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Abstract

In this note, we propose a nonlinear on-line param-
eter estimation method that utilizes neural network-
based approximators for detecting changes due to ac-
tuator faults in a class of structural dynamical sys-
tems. The plant considered here is a cantilevered
beam actuated via a pair of piezoceramic patches. We
examine changes in the control input term, which pro-
vide a simple and practical model of actuator failures.
Using Lyapunov redesign methods, a stable learning
scheme for fault diagnosis is proposed. The resulting
fault diagnosis scheme is utilized in a control reconfig-
uration in order to accommodate the system’s actua-
tor failure. A numerical algorithm is provided for the
implementation of the detection and accommodation
scheme and simulation studies are used to illustrate
the applicability of the theoretical results.

1 Introduction

The detection and diagnosis of failures of dynam-
ical systems is attracting the attention of many re-
searchers working on diverse engineering problems,
{2, 9, 15, 17]. As was noted in [17] and the refer-
ences therein, many fault detection schemes deal with
either linear or nonlinear finite dimensional systems
(lumped parameter systems). Many physical systems
though, are described by partial differential, integrod-
ifferential and functional differential equations. These
systems are infinite dimensional and their parameters
are distributed in nature. For a class of distributed
parameter systems (mainly flexible structures such as
beams and trusses), damage detection based on the
analysis of natural modes and frequencies was stud-
ied by several researchers. As was pointed out in
[4] and argued in [3] and their references, methods
based on natural modes (frequencies) are highly unre-
liable when dealing with estimation of (possibly) vari-
able material parameters such as mass, stiffness and
damping. The analysis of damages in parameterized

partial differential equations with Galerkin approxi-
mation techniques validates non-destructive damage
detection since it incorporates information on loca-
tion/geometry of damages in structures. This moti-
vates our current research efforts.

During the last two decades, a number of fault di-
agnosis schemes have been developed using the an-
alytical redundancy approach [10, 16, 17]. Accord-
ing to this approach, input/output measurements are
processed analytically to estimate the values of cer-
tain key system variables. The estimates are then
compared with measured signals to generate a resid-
ual vector, which can be utilized to detect and isolate
system failures.

The process of system failure characterization can
be broken up into three steps: (i) detection deals
with determining if a malfunction has occured in the
system; (ii) diagnosis considers the problem of iso-
lating and identifying a failure; and (iii) accommo-
dation attempts to self-correct a particular failure
through reconfiguration of the control system. De-
pending on the application, a diagnostic system may
include some or all of the above tasks.

In this paper we discuss a theoretical investigation
and present a numerical scheme for a model-based
fault diagnosis and accommodation algorithm applied
to a class of distributed parameter system. An esti-
mated model of the plant is used to monitor the plant
for any changes due to faults. The estimated model
incorporates an on-line approximator [17], which es-
timates and monitors the parameters on-line via a
learning algorithm. The output of the on-line approx-
imator is used as an indicator of the occurrence of a
fault and also as a method for identifying the loca-
tion (fault isolation) and shape (fault identification)
of system failures. A reconfiguration of the standard
control is presented in order to accommodate the sys-
tem failure.

The structure considered in the ensuing example
is taken to be a cantilevered beam with two piezoce-
ramic patches attached on the opposite sides of the
beam. As was already mentioned in many works,



see for example [5] and the references therein, a gen-
eral structural (and even structural-acoustic) control
problem has dynamics described by the second order
evolution equation

M(t) + Du(t) + Kw(t) = Bu(t) (1)

with output

y(t) = Cur(?) ()
where the state w(t) belongs to a Hilbert space H and
M, D, K and B, C are operators in the appropriate
spaces.

The paper is organized as follows. In Section 2
we set up the abstract equations that govern the dy-
namics of the plant (which are assumed infinite di-
mensional) and in Section 3 we propose a model for
the fault, which in this case is simply taken to be a
change in actuator gain that is a function of the mea-
surable output signals. The abstract formulation of
the plant’s estimator is presented in § 4 along with
a discussion summary of well posedness. A standard
controller for the nominal plant is proposed in § 5 and
a modification to the standard control is presented to
account for the plant changes due to failures. Con-
vergence results follow and the numerical implemen-
tation scheme is proposed in § 6. Simulations studies
with discussion follow in § 7 and conclusions with fu-
ture directions are summarized in § 8.

