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Abstract

This paper addresses the problem of determining a feed-
back control law, robust with respect to localization errors,
allowing a mobile robot to follow a prescribed path. The
model we consider is a dynamic extension of the usual kine-
matic model of a car, in the sense that we define the path
curvature as a new state variable. The control variables are
respectively the linear velocity and the derivative of the
curvature. By defining a sliding manifold we determine
a stabilizing controller for the nominal system i.e. when
the exact configuration is supposed to be known. Then, us-
ing Lyapunov analysis, we prove that the system remains
stable when the estimated values are used for feedback in-
stead of the exact ones, and we characterize the robustness
withrespect tolocalization and curvature estimation errors.
The result is expressed by determining a bounded attrac-
tive domain where the vehicle’s configuration could pos-
sibly lie when the closed-loop control is performed with
the estimated state values. This domain allows to compute
easily a security margin for obstacle avoidance during the
path-following phase. Experimental results are presented
at the end of the paper.

Key Words: Mobile Robots, Robustness, Path-following
control, Lyapunov analysis, sliding surfaces.

1 Introduction

One difficult question inherently linked to mobilerobots’
autonomy is the design of feedback control laws allowing
to stabilize the motion of wheeled robots. Indeed, on ac-
count of the nonholonomic nature of those systems, most
part of classical control techniques turn out to be ineffi-
cient to solve this problem. The question has motivated
a large number of research works for the past ten years.
In the literature, this problem called navigation problem is
commonly divided into three subproblems which are: path
following, trajectory tracking, and point stabilization (see
[1D.

As the central problem is stated in terms of designing
closed-loop controllers taking into account the kinematic
nonholonomicrolling without slipping constraint, very few
research works have tried to integrate the vehicle’s dynam-
ics in their model. The works by [2] and [3]constitute an
interesting effort in this direction.

Commonly, the other works devoted to this problem only
have considered kinematic models. Nonlinear feedback con-

trollers have been proposed (See [4] and [5]. The main
idea, behind these algorithms, is to define velocity control
inputs stabilizing the closed-loop system. However neglect-
ing the robot’s dynamics induces strong limitation in prac-
tice. Considering a kinematic model, it can be very sat-
isfactory, from a theoretical point of view, to use a static
controller assuming that the reference path has a contin-
uous curvature. However, most part of the existing path
planners propose path along which the curvature is only
almost everywhere continuous. See for instance the non-
holonomicplanner by [6] which is based on Reeds and She-
pp’s curves made up with arc of circle and line segments.
The curvature discontinuity occuring between an arc of cir-
cle and a line segment (or two arcs) obliges the vehicle to
move away from thereference path. This phenomenon can
be strongly reduced if the robot’s acceleration is controlled
instead of its velocity.

Another important hypothesis, implicitly made in those
works, is that the robot’s configuration is assumed to be
perfectly known at each time. This last assumption is kno-
wn by roboticians to be very unrealistic. Contrary to ma-
nipulators whose basis remains fixed with respect to the
reference frame, and for which the position of end effec-
tor may be directly deduced from the measure of the angles
between successive links, mobile robots may drift during
their motion and their exact position cannot be known us-
ing dead reckononing techniques only. For this reason ex-
teroceptive measurements must be processed to update the
vehicle localization in order to limit the estimation error.
Estimation of robot localization has received much inter-
est [71, [8] and [9]. But the fact is that, even by merging the
information provided by several sensors, the robot’s con-
figuration is obtained with some errors which cannot be
neglected.

This paper addresses the problem of determining a feed-
back control law, robust with respect to localization and
curvature estimation errors, allowing a mobile robot to fol-
low aprescribed path. The model we consider is a dynamic
extension of the usual kinematic model of a car-like robot
in the sense that we define the curvature as a new state vari-
able. The control variable are respectively the linear ve-
locity and the derivative of the curvature.

