
all these examples, as explained in [4, 5], quantiza-
tion effects can not simply be viewed as “white noise”
or as approximate measurements. Therefore, it is of
great interest to study these effects and find ways of
reducing them. [21] gives conditions on the filter co-
efficients to suppress limit cycles in first order digital
filters. For stabilization of systems when measure-
ments of the state are quantized, an optimal realiza-
tion is proposed in [18]. Extensions of the LQG the-
ory [15] and the Bounded-Real Lemma [19] are also
discussed. State and state-estimate feedback stabi-
lization are proposed in [4, 5, 14].

To study the effects of quantization, let define @,
={g: R" = R”, g(z) = [g1(21) ... gn(zn)]%,
9(0) = 0 [ Vi€ [l .n], Vai € R, |gs(as)] < [}
and let introduce the state 2 = g(z), g € Q,. The
operator g represents the finite precision effects and
can specify the following arithmetics (see [6]): ze-
roing arithmetic, saturation arithmetic or decimal-
truncation arithmetic. Then, the quantized system
is

z(k+ 1) = AZ(k), 3)
Ek+1)=g(z(k+1)).

Let define the diagonal stability for the system (1)
as the existence of a diagonal solution P to the Lya-
punov equation (2). In [16, 9, 20, 13], the following
theorem is stated:

Theorem 1.1 If the discrete-time system (1) is di-
agonally stable, then the quantized system (3) is stable
in spite of the finite precision effects.

When A is a companion matrix, a simple condition
ensuring that (2) admits a diagonal solution is given
n [17]. This condition is detailed in §2.2.



The purpose of the paper is to derive some LMI con-
ditions for

1. analysis of robust diagonal stability of a class of
uncertain discrete-time systems,

2. synthesis of a controller that stabilizes a class
of uncertain discrete-time systems robustly in
respect to both the finite precision effects and
the uncertainties.
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involved. The main theorems are stated for diagonal
robust output-feedback control in §3.

Our notations are as follows: for a real matrix
P, P > 0 (resp. P > 0) means P is symmetric
and positive-definite (resp. positive semi-definite) ;
then, P/2 denotes its symmetric square root. We
also use the notation diag(A4,B) with A € RP*?
and B € R™*" to denote the block-diagonal ma-
trix written with A, B as its diagonal blocks. For
r={[ry,...,rs], ri € N, we define the sets

D(r) = {A = diag(é:1 ., ...,6,1,,), | 6; € R},
B(r) = {B = diag(Bs, ..., B,), | Bi e R " }
S(r)={SeB(r) |5 >0, i=1,...,n},

Finally, the symbol Co denotes the convex hull.

2 Analysis of Diagonal Robust
Stability

2.1 LFR of the Coefficients
Consider the matrix A(p) given by

A(p) = (a5 (p))12I20

where aj;(.) is a rational function of the parame-
ters pg, k = 1,...N. We seek a Linear Fractional
Representation of these coefficients. A methodology
was given in [10] to derive an LFR for parameter-
dependent systems when the parameters appear in ra-
tional functions. This methodology is based on simple
operations such as addition, multiplication, stacking,
shuflling and inversion. Then, the coefficients can be
written:

a5i(p) = aji + B ;i (p) (I — 85 85:(p)) ™ 4,

Aji(p) = diag(pilr,(j,i), - - -PNIrn (i) € 'D(r),( |

4

where Nj; = Zszl m(j,9), a5 € R, By € RlXNf‘,
5ji c RNjiXij‘ and vji € RNjin' This is equivalent

to the following Linear Fractional Representation for
the parameter-dependent coefficient aji (p)

ai(p) = aj +  Bjimji,
P = v +  djimis, (5)
T = Aji(p)djs-

2.2 LMI Conditions

Consider the following uncertain, discrete-time sys-
tem in the companion form

z(k+1) = A(p)=(k), (6)

where z is the state vector of the system, p is the
parameter vector, and

—a1(p) —az(p) —an-1(p) —an(p)
1 0 e 0 0
A(p) = . _
0 0 ... 1 0
The parameters p;(t), ¢ € 1, ...n, are unknown but
bounded. Let define P = {p(t) € CN s.t. V¢ > 0,
Vj€ll,...N], |p;j(t)] <P;}. The notation p = 0 will
be used to signify V¢ >0, Vj € [1,...N], p;(t) = 0.
We seek the domain of uncertainty where the sys-
tem is guaranteed to be diagonally stable. In other
words, we seek under some constraints the maximum

bounds for the parameters such that the diagonal sta-
bility of the following quantized system,

x(k + 1) = A(p)ﬁ(k), (7)
Ek+1)=g(z(k+1),

as described in Figure 1, is guaranteed within these
bounds. As proved in [17], the Lyapunov equation for

u(¢)=0
Xk +
o A(p)
x(k+1)
7!
X(k+1) Q

Figure 1: Model of filters with quantizer in the closed-
loop

the nominal system, e for (6) with p = 0, admits a
diagonal solution P if and only if

n

Do lul <1 (®)

i=1
Moreover, the diagonal elements P; of P must satisfy

P,>Py>...>P,>0.



