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Abstract |

The H, and H,, control problems for distributed pa-
rameter systems with zero-order hold and sampled
observation are considered. Distributed parameter
systems are described by Cp-semigroup in a Hilbert
space. It is shown that the abstract sampled-data
system can be rewritten as an extended semigroup
model with jumps in the state. First the Hy and
H,, results are given for this model and then they
are interpreted for the original sampled-data system.
As basic examples a heat equation and a delay dif-
ferential equation are considered and the Hy, Riccati
equation are derived.

1 Introduction

The Hy and H,, theories for sampled-data systems
are now well-known and by a certain transformation
they can be reduced to those of discrete-time systems
([1]). It is also possible to establish the theories using
systems with jumps ([4], [6]). Systems with jumps
in the state were first introduced by Sun, Nagpal and
Khargonekar [7] when they considered the Hy, control
and filtering problems for continuous time systems
with sampled observation.

In this paper we take distributed parameter sys-
tems with zero-order hold and sampled observation
and consider the Hs and H, control problems. Our
mathematical model is an infinite dimensional system
which is described by the infinitesimal generator of a
Cy-semigroup in a Hilbert space. As in finite dimen-
sions we can rewrite the sampled-data systems as a
semigroup model with jumps in the state. We first
give the generalization of Hy and He, results to the
infinite dimensional system with jumps. We then ob-
tain the solutions of the Hy and Ho, problems for our
sampled-data system. As basic examples covered by
our model we take a heat equation and a delay differ-
ential equation and derive the H,, Riccati equations.

Our semigroup model with jumps can express sys-
tems with impulsive inputs and sampled-data systems
with first-order hold. In finite dimensions we have al-
ready considered the Hy and Hy, problems for the
sampled-data systems with first-order hold ([3]) but
our model also covers the infinite dimensional case as
well.

2 The Infinite Dimensional
System with Jumps

2.1 The Hy; and H,, Norms
Consider the system G:

£ = Az+Buw,
th<t<(i+1)h, h >0,
:C(ih+) = Auz(ih) + Bawg (1), (1)
ze = Cu,
za() = Caz(ih) + Dawa(3),

where z € H, a real separable Hilbert space, A is the
infinitesimal generator of a strongly continuous semi-
group S(t) in H, Ay € L(H), the space of bounded
linear operators on H, z(ih™) is the right limit at
t=1th, w € W, wg € Wy, 2. € Z, zq € Zg, input
and output spaces W, Wy, Z,., Z4 are all real Hilbert
spaces and all operators B, By, C, Cg4 and Dy are
linear bounded operators in appropriate spaces (i.e.,
B ¢ L(W,H) etc). The solution of (1) for a given
initial condition and a locally integrable w is defined
in a piecewise manner as follows:

z(t) = S{t)z(zh*)+ f; S(t — r)Bw(r)dr,
ih<t<(i+1h.

It is continuous on (ih, (i +1)h), left-continuous at ih
and has jumps at ih according to the second equation
of (1).

Assume that the system (1) ((A,Ay)) is expo-
nentially stable. Then G: (w,wq) € L2(0,00; W) X