By means of sliding mode techniques combined with
Lyapunov analysis we determine a stabilizing controller for
the system when the state is supposed to be perfectly known.
Then, we prove that the system remains stable when the
estimated state values are considered instead of the exact
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Figure 1: Vehicle configuration

ones. The robustness property is then expressed by deter-
mining, around each point of thenominal trajectory, aboun-

ded attractive domain where the vehicle’s configuration cou-

1d possibly lie, as the feedback control is performed ac-
cording to estimation errors.

These techniques have been successfully applied to de-
sign a robust path following controller for a mobile plat-
form ROBUTERT¥ ; experimental results are presented at
the end of the paper.

The paper is organized as follows: The problem is stated
in section 2. First, we describe the vehicle’s kinematics,
and we state the path following control problem for our
model (§ 2.1 and § 2.2). Then we introduce the robustness
problem and we modelize the localization and orientation
error (§ 2.3). Section 3 describes the controller. The sta-
bility is first analyzed for the nominal case (§ 3.1). Then
the robustness is described by computing the attractive do-
main (§ 3.2) when estimated values are considered. Finally,
an account of experimental results is given in the last sec-
tion (§ 4).

2 Problem statement

The definition of robustness for tracking control naturally
stems from both the statement of the tracking control (sec.
§ 2.2) and the description of the vehicle kinematics (sec. §
2.3).

2.1 Vehicle’s kinematics

The model of a car-like robot is represented by figure 1.
A configuration of the car is described by a vector P, =
(Zc, Ye, Bc)T where (z., y.) are the coordinates of a refer-
ence point ¢ with respect to the world frame W and the an-
gled. € S represents the direction of the car with respect

Figure 2: Path following

to the z-axis.
The robot’s kinematic is described by (1)

_ £, = wccosl,
P(t)=9 Y% = wvsinb, (¢))
f. = we=1Xe

The control inputs (v (t),w.(¢))T respectively stand for
the linear and angular velocities of the car. In the sequel
we consider a dynamic extension of this system.

2.2 Path following control

Several studies on modeling and control of wheeled robots
have been realized and experimented (See [10], [11] and
[5]). The approach we have chosen to follow here, is the
one described in [5], presented in this section as a particu-
lar case of the tracking control problem [12]. The parame-
terization described in [5] is defined by means of a Frenet
frame M’ whose origin “r” is the projection of the robot’s
reference point “c” on the path at each time, see figure 2.

The path following problem consists of finding a con-
trol law insuring a geometrical convergence towards the
path to be followed regardless to the translational veloc-
ity v. of the robot. Assuming that M’ is the frame of a
kinematically equivalent fictitious robot, the error config-
uration vector P, with respect to M’ is then:

P.=PM =TPY =T(P. - P,);
cos#,. sinf,. O 2
T=1] —sinf, cosf, 0
0 0 1

'The time derivative of the configuration error is defined
by (3):

Ze UrXr¥Ye — Ur + U COS O,
Ye | = —Ur Xr&e + U Sin O, 3
0 UeXe — UrXr



In this expression, xr = w, /v, and x. = wc/v. define re-
spectively the curvature of the reference path and the cur-
vature of the path realized by the robot; v, and v, represent
respectively the linear velocity of the reference vehicle and
the linear velocity of the robot.

As the fictitious robot is defined by the orthogonal pro-
jection of the robot on the reference path, the first error co-
ordinate z and its derivative &, remain equal to zero as the
robot moves. Therefore, from the first equation of (3) we
have:

v, cos O,

T under the constraint * (1 — xrye) > 0

@

Vp =

Introducing the arclength abscissa s, along thereference
path as a new state variable, kinematic equations of system
(3) can be rewritten as:

8 _  wgcosf.

.7‘ - I“Xrye

Ye = v.sinf, 5)
O = veXe

where xo = Xc — X} and x} = x, 222,

Now, in order to take into account the inertia of actua-
tors we propose to consider a dynamic extension of (5). As
explained in the introduction this extension will allow the
robot to remain close to the trajectory when the reference
path’s curvature is discontinuous.

The dynamic extension is defined as follows:

$ _  wygcosf.
o xewe
Ye = Ucsin . ©)
B = vcXe
Xe = Ue—Xr

where . is now viewed as state variable and (v., u.) con-
stitute the new vehicle’s control inputs for the path follow-
ing process.