2 Plant Dynamics

It is assumed that the beam satisfies the Euler-
Bernoulli displacement hypothesis with Kelvin-Voigt
damping (damping proportional to strain rate) and
air damping (damping proportional to velocity). Two
piezoceramic patches are bonded to the beam at the
location z; < 2z < z, and are excited out-phase, which
results in pure bending of the beam [5]. The moment
due to patches is localized to the region covered by the
patches. When the structure is subject to moments
generated by the patches, it leads to the equation

Fw M 82M
p(z) 50 + 5T = 6a:2p’ O<z<li, (3)

where w = w(t, z) is the transverse displacement, M
is the internal moment given by

Bw
4
dx20t’ )
and M, is the external moment due to the piezoce-

ramic patches. This piezoceramic moment is given
by

M= EI(:z:)8 5 +cDI(a:)

Mp = —Kaxp()u(?), (5)
where u(t) is the voltage applied to the patches, K4

is a constant that depends on the piezoceramic ma-
terial properties [5] and x,(z) is the characteristic

function, which is equal to 1 for z; < z < z, and zero
elsewhere. The above (spatially varying) parameters
p(x), EI(z), and cpI(x) above are the mass density,
stiffness coefficient and damping coefficient, respec-
tively. Using the above equations for the moments
(i.e. equations (4), (5)), we arrive at the following
partial differential equation (PDE) for the transverse
displacement of the beam

pwit + [Elwgs + cplwige]y, = [Kaxp(z)ul,,, (6)

for © € Q@ = [0, 1], with collocated output

!
y(t):/o Ksxp(2)Wier(t, z) de, (M

where Kg is a sensor constant which is a piezoce-
ramic material and geometry related quantity, [5, 8].
Associated with the above beam equation are the ap-
propriate boundary (cantilevered beam) and initial
conditions given by

w(t, 0) = wx(t, 0) =0= 'wa,-x(t, l) = wxzx(ta l)a (8)
and w(0,z) = wo(x), w(0,2)=wi(z). (9)

In order to analyze the above system and propose
its state estimator, we consider the problem in an
abstract setting. We consider the above PDE as a
second order differential equation in a Hilbert space.
Let the Hilbert space H = L2(0,1) be the state space
and consider the space of test functions V = HZ(0,1).
The Sobolev space HZ(0,!) is

H2(0,1) = {p € H(0,1) : ¢(0) = ¢'(0) = 0}.

In addition, we define the negative Sobolev space V* =
H~%(0,1) as the continuous dual of HZ(0,1), see [1].

When the plant (6) with output (7) is written as
a second order evolution equation in the larger space
V*, it becomes

Mi(t) + Du(t) + Kw(t) = Bu(t) (10)
with velocity output
y(t) = Ci(t). (11)

See, for example, [5] for details on how to write (6) in
an abstract setting. The operators M, D, K B and C
expressed in weak form are given as follows

(Mw,¢) = [;p(@)u(t,z)é(z)dz

(D, ¢) = [y epl(2)wipalt, 2)dos(e)dz
(Kw,¢) = [i EI(2)wes(t, x)dga(z)dz
(Bu(t),¢) = [y Kaxp(2)u(t)pes()da,

Ci(t) = [y Ksxp(e)wise(t, z) ds,



for all ¢ € HZ(0,1), see also the companion paper [7]
for a complete description of these operators. It is
easily seen that the output operator C is a constant
multiple of the adjoint of the input operator B, given
by C = apB* with o, = 2.

3 Modeling of Failure

The failure is modeled as a time varying additive
perturbation (incipient additive perturbation) of an
actuator fault due to a nonlinear gain depending on
the measured output signal and is given via Bf(y)u
with f : R! —R! being a smooth vector field. Thus,
we have

M1+ D+ Kw = Bu+ St —T)Bf(y)u
(12)
y=Cuw
where the term (¢t — T') denotes the time profile of
the failure and is given by

0 ifr<0
Alr) = { 1—e™* if7>0. (13)

with X > 0 an unknown constant, see also [7].

We will now make the assumption that for the class
of systems under study, we have admissible plants.
Assumption 3.1 (Admissible plant) We assume
that the (perturbed) system

Mw(t) + Du(t) + Kw(t) = Bu(t) + BBf(y)u
y = Cu(t)

fort > T, is well posed in the sense that a weak solu-
tion w € L?(0,00; HZ(Q)) with wy € L2(0, 00; LA(Q)),
wyy € L2(0,00; H=2(Q)) ezists that satisfies (13) with
(8) (see [5, 19]) and that has y € L>(0, co; R).

4 Model Estimator and
Convergence

In this section we propose a state estimator to mon-
itor the plant for possible changes in dynamics and
hence to detect possible failures in the system. These
changes will be utilized by the controller to accommo-
date the failure. The same state estimator presented
in [7] is used here and is given by

M75(t) + Dis(t) + Kd(t) = Bu(t) + BF (y; 0)u(?),
(0) = w(0), Wy(0) =we(0)
i(t) = Ca(t).
(14)
where W(t, z) is the estimate of the state w(t,z) and

f(y;0) : R xR! — R is the estimate of the time
varying failure term B(t — T) f(y).