Then, the quantized system (3) is stable for every
quantizer operator g € Q,. These results can be used
for the analysis of linear systems with no uncertainty,
but the problem is much harder when it concerns un-
certain systems. Then, the question is whether the
parameter-dependent system (6) is diagonally stable
or not robustly with respect to p € P. From (8), we
can state that the system (6) is diagonally stable if

n

VpeP, D la(p)<1. ()
=1
The first idea would be to define g; = inf{a;(p) : p €
P} and @; = sup{a;(p) : p € P} and then to check
that

ZII @] lail ]l < 1.

But this arises a major problem: since a;(p) may not
be convex in p, the computation of the global maxi-
mum @; or minimum a; of a;(p) is an NP-hard prob-
lem. Anyway such an approach may be used when
the bounded parameter vector p is assumed to ap-
pear in the companion matrix in an additive way, ze
ai(p) = i +pi, ¢ = 1,...n and p € P (see [6])
Consider now the parameter-dependent discrete-time
system in the companion form described by (6) where
the coefficients a;(.), ¢ = 1,...n, of the companion
matrix A are rational functions of the parameters
pj, j =1,...N. Since a;(p) may not be convex in
p, solving (9} is now much harder. According to §2.1,
we can write the coefficients a;(.) with the following
Linear Fractional Representation:

ai(p) = i + BiAi(p)(I — &:Ai(p)) My,

Az(p) = diag(plIT1(i)) .. ‘pNIrn(i)) S D(T’)

Then, we can state the main results of the paper
about the state-feedback stabilization through the fol-
lowing theorem:

(10)

Theorem 2.1 The discrete-time, parameter-depen-
dent system in the companion form (6) withp € P
is diagonally stable if we can find z € R, §; €
S(r), T; € §(r), i=1,...n, such that

n
=1

aiT—— Z3 %[‘
;S |+ <0,i=1,...n, (12
I +621Tﬂ§;7i 6{%? "
[ —az —Z _,15 3 1
9 T ZZT? <0,i=1,...n, (13)
| +5}g1}7¢ 1—711' z

where a;, fB;, v and &; are the coefficients of the LFR
(10) of ai(p).

This theorem takes the structure of the uncertainty
matrix A(p) into account. Nevertheless, it neglects
the realness of the parameters p;, i = 1,...N. This
can be improved by introducing the skewsymmetric
scaling matrices G; and H;, j = 1,...n. Then, we
can state:

Theorem 2.2 The discrete-time, parameter-depen-
dent system in the companion form (6), with p real
and p € P, is diagonally stable if we can find z;
R*, Si€ 8(r), T; € §(r),Gs € G(r), H; €G(r), i =
1,...n, such that

dm<l, (14)

i=1
- ai_zi l %181_7;TG2 -
+71 Sz')’z —}—')/;TSZ()'Z o
ZﬁF+G171 63’5261_51 <0) Z—].,...’n
+(5 5171 +G16’L — J;TGZ ]
(15)
- -0 — 2 ‘ 131' 7Z ; -
+7§fi'}'7i AT Tié; - .
HZ’)’z—— §TTi6; + Hié; <0,i=1,...n,
YT Ty | T - 6T H,

(16)
where o, B;, vi and é; are the coefficients of the LFR
(10) of ai(p).

3 Diagonal Robust Synthesis

Consider the following unstable SIMO, parameter-
dependent, discrete-time system in the companion
form

zk+1) = A( )z(k) + Bu(k),
y(k) = Cuz(k), (17)
u(k) = Ky(k),

with A in the companion form, B = [1 0 ... 0],
C = (cji)13I57 and p € P. We seek an output-
feedback controller diagonally stabilizing it. Then,
this controller is guaranteed to diagonally stabilize
the following quantized uncertain discrete-time sys-
tem in the companion form.

z(k+1) = A(p)z(k) + Bu(k),
i(k +1) = 9(=(k + 1)), (18)
u(k') = Ky(k).