2.3 Robustness problem

As stated in the introduction, the current configuration on
the robot as well as the instantaneous curvature are not di-
rectly measurable. Therefore, the real inputs of the feed-
back control are the estimated values (P7, %.) instead of
the true ones: R

G = uc(Pg’;)ACe) )]
Estimates P, of P. (2) and %. of x. (3) are obtained from
the estimates (P, = P. 4+ P,, Xc = Xc +0Xx.) of both the
configuration and the curvature, continuously updated by
combining deadrekoning and exteroceptive measurements
(See [8] and [13]. These estimates lie in a compact confi-
dence domain centered around (P., X.) (see Figure3) (P. =
P, +68P,; 6P, € Q).

! This condition, meansthat the ortho, gonalprojection of the point c on
the reference path exists and it is unique (see Samson, 1992 for details).
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Figure 3: Path following

By virtue of EKF formalism [14] or merely for compu-
tational ease [9], the feasible domain 2 is described as an
ellipsoid, a truncated cylinder or a bounding box.

In contrast to the tracking control problem where errors
on the vehicle localization do not modify the target vehi-
cle’s configuration, it is clear from figure 3 that inaccuracy
on the vehicle’s localization induces an error on the Frenet
frame localization in which the variations are defined. In-
deed, this frame is obtained by projecting on the nominal
curve the set of uncertain? localization of the characteristic
point P.. If we supposethat1— ¢, 4. > 0,then VS P, € Q,
an approximated value of ¢ P, can be deduced geometri-
cally (see figure 3)

661‘ = as Pmisn —Ye
oz, Pmin sin(86,) ®

éy, = dz,sindb,

Taking into account these new inaccuracys, under the as-
sumption that (1—X, e >> 0) and§x. € X = [~dxmaz,
0Xmas] and following (2) we get:

{Pe = T(pc—f)r):Pe+6Pe (9)
Xe = Xe—Xr=Xe—0Xe
where, from (9) and (2):
dz. = cosb, (0 — 0z,) +sin 6, (0ye
-8y, )A_ 00y
6Pe=1q dy. = —sind,(dz, —dz,) + cos ér(ch
_Jyr)
80, = 486,486,
(10

In the sequel, the value of §z. will be of no importance
as the path following problem only involves the variation

2for simplicity, the feasible domain  isregardedas a truncated cylin-
der with flat circular ends containing the domain updated by EKF



of ye and 6. It is worth noting that dy. is just the second
element of a rotation of (§ P, — d P;).

From the control point of view, the i
ness problem can be stated as follows:

Consider the feedback control law (7) with the estimate
(PT | %.) asinputinstead of the true value (PT , x.). Is the
equilibrium point of system (3) with the uncertain control
law (7) still stable under the assumption that the estima-
tion error (§ PT,6x.) lies in an a priori known bounded
domain (2, X)?

Moreover, if the stabilityis proven, whatis the precision
of the regulation i.e. what is the size of the attractive do-
main containing (PF, x¢) = 0?

We answer this question in the next section via stability
analysis by combining sliding surface with the use of an
appropriate Lyapunov function.

3 Robust dynamic state feedback
controller
In this section we design the path following control by de-

termining an appropriate sliding surface (z. = 0), defined
by:

Ze = Yo + Asign(ve)fe + pxe, A,p> 0 an

We are going to prove, in the sequel, that the convergence
of y., 8. and x. to zero can be insured once the state space
is reduced to the surface z. = 0. First, to guarantee the
convergence of z, to zero we impose the following dynam-
ics on the variable z,:

k
Ze = _|”clxze: k>0 (12)

the control law u. becomes:

el . . k
Ue = X7 — l%l[mgn(vc) sinf, + Axe + —/\—ze] (13)

3.1 Stability

Now, in the aim of proving the stability of system (3) under
control (13), we introduce the following Lyapunov func-
tion:
T A 2 2 2 2 2 08
V(P ,xe) = E[kze + M pxs + 42 sin (5)] (14

