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Abstract

A new class of nonnegative 2D Roesser type models
is introduced. Necessary and sufficient conditions are
established for the reachability of the nonnegative 2D
Roesser type model for zero boundary conditions. It
is shown that the nonnegative 2D Roesser type model
having not nilpotent system matrix is unreachable
for nonzero boundary conditions. The minimum en-
ergy control problem is formulated and solved for the
nonnegative 2D Roesser type model with zero bound-
ary conditions. The considerations are illustrated by
means of a numerical example.

1 Introduction

The most popular models of two—dimensional (2D)
systems are the models introduced by Roesser [19],
Fornasini and Marchesini [4,5]. The reachability and
controllability of positive of discrete-time linear sys-
tems have been considered in [1-3]. The reachability
and controllability and the minimum energy control
of 2D linear system have been considered in many
papers and books [6-18]. The minimum energy con-
trol problem for the classical 2D Roesser model was
formulated and solved by Klamka [17] and next the
method was extended for 2D linear systems with vari-
able coefficients [10] and other type of 2D models
[11-18]. Recently Valcher and Fornasini in [20] have
investigated some interesting properties of homoge-
neous 2D positive system described by the second
Fornasini—Marchesini type models. In this paper a
nonnegative 2D Roesser type model is introduced.
Necessary and sufficient conditions are established for
the reachability of the nonnegative 2D Roesser type
model for zero boundary conditions. It is shown that
the nonnegative 2D Roesser type model having not
nilpotent system matrix is unreachable for nonzero
boundary conditions. The minimum energy control
problem is solved for the nonnegative 2D Roesser type
model with zero boundary conditions.

2 Preliminaries

Let R4 := [0, +00) be the set of nonnegative num-
bers and let Z; := {0,1,2,...} be the set of nonneg-

ative integers. Denote by R% the set of n—tuples of

nonnegative numbers. The set of nonnegative matri-

ces of size n by m will be denoted by R}*™.
Consider the 2D Roesser model

1:1(31) = A:L'ij + Buij, Yi; = C:Cij + Du,-j (l)

h h
@ _ | Ty N T
Ti;" = x:'),j+1 y Tij = a’;')j t,j] € Z+
where :z::f7 € R™ is the horizontal state vector, z}; €
R"™ is the vertical state vector, u;; € R™ is the input
vector, y;; € RP is the output vector,

| A1 A | B _
A_[A3 A4],B_[B2],C_[Cl C |

Ay € Rm*xm By € RMX™m () € RP*™, A, €
anxnz’ B2 e Rngxm’ CZ E Rpxn2-

Definition 1 The 2D Roesser model (1) is called non
negative 2D Roesser type model if for all boundary
conditions

eh; ERY,jE€Zy, e R, i€ 24 (2)

and for all u;; € R, i,j € Zy we have ;5 € RY,
n=mn;+ny and y; € R for i,j € Zy, where R}
denotes the set of n—tuples of the nonnegatives real
numbers.

Proposition 1 The 2D Roesser model (1) is non-
negative if and only if

A€RY™ BeRY™™ CeRYX™ DeRX™ (3)

Proof From (1) it follows that z;; € R} and y;; €
R’_,’_, i,j € Z4 for all boundary conditions (2) and
u;; € R, 4,5 € Zy if and only if (3) holds. O

The transition matrix Tj; for (1) is defined as fol-
lows [19, 6, 17]

I, (the identity matriz)
fori=3=0
TyoTi—1,5 + To1Ti 51 @)
fori,j >0 (i+]+0)
Ti; = 0(the zero matriz)
fori<Oorfandj <0

Ty =



where

[ A A [o o
Tlo--—[o 0]’T°1_[A3 A4]

Proposition 2 The transition matriz T;; for the non-
negative 2D Roesser type model is a nonnegative ma-
triz, i.e.

T;; € RE*™ for all i,j€Z, (5)

Proof From (4) it follows that Ty € R}*", Ty €
RY*™, Ty = TioTo1 +To1Tio € RY™™ and recurrently
T;; e R foralli,jeZ;,. O

The solution to (1) with boundary conditions (2)
is given by

zij = T (4,5) + Z M;_p,;—qtpq (6)
(r,9)ED;;

where

[
. . 0
zbc(%]) L= ZTi-—p,j [ v ] +

p=0 p0
J zh
g=0

(7)

B 0
Mipj—q:= Tiep-1,5—q [ 01 ] +1—‘i—P,j—9—1 [ B, ]

Definition 2 The nonnegative 2D Roesser type mo-
del (1) is called reachable for zero boundary condi-
tions (ZBC) at the point (h,k), h, k € Z, if for zero
boundary conditions (2) and every x5 € RY} there ez-
ists a sequence of inputs u;; € R for

(i,4) € Dt = {(5,5) € Z4 X Z4,0< i < b,
0<j<k and i+j#h+k} (8)

such that xpy = xj5.