As described in Figure 2, we can also define a more
common class of systems for which the measurements
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Figure 2: Model of systems with quantized measure-
ments

of the state are quantized [4, 5, 12]. Such systems are
given by the following quantized state-representation

{&fﬂJ = f¥7&$>+3uwx
i = Ca(k), (19)
ulk) = Kik).

This is worth noticing that the system (19) can also
be written in the quantized state-representation (18).
To prove it, consider the quantized, discrete-time,
parameter-dependent system described by (19). We
have

z(k+1) = A(p)z(k) + BKCZ(k).
Let A(p) = (a5s(p))1$I57 and BKC = (b;)15I50.
Then we can write
o(k+1) =Y [a5i(p)zi(k) + bjig(=;(k))].

=1
This is now easy to derive that

dhe Q, such that Vi€ 1,...n,

aji(p)@i(k) + bjig(z;(k)) = (a;i(p) + bji)hi(z;(k)),

which means that the system can also be described
by (18). This latter representation, although more
conservative, will be used for further theorems.

Assume now that the nominal discrete-time sys-
tem described by (6) is unstable. We seek a constant
controller K = [ky k2 ... kpy] such that the system
described by (17) is diagonally stable. Some theo-
rems are stated in [6] to stabilize the nominal system
or a class of uncertain systems, when the uncertain
parameters appear in an additive way in the coef-
ficients of the system. The latter theorem remains
true for the general case of uncertain systems, but we
need to know the bounds on the coefficients (ie @; and
a;). As we explained in 2.2, the computation of these
bounds is an NP-hard problem. The main results of
the paper for the output-feedback stabilization when
the coefficients a;(.), ¢ = 1,...n, are rational func-
tions of the parameters p;, j =1,... N, are stated in
the following two theorems:

Theorem 3.1 3K = [ky ks ... k] diagonally sta-
bilizing (17) with p € P if we can find z; € RT, S; €
S(r), T; € 8(r), i = 1,...n, andk; € R, j =
1,...m, such that

dom <, (20)

m
Zj:l cjikj — i

—1p TG o Taq.5.
e RS  <o,i=1,.m,
% 2 7 Ve
+6; Sivi ~S;
} 1 @1
Qi — 2‘7:711 cjik; ?Tﬁz
—zi+v Ly |+ Tid; .
i , <0,i=1,...n,
36 o7 Tid; ‘ *
+6F Tiy; =1

(22)
where o, B;, v and &; are the coefficients of the LFR
(10) of ai(p)-

As described in §2.2 for the analysis of stability, we
can take the realness of the parameters into account
by introducing the skewsymmetric scaling matrices
G; and H; € G(r), i = 1,...n. Then, we can state
the following theorem.

Theorem 3.2 3K = [ky ky ... ky,] diagonally sta-
bilizing (17), with p real and p € P, if we can find
z €ERY, SieS(r), T e8(r),i=1...n0G;¢€
G(r), H; € G(r), i = 1,...n, andk; € R, j =
1,...m, such that

i=1
[ Yie ciiky —ai | v Sidi — 58 T
v Sivi — & 7 Gi <0i=1 .n
Givi — 56] 6 8:6i — S; o
+67 Sivi +Gib; — 67 G; |
(24)
[ i Z}%} cjikj | 56; ;ﬁHi ]
—zi + v Tivi +7v; 136 L
380 + Hiv; 6l T;6; — T; <Oi=1.n
+6F Tiy; +H;é; — 6T H; |
(25)

where i, B;, v and &; are the coefficients of the LFR
(10) of ai(p).

We can choose to optimize a linear or quadratic crite-
rion on the variable K = [k k2 ... k] such as input
or output norm-bounds, saturations... (see [10, 3, 7]
for more details). These additional conditions can be
translated into LMIs.



4 Concluding Remarks

Linear Matrix Inequality conditions ensuring the
output-feedback diagonal stabilization for a parame-
ter-dependent, discrete-time system in the compan-
lon form were given. In other words, we extended
the notion of robustness for discrete-time systems to
the finite precision problem. In spite of the well-
known numerical danger inherent in the companion
form of systems, such a realization remains current
so that the results presented in this paper may find
illustrative applications. For instance, the analysis of
the robust stability may be used to design digital fil-
ters. Moreover our output-feedback controller guar-
antees the stability of the closed-loop system even
when implemented in a digital computer with finite
wordlength arithmetic. One of the remaining open
problems shall be to incorporate the possible coupling
of the parameters a;(p) via the common variable p.
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A Proof of Theorem 2.1