Using (3) and (13) the time derivative of VV can be expressed
as follows:

V(PT, xe) = — | v | [K222 + Nkxeze + A%x2] (15)

As V(PT, x.) is a semi-definite negative function, and as
the set of points {z. = x. = 0, y. = —Asign(v.)f. } over
which V vanishes (under the hypothesis that v. does not

Figure 4: Domain of stability

converges to zero) constitutes an invariant set for system
(6), we know from La Salle’s theorem that any trajectory
starting from a well defined bounded region will converge
to this set:

Furthermore, as y. = —Asign(v.) once z. = 0, the dy-
namics of y. given by (6) becomes:

Ye

A

Therefore, paths starting from the region where z. =
Xe = 0 and |ye| < A, will converge to the origin point
-’Be:ye=9e=Xe=0-

Now, the remaining question we need to answer is: how
to ensure that the representative point controlled by (13)
will reach the manifold ze = x. = 0 within the region
where |ye| < Am?

Ye = —|v[sin

This question can simply be answered by considering
the Lyapunov function (14). From figure(4), where sev-
eral contour surfaces of V' are represented. It appears that
there exists a value V° (one can verify easily that V° =
V(0,0, (2n+1)7) = 2X3) such that the set of point ( Ps , X.)
verifying V(Pe, x.) < V70 is the infinite union of com-
pacts sets connected to one another by a unique point on
the f-axis. Therefore, the domain § = {(Pe, x.)/V (P,
Xe) < V°,0, €] — m,n[,1 — xrye > 0} defines an open
neighborhood of the origin point (P, = 0, x. = 0). Now,
as V is a decreasing function of the state, if a trajectory
starts inside the domain S, the representative point con-
verges to the unique equilibrium point, (P, = 0, x. = 0).
Note that, depending on the initial conditions, the gains
A, p and k can be chosen so that the initial point belongs
to S, insuring the convergence of the corresponding trajec-
tory to zero. A practical computation of the set S can be



obtained following the same method as the one developed
in [12] this is done in Appendix.

3.2 Robustness

In this section, we state in a more precise way the robust-
ness problem in the state space of points (P, x.). We will
say that the closed-loop controller is robust (with respect
to localization errors and curvature estimation) if the path
following can still be achieved when the estimated values
are considered instead of the exact ones. More precisely,

suppose that we have determined a Lyapunov function V ( P,

Xe), and aregion S of the (Pe, x)—space, such that:
V(Pe, Xe) € S the Lyapunov function decreases in the nom-
inal case (i.e. when exact state values are considered). Now,
is it possible to determine a compact domain A(Q2, X) C
S such that: 3 y(2, X) > 0| V(6P,,0x.) € @ x X, and
V(Pe, xe) € S\ AR, X),

V(PeaXe)>7(Q X):>V e;Xe)<0 (16)

In other terms .4(£2, X') is defined as a contour surface of
V outside which the Lyapunov function decreases. In the
case that such a set A(Q, X) is determined, the path fol-
lowing control law is said to be robust against configura-
tion inaccuracy (P. = P.+4P,) and curvature estimation
(Xe = Xc + 9Xc), according to the notation introduced at
section 2.3.

Now, letus go back to system (6) and consider the closed-
loop control (7) with the estimated state values instead of
the exact ones. We get:

$ vecosfe
r - 1_$:rye
3:;3 = v.sinf, an
B = vcXe
Xe = fe—Xr

ar N k
with 4. = )'(r—%[sign(vc) sin 03+)\)“(e+x£'e] (18)

andge = 0c 4 60c, Xe = Xe + 0Xe, 2e = 2Ze + 02
and x" = X" + 6x". Under the hypothesis that the error
08, is small enough, we consider the following first order
approximation: sin f, = sin 6, + 66, cos f,.