Definition 3 The nonnegative 2D Roesser type mo-
del (1) is called reachable for any nonzero boundary
conditions (NBC) at the point (h,k), h,k € Z;, if
for any nonzero boundary conditions (2) and every
z; € R} there exisls a sequence of inpuls u;; € R
for (3,7) € Dpr such that xpy = zy.

Conditions will be established under which the non-
negative 2-D Roesser type model is reachable for zero
boundary conditions and the minimum energy control
problem will be solved.

3 Reachability of the
nonnegative 2—D Roesser
type model

Theorem 1 The nonnegative 2D Roesser type model
(1) is reachable for ZBC at the point (h, k) if and only
if
i) rankR(h,k)=n ©)
ii) Ry (h,k) € RAFm*n

where

R(h,k) := [Myr, Mp—1,5, Mp k-1, ..., M10, Mo1]
(10)
and R, (h,k) is a right inverse of R(h,k), R(h, k) x
xRy (h, k) = I,.

Proof From (6) for i = h, j = k, xpx = zy and
zpe (h, k) = 0 we have

zy = R(h,k)u(h, k) (11)
where
T
u(h:k) = [“go, U{O) ugl: 23 ug—l,k: u%‘,k—l]

T denotes the transposition.

Note that for a nonnegative 2D Roesser type model
Mpy € RY*™ and R (h, k) € R}**™. From (9) it fol-
lows that there exists R, (h,k) of R(h,k) and from
(11) we have u (h, k) = R, (h,k)z; € R**™ for any
z; € R% if and only if R, (h, k)€ RYF™ " O

Remark 1 Let the condition (9) be satisfied and let
R, be a nonsingular mairiz consisting of n columns
of R(h, k) such that Ry € RY*"™. Moreover let u, €
R} be a vector consisting of those entries of u(h, k)
which correspond to the columns selected in R,. As-
suming the remaining columns of u(h,k) zero from
(11) we obtain z; = Rpun,. In this case the condition
i) of theorem Ican be substituted by Ry € RY*™. It
is well-known [1, 2] that R € RY*™ if and only if
R, ts has one nonzero eniry in each row and column,
t.e. 1s an n X n monomial malriz.

Remark 2 It is well-known [20] that e finite mem-
ory Roesser model has a nilpotent matriz A, i.e.

Iﬂlzl - Al _AZ _.n1.n2
det [ —As Toyzo— Ag | = PUSE 4 (12)

Using (7) it is easy to show that if (12) holds then
2pe (1,§) =0 fori>n, j > n.

Theorem 2 The nonegative 2D Roesser model (1)
having not nilpotent matriz A is unreachable at the
point (h, k) for NBC.



Proof From (6) for i = h, j = k and zs; = z; and
NBC we have

25 — 2o (h, k) = R(h, k) u(h, k) (13)

By assumption £y € R} and zp.(h, k) € R} are any
vectors and zy — . (h, k) € RY.

If A is not nilpotent matrix then there does not
exist a sequence u;; € RT satisfying (13) for z; —
zpc (h, k) with at least one negative component. There-
fore, the nonnegative 2D Roesser model is unreach-
able for NBC. O

Using a different approach a similar result has been
obtained in [9] (see also [13]).

4 Minimum energy control

Consider the nonnegative 2D Roesser type model
(1) and the performance index

I(u):= Z quQqu (14)

(r,9)EDns

where @) is the m x n symmetric positive definite
weighting matrix such that @=! € RT*™.

The minimum energy problem for the nonnegative
2D Roesser type model with zero boundary condi-
tions (2) can be stated as follows. Given the matrices
A, B of (1), the weighting matrix @ and the point
(h, k), find a sequence u;; € R for (4, j) € Dpy which
transfer the model from zero boundary conditions to
the desired local state ; = z; and minimizes the
performance index (14).

To solve the problem we define the matrix

Wo(h,k) : = Z Mh_pi—g@ "M, =
(,9)EDwi
= R(h,k)QsRT (b, k) (15)

where Mp_p x—q and R(h, k) are defined by (7) and
(10), respectively.