Consider the following parameter-dependent dis-
crete-time system in the companion form (6), where
the coeflicients a;(.), ¢ = 1,...n are rational func-
tions of the parameters p;, j = 1,...N. From (8),
we can derive that the system (6) is diagonally stable
if "

VpeP, Y la(p) < 1. (26)
i=1
Let introduce the variables z; > 0, i =1,...n. Then,
the above condition is equivalent to

3z; >0, 1 <i<n, such that



<1, (27)

VpeP,ai(p)<z,i=1,...n, (28)
VpeP, ailp) > —z,i=1,...n (29)

We want to translate (28) and (29) into LMIs. The
key of the theorem is based on the following idea: we
define fictitious signals y; and u; and we shall express
the previous conditions on a;(p) through simple LMI-
based conditions on these signals. The coefficients
a;(.) are rational functions of the parameters p;, so
that y; = (a;(p)—z)u; withy; € R* andu; e R*, i =
1,...n, can be defined by the following LFR, with
Ai(p) € D(r):

i = (w—z)u + Bim,
Vi = i + i, (30)
o = Ai(p),

The condition p € P allows us to bound the uncer-
tainty matrix, so that we can write a “normalized”
LFR (30) with |]A;(p)|| < 1. With this representa-
tion of a;(p), we can infer that (28) holds if and only
if

VpeP, yyu; <0,i=1,...n, (31)
We have yiu; = ui(a; — zi)u; +577 B ui +3uifim;,
¢t =1,...n. Let introduce the symmetric scaling ma-
trices S; € 8(r), i = 1,...n, such that

i Simi < T Sivpy = (uayf + w7 6:) Siwivi + Simy).

Then, (28) holds if we can find S € §(r), i =1,...n,
such that

wl'o—n 3611w opoas (32
T 0 || m | <ORelds (32)

5

for all u; # 0 and ; satisfying

w 1" [ FSiv AT Sidi L
Yiv] 5?5{’)’2' (5315,5, - Si 5 =

Using S-procedure, (32) is equivalent to

ai — zi +yF Sivi §Bi + v Sids ] . _
1 <0,i=1,..n.
[ 18T +6FSivi  67Si6i—Si
(33)
Reiterating the same operation with (29) achieves the
proof of theorem 2.1.

B Proof of Theorem 2.2

In Annex A, we took the block-diagonal structure
of A into account by introducing symmetric scalings
S; and T3, i = 1,...n, commuting with A. Addi-
tional constraints were found in [11] when A is not

only block-diagonal but also real. It was stated that,
given any square complex matrix M and any A €
D(r), the equation AMz =  implies the additional
constraint ¥ MGz = z#GMe for all G € G(r).
We can adapt this to the case p = Aq (see [10]). The
realness of the parameters p in (28) implies the fol-

B R | PRy

lowing additional constraint

Gy —F Gimi =0 forall G; € G(r), i =1, .. .n.
(34)
Then, when the parameters are real, (28) holds if we
can find St € §(r), G; € G(r), i=1,...n, such that

w 15T o — 2 1, w |
[m] [ {5 ZOzHW:_<0holds, (35)

for all u; # 0 and m; satisfying

wi T[Sy FSs [ w
5 5?51"‘)’,' 5315,51 - Si ]

U; T 0 —')’;-I'Gi (773 - 0

i Givi Gib =6Gi || m |~
Using S-procedure, (28) with p; € R, j =1,...N
holds if

b

@ — 2z ‘ 58— ¥ Gi
+97 Sivi +77 Sié; 0 i1

BT + G | 0786 —8;, | S0t hem
+5?Si’)’i +G;6; — 5;~TG,'

(36)
Reiterating the same operation with (29) achieves the
proof of theorem 2.2.

C Proofs of Theorem 3.1 and
Theorem 3.2

Consider the parameter-dependent, discrete-time sys-
tem in the companion form described by (17), where
the coefficients a;(.) are rational functions of the pa-
rameters p;, § = 1,...N. We can readily state that
AK = [k1 k3 ... kn] such that the Lyapunov equa-
tion (A(p)+BKC)T P(A(p)+ BKC)—P < 0, pe P,
admits a diagonal solution if

VpeP, Zi_ai(p)‘FZCﬁk’j]S 1. (37)
1=1 J=1

From this point, the proof of theorem 3.1 is equivalent
to the one presented in Annex A with a;(p) replaced
by (ai(p) — 2= kicji).

Based on the results of [11], the proof of theo-
rem 3.2 is similar as the one of theorem 2.2 in Annex
B. It consists in introducing skewsymmetric matrices
Gi and H; € G(r), i = 1,...n, and in expressing the
realness of A with the additional constraint (34).