Using this expression in (18) we get:

Ve k
Xe = l |([s1gn(vc) sinf, + Axe + —ze] —¢) (19)
where ¢ represents the error term:

e = sign(vc)d0, cosfe + Mxe +
+pbxe) — |1,|5Xr
(20)

k 6y, + Asign(V;)d0,

Using the estimated values, the dynamics of z. (given
by (12) in the nominal case) turns out to be;

% :—|vc|(kze+€) Q1)

Now, in order to prove that the representative point con-
verges towards an attractive domain let us consider the Lya-
punov function (14) anew, and compute its time derivative
with respect to the dynamics of system (17):

vV = —]”—;l(szg + kAzee + Ay 2
= —kd(xTnx - m)

A€ € k2 _AEIE
where X = (Ze+§,)‘Xe+§)’ Y= Ak )\2
2

_ A%

321 Computation of the attractive domain A({, X)

From this last expression, the set of point verifying V = 0
may be viewed as the contour curve corresponding to the
value H for the Riemannian distance defined by the defi-
nite positive matrix X in the (2., Xe) plane, with respect
to the new frame centered at (—2< 35> —=) and whose basis
is obtained by keeping the same unit vector along the z,-
axis and by multiplyingby 1/ the unit vector along the x.
axis. Depending on the sign of e, the set of points verify-
ing V' = 0 defines two symmetric ellipses with respect to
the origin, see figure 5. From this representation we know
that V' < 0 for XTEX > H,ie. outside the contour
curve V =0

Using Lagrange multipliers we can simply compute the
extremal values of z, and . along the contour curve V =

0.
Considering the augmented functlon G,, = 7.+ mV,

— 8G.. _
= = 0, we de-

duce that extremal values ot)c Ze are obtamed for: xe =
—4242¢ Replacing this last expression in equation V =
0 we obtain:
o —28 <z, < 2 when e > 0,

3 <2z, < -3¢ whene < 0

Notethat x. = Owhen z, =
— A€
Re = 3k -

A€ — _ 2¢
—4%»>and xe = —35 when

Using a same reasoning with the augmented function
ve = Xe +mV, m € Rwe get:

e —5 < Xe< 55 whene <0,
® 55 <2 < —5 whene >0
ze = 0 when x. = —5, and 2, = —5% when x. = 35.

This construction achieves to characterize the projec-
tion of the equipotential curve V = 0 in the (2, x.)-plane.

+ /\szeXe + )\3Xef)
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Figure 5: The attractive domain in the (z., x.)— plane

Now, in order to compute the attractive set we need to bou-
nd the two other state variables, y. and 6.. To compute
these bounds easier we are going to consider a convex hull
of the two ellipsoids obtained for ¢ > 0, and € < 0. Let us
consider the ellipse centered at the origin (z. = 0,x. =
0), whose equation is given by:

2 2
TR s @)
This ellipse is tangent to the previous two ellipses (¢ >
Oore < 0): vertically at the points (z. = 25, x. = 0)
and horizontally at the points (z. = 0,x. = —%). Itis
the smallest ellipse centered at the origin, with vertical and
horizontal axis and containing the two ellipsoids. There-
fore, it constitutes a good approximation of their union (see
figure 5).
Using this approximation, we can now easily determine
bounds on the remaining two state variables as follows. As
Ze = Ye + )\geSign(vc) + pXe,

0, = — (—w) sign(ve) 3)

Therefore the dynamics of y. given by (17) becomes:

Ye = —|ve|sin (ye_[z—i\_'uxe-]) (24)

and then, so long as |ye| < |z — pxel, |ve| decreases. To
compute a bound for y. let us look for the maximum value
of z. — pux. over the ellipse (22). Once more we use La-
grange multipliers:

Consider the augmented fung:tion: .
G(ze_”xe) = Ze -/‘Lxe-'—m(% ?‘T)'g—g - lf:_zz)

T3 G e—uxe) _ 9G(se—nxe) _
Writing that — 5 ~exed = —fgraxel — (),

e=0.7; A=5; u=2; k=10

44

24

(I

Figure 6: The attractive domain in A; (Q2, X)

wegetx. = — 'f\i“ ; replacing this expression in equa-
tion (22) it comes:

ze:i_)‘ie__, xzi—L (25)
k\/NE 1+ 2k A/ XA+ 2k

The maximum value of | z. — px. | is then obtained when
the signs of z. and x are opposite:

lel(X* + pk?)
EA/AE + p2k2
Therefore, so long as |y.| > Y, |y.| decreases.