Let the state error be given by e(t,z) = w(t,z) —
W(t,z). In order to extract the adaptation rule for

the estimate f(y, 6) we use the state error equation
in abstract form

Mé = —Dé— Ke+ B |Bf(x) — F(y; )] v
= —Dé — Ke+ Bru (15)
+B |BF(y;0") - Fl;0)] w
having zero initial conditions e(0,z) = e;(0,z) = 0,

where v(t) is the approzimation error given by

v(t) = B(t - T) [£(w) - Flw;0)]

The “optimal “ parameter 6* is chosen as the value of
¢ that minimizes the Ly-norm distance between f(y)

and f(y, @\) The output error e(t) given by
Ks _,. ny .
e(t) = ITB é(t) = apB*é(t) = Cé(t). (16)
A

Using Lyapunov redesign methods [12], the adapta-
tion law for the adjustment of parameter estimates is
given by

0(t) = P {e())Z(D)u(t)}

. (17)
8(0) =0,

where Z € R? is Z(t) = %a%il and P is the pro-

jection operator that constrains the parameter 9 to
some selected compact, convex region of the param-
eter space, [17]. As was mentioned in [7, 17, 18], in
the case of the compact region being a hypersphere,
the adaptive law can then be expressed as

s
|~|—2€(t)Z(t)U(t) (18)

where the indicator function x* is given by

0(t) = e(t)Z(t)u(t) —

. [0 if (Jl<M)or(j§) =M and 67 Zeu < 0)
X TV 1 it (18] = M and 67 Zeu > 0).

Using the smoothness assumption on ]?, it then fol-
lows from (15) that

Mé = —Dé— Ke— [1 — ] Buf(y; 6*)
-BZT (5— 6*) u — A(y; 0)Bu+ Buv

where A(y; 5) is given by

0F(y;8)
80
If we let () = B(t)— 6%, w(t) = —A(y(); 8(2) +v(2),

we have

A(y; 0) = Fly;0°) — f(y;8) -

Mé = —Dé—Ke—~ZT 6 Bu—®Buf(y; 0* )+Buw (19)



where ®(t) =1—p(t —T).

We use the following Lyapunov functional in order
to analyze the stability and performance properties
of the proposed diagnosis scheme,

V(1) = (e(t), Ke(t))+ (1), Me(t)) +|0(0)° +]2(t) .

When the derivative of V(¢) is evaluated along the
trajectories of the state error equation (19), it yields

V() = 2e Ké) —2(é, Dé) — 2(¢, Ke) — 2(é, BuzT6)

~ 5 1% .
—2(¢, ®Buf) + 2(¢, Buw) + 20 642067 ®
= —2(é, Dé) — 2(é, ®Buf) + 2(¢, Bwu)

T
—2x*67 %ZTW — 22979, (20)

where we used the fact that ® = —A®. Using estab-
lished results in the theory of robust adaptive control
[11, 13] and in automated fault detection [17, 18],
we have that the projection term can only make the
derivative of V() more negative, i.e.

_ gar
X*aTiZTau > 0.
6|2

Using the coercivity of the operator D (implicitly as-
sumed in Assumption 3.1), the smoothness of the in-
put u(¢) and output y(¢) and the smoothness assump-

tion on f, we have that
V() < —2(é,Dé) — 2(B*é,®fu) + 2(B*é, wu)
—2287 @

—ci|é|? - czl<I>|2 + calw|?.

IA

When c1[é[? + c2|®|? > cslw|? we have that V < 0,
which yields the uniform boundedness of V and 6.
Thus by integrating over a finite interval [T, T + 7]
we have that

T47 T+7
VT+7)+e / ()2 dt + ¢ / D)2 dt
T T

THr
V@Dt [ lo@Pd
T

The above yields the uniform boundedness of 8 and
V(t) for t > T. It is easily observed that V() = 0
for t < T'. Using the observability condition, we have
that both f(y,0(t)) and &(t) are zero prior to the
failure time 7' and become nonzero for ¢ > T'. Hence,
by monitoring either the output error e(t) or the on-
line approximator output f (y, 0(t)) we can detect the
time of failure 7. Furthermore, we have that the
extended L? norm of the state estimation velocity
error (and by observability, the output error) over
any finite time interval is at most of the same order
as the extended L2 norm of w(t).

5 Accommodation

The standard control law for the nominal plant (10)
without failure terms can be chosen as u(t) = uo(t)
with

uo(t) = —G1(t) — Goi(t) + Gar(2), (21)

where the gains G, G are, for example, chosen as the
LQE feedback gains obtained by solving an Algebraic
Riccati equation for the nominal plant (10), and the
signal r is a reference signal with G5 a reference gain,
that is used if the control objective is model reference.