Qd = diag [Q_l, --~,Q—1] c R:L_kmxhkm

Using (15) it is easy to show that for the nonnegative
2D Roesser type model the matrix Wq (h, k) € R}*"
is nonsingular if and only if the matrix R(h,k) has
full row rank.

Define the sequence of inputs

Ui = QT Mj_; x;Wg " (h,k)zy for (i,5) € -l()lhéc)
Note that u;; € R for any z; € R} if
wg' (b, k) € RP" (17)

Theorem 3 Let us assume that

i) the nonnegative 2D Roesser type model is reach-
able for ZBC at the point (h, k),

i) Q71 € RP*™ and (17) holds,

ill) T;; (¢, j) € Day is any sequence of inputs which
transfer the model from zero boundary conditions to
the desired local state z5 = zpy.

Then the sequence of inputs (16) accomplishes the
same task and

I(w) < I(w) (18)
Moreover, the minimum value of (14} is given by
I(@) = W5 (h, k) zy (19)

Proof First we shall show that the sequence of
inputs (16) provides zp; = z5.
From (16) it follows that

~ S R ~ ~ T
u(h,k) : = [Uom "?o, ug’y "')u’f—l,k: u%',k—l] =
= QaRT (h,k)W3' (h,k)z; (20)

Substituting (16) into (11) and using (15) we obtain
zhe = R(h,k)U(h k)=
R(h,k) QaRT (h, k)W (h,k) 25 = z;

Since both %;; and ;; transfer the model from zero
boundary conditions to z; then

R(h, k)T (h, k) = R(h, k)u(h,k)

and

R(h, k) [@(h, k) —a(h, k)] =0 (21)
From (21) and (20) we have

[@(h, k) — @ (h, k)T BT (b, k) WQ? (h, k)2 =

= [@(hk)—a k)T Q7la(h, k) =0 (22)

Using (22) it is easy to show that
al (h, k) Q7 ' (h, k) =
= al (hk)Q7 U (h, k) +
+ [@(h k) - Ak k)" Q" [@(h, k)~ (h k)]

or
Y %,QT =
(P,9)€EDRx
= Y UQip+
(p:Q)Eth
+ Z [Tpg — apq]T X
(,9)ED R
X Q[Upg — Upg] (23)

The inequality (18) holds since the last term in (23)
is always nonnegative.



To obtain the minimum value of (14) we substitute
(20) into (14)

I(2) Z azq:q Qilpg =

(p,9)EDrx
= @ (hEk)Q7 M (h,k) =
T
= [QuRT (W5 (b k)2
x Q7' [QuET (b B)Wg (b B)zy] =
= z; W' (h,k)R(h, k) QaR" (h,k) x
X W51 (h,k)zf=m’§W51(h,k)mf

since by (15) R (h, k) QaRT (h, k)W (h, k)= 1. O

5 Example

Consider the nonnegative 2D Roesser type model

(1) with

(1 0 1
A:[ﬁl‘jz]: 010],
8 e [ 1 01
0
B
- (2]
B2 [1—
forh=k=1.
Using (7) and (10) we obtain
R(1,1) = [ Mu My My | =

1 00
0 1 0]|,rankR(1,1)=3
0 01

By theorem 1 the model is reachable for ZBC at the
point (1, 1).
Let the performance index has the form (14) with

2 00
h=k=1land@=|0 1 0 | and
0 0 3
T
s=[3 1 5] ,
In this case using (15) and (20) we obtain

Wo(1,1) = R(1,1)Q4RT(1,1)=
10
= 01
0 0
’12(1,1) = [uoo ui0 ’Ll,oi ]T:
= QaRT (L,HW5' (1, 1)y =

T
=[5 1 3]

WO O

and the minimum value of the performance index is
equal

1@) = Wg (1) ey = 5

6 Concluding remarks

Necessary and sufficient conditions have been es-
tablished for the reachability of the nonnegative 2D
Roesser type model for zero boundary conditions. It
has been shown that the nonnegative 2D Roesser type
model having not nilpotent matrix A is unreachable
for nonzero boundary conditions (2). The minimum
energy control problem has been formulated and sol-
ved for the model with zero boundary conditions. The
results presented can be extended for the n-D (n > 2)
Roesser type model with constant and variable coef-
ficients. An extension of the above considerations for
singular 2D linear systems is also possible.

It is well-known [6] that the first Fornasini-Marche-
sini model is a special case of the Roesser model.
Therefore, the results obtained in this paper for the
nonnegative 2D Roesser type model can be immedi-
ately extended for the nonnegative first 2D Fornasini-
Marchesini type model.
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