Now, as §, = Ze=#&e=Ye the bound on . can be de-
duced as follows:

Max |ze — pxe| = (26)

2Y
ol < - =© @

This last bound achieves the characterization of the do-
main of attraction as the set of points (., ¥e, fc) in R® de-
fined by:

A1(97X) = {(ye,ﬂe,xe) € [—'Y’ Y] X [_6: 6] x R,
such that

)\EXZ &2

22
_62+ L2 _‘WSO}

>

(23)

If we want to determine it by means of the definition

stated at the beginning of section3.2, the attractive domain

A(RQ, X) is given by the smallest equipotential of V sur-

rounding A; (€2, X'). It must be noticed that this latter def-

inition of A(S2, X') provides a very pessimistic representa-
tion of the actual attractive domain (see figure 6).



322 Utility of A(Q, ¥)

The precision specification is of great utility to design safe
path following process. Indeed, it can be used to define
practical collision-free path when they arerealized in closed
loop form, i.e if we assume the inaccuracy domains ) and
X to be a priori known, the path is said to be achievable
if, for any configuration taken on the perturbed path with
control unprecsion A1(S2, X), the vehicle does not inter-
sect obstacles . Figure7-a, presents a real situation (a vehi-
cle in a corridor). The uncertain localization set €2 consid-
ered here is a truncated cylinder (half-height 66, = 0.05-
rd and radius dz.(dy.) = 0.15m) centered around the es-
timated configuration (we have fixed ¥ = [—0.01m™?,
0.01m™1]). One notices that, along the line segment, the
vehicle may collide with obstacles because the projection
of A; (€, X) on the (y., 6.)—plane is given by
Ye = 0.9m and 6. = 0.367d (see figure 7-b). In this case,
the planned path through the corridor appears to be no safe.
Changing the values of the controller’s gains (see figure
7-¢) the robot’s trajectory does not collide with obstacles
anymore (the projectionof A1 (2, X') on y., 6. -plane is given
by ye = 0.27m and 8. = 0.087d).

In conclusion, if one wants the vehicle to achieve safely
a mission, the size of the attractive domain .4, (22, X') (or
A(, X)) has to be minimized under the constraint that a
judicious balance between response time, no output oscil-
lation, robustness and the size of the stability domain § has
to be found.

4 Experimental results

The proposed controller has been implemented on a ROBU-
TERT™ (Figure 8) using the VxWorks Real-time kernel.

Three classes of experiments are shown in the sequel. Each
class contains two experiments and corresponds to a spe-
cific choice of the controller gain k (we have set A = 5,
= 2 for all the experiments). In each case, the vehicle
has to follow a 9 meters-long path successively made up
with a line segment, three arcs of circle and a final line seg-
ment as shown on figure 9. This trajectory represents the
output of a typical path planner. Initial configuration and
curvature errors are (P7 (0), x(0)) ~ (0, 2cm, £rd, 0).
During these experiments, a constant speed of 20cms—1!
was maintained for the vehicle along the path. The sam-
pling time (1) of the controller was fixed equal to 0.6s.
During 7., the mobile robot’s localization is continuously
updated by integrating the wheels rotation angle (odome-
try) and, when available, by exteroceptive (telemetric) mea-
surements. Computations are processed with Extended Kal-
man Filtering and yield a configuration estimation P (t)
with uncertainty characterization €2(¢). The curvature es-
timation is updated at each period by using the orientation
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Figure 8: The ROMO Sapiens robot

estimates produced by the localization procedure;

~t! éle — éf: 1 _ T
Xe == where (t' = ¢+ T¢)

Results are shown on figure 10 where the boxes repre-
sent the configuration estimation of the vehicle, theellipses
represent the confidence domain of the position estimations,
obstacles are represented by broken-lines.