In the presence of a failure the nominal control law
(21) needs to be modified to account for the additive
failure term Bu(t) f(y). This takes the form

W)= = od ot). (22)

The closed loop state estimator is now given by
M@ + [D + BG5)i + [K + BG1]# = BGar.

A modification to the control law (22) must be
made in order to ensure that 1 -+ f(y, 5) # 0. Im-
plicitly it was assumed that the fault term f(y) # —1
(hence no loss of controllability in (12)) and thus the
output of the on-line approximator must not cancel
out the control signal in (14). In practice, the con-
trol reconfiguration must ensure that {1+ f(y; §)| >ec
with 0 < ¢ <« 1 in order to avoid large voltages in the
patch. This leads to the reconfigured controller

’I.L()(t) . Y
1—{-}\(3];5) if |14+ f(y;0)| > ¢
u(t) =
Wl it b <e

Alternatively, one can switch the adaptation off for g
when 1+ f(y;0) is near 0 or impose additional con-
straints on the adaptation rule (17) such that 1 +

Fly;8) # 0.

6 Numerical Implementation

In this section we summarize the numerical approx-
imation scheme. Assume that the beam displacement
is approximated by

n+1l

w(t, z) = Zai(t)qS?(az), i=1,2,...,n+1 (23)

where ¢7(z), ¢ = 1,...,n 4+ 1 are modified cubic
splines on [0, []. Then using results in [5, 14] the beam
equation can be written in a matrix form as

M"&(t) + D™a(t) + K"a(t) = B™u(t) + 8B" f(y)u
y(t) = C"a(?)



where the above matrices are given explicitly in [5,
6]. In this simulation study, Radial basis function
networks are used as the on-line approximator model
given by

Fly,0) = i@ t)exp( v c’) ) = 72T )0().

k=1

The finite dimensional estimator is given by
M™&(t)+ D" a(t)+ K" &(t) = B u(t)+B" f(t, B)u(t).

The adaptation laws are given by

B(t) = 12 (R)e(t)u(t),

and v is the adaptive gain, [13].

7 Numerical Results

For the specific set of simulations, we assumed that
the beam length is ! = 0.4573m, with the patches
placed at #; = 0.15m and z, = 0.25m. The beam
stiffness coefficient is EI; = 0.491 Nm2 and the beam
damping coefficient is cp Iy = 0.649 x 1073sNm?. In
the damping component, we assumed air damping
with damping parameter 0.013sN/m?. The corre-
sponding values for the patch are EI, = 0.793Nm?,
epl, = 1.255 x 1073sNm? with patch linear mass

density p, = 0.433kg/m and thickness h, = 0.000254m.

The beam had a mass density py = 0.093kg/m, thick-
ness hy = 0.0016m, and width & = 0.0203m. The
piezoceramic constant K4 = 1.746x 1072Nm/V with
the one used for sensing K5 =1 x 1073K 4.

The failure term is given by

o= 0-5(t- 1)) Yy

Bt - 1)f(y) =100 (1 - T

which models an incipient fault commencing at T = 1
seconds. The adaptive gain is ¥ = 108. The feedback
gains G1, G4 were found by solving the Riccati equa-
tion ILA + ATl — IBR~BII 4+ @ = 0 for the nom-
inal system (10) written as a first order system with
& = Az +Bu and @ given by @ = diag(500K,10*M).
Finally, the reference term Gar(t) = 10(sin(1507t) +
cos(250mt) + sin(225t) + cos(175mt) + cos(207t)).

The evolution of the on-line approximator output
f(y, 0) is presented in Figure 1b. In the same fig-
ure we plot the actual failure term S(t — 1) f(y) (Fig-
ure la). It is observed that the on-line approximator
(OLA) is able not only to detect but to diagnose the
failure as well.

When the output error &(t) is plotted vs time in
Figure 2 we notice that it has a value of zero prior
to t = 1 seconds, attains a nonzero value and then
converges to zero. As a result we can conclude that

Fault term
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Figure 1: Evolution of OLA (solid) and failure terms
(dashed): incipient failure time profile.
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Figure 2: Evolution of output error €(¢).

both the on-line approximator output f and the out-
put error £(t) can be used for failure detection and
furthermore the OLA output can be used for failure
diagnosis as well.

8 Conclusion

In this note an on-line approximation scheme was
proposed for the detection, diagnosis and accommo-
dation of actuator failures in a plant whose dynamics
are governed by a partial differential equation. The
plant describes the transverse vibration of a flexible
cantilevered beam actuated with a pair of piezoce-
ramic patches that are also used as sensors. The fail-
ure was modeled as a time varying output-induced
additive perturbation of an actuator failure. The pro-
posed scheme, through both theoretical and numer-
ical results, was shown to actually detect, diagnose



and accommodate the actuator failure with incipient
time profiles.
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