We remark that when the gain k = 1, the robot runs into
the obstacles. This experiment corroborates what already
we said in section concerning the choice of the gain and
the size of the attractive domain. In the case where & = 3,
the robot achieves his mission but with a great inaccuracy.
Finally for k = 10, in the last experiment, the task has been
performed in a very satisfactory way: the path performed
by the robot merges practically with the planned one.

5 Conclusion

The precise determination of an attractive domain around
each point of thereference path, where therobot could pos-
sibly lie during the closed-loop path following process, con-
stitutes a new useful result for planning safe trajectories.

Indeed, whereas previous works have considered the pro-
pagation of estimation errors to design safe open-loop tra-
jectories (see the work in [15] such an approach did not al-
low to analyze the robustness of feedback controller with
respect to localization errors. However, as wheeled robots
may drift during their motion the question of designing ro-
bust control laws to achieve stabilization process appears
to be essential.

In the anterior work in [12] such an attractive domain
was characterized by means of a Lyapunov function. This
set was delimited by an equipotential surface, and its com-
putation required a time-consuming optimization process.

Here, by determining an explicit formulation of .4, (€2,
X) we get a very simple tool to compute the attractive re-

initial configuration

final configuration

Figure 9: “Experimental result” The planned path for the
ROBUTER™™

gion along the path. Furthermore, the two-steps reasoning
analyzing first the convergence to the surface z, = 0 al-
lows to specify smaller bounds on the state variables mak-
ing the result more precise.

Our theoretical robustness result has been confirmed by
several experiments made on a mobile platform ROBU-
TERTM | Tuning up the gains to minimize the size of the
attracive domain under the constraint to balance between
short response time, low output oscillation, robustness and
large stability domain, appears to be the central question.
We think that the design of a Variable Structure Control
upon the sliding surface z. = 0 could make this latter point
easier; we are actually working on it.
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Appendix
Computation of the stability domain S

Reconsidering the definition of S given in section 3.1, it
must be noted that, in practice, the computation of the con-
vergence domain S, as defined, is not an easy task. How-
ever, if we consider |y.| < —2— and assuming that:

Xrmaz

V(yer 06’ Xe) € RX] -, Ir[x R’ V(Pe(O), Xe(o)) <
: 3 1
Min(2X ”fk)‘x_ﬁ,z)’
then control (13) asymptotically stabilizes (ye, fe, xe) at
the origin. In the sequel we prove that the configuration
and curvature errors converge to zero.
o the case that 2\ < 1k presents no problem,

o intheadverse case, we can easily shown that the max-
imum of z. on the contour curve:

V(Pe, Xe) = V (Pe(0), xe(0))

is given when . = 6, = 0. Hence z7*%" = y,.
However, as we want |y, | toremain inferior to —

Xr'ma:c
it suffice to take V' (Pe, xe) < ——QX];A .

Now let us analyze the relationship between initial con-
ditions and controller gains.

Let us take the simple case that S is given by: § =
{(%, Xe)/V(Pe,xe) < 2X3}, (we assume that 2)3 <
2XZmaz

In this case, the domain S must be bounded by 6. =
=+m. This leads us to find the relationship between the ini-
tial configuration error (P{, xo) = (2o, Yo, 0, x0)T and
the controller gains. Let:

A
Vo = §[kz§ + A2y + 4)2 sinz(a—;)] <2X3 (29
Since V (P., x.) is decreasing in S, it follows:
A 2 2 2 2 in2 09 3
§[kze + A pxs + 4X\° sin (—2—)] < 2X (30)

In order to assert that §7°*® is smaller than = the inequal-
ity (31) must be satisfied (v. is assumed to be greater than

'ZEro):

A?[2(1 + cos g — k0% — px3] — 2k00(yo + px0)A
—k(yo + pxo)> > 0
(3D

For example if we consider that (xo = 0) and 2(1+cos 8o )—
k6% > 0, the inequality (31) is satisfied if we take a \
greater than k6o yo +|yo| cos %Q\/2_k/[2(l+cos b0)—k62).

Finally, for a given domain of possible initial conditions,
we can always choose A, k and 4 such that the inequality
be verified on the domain.
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Figure 10: “Experimental results” The realized path for the ROBUTER™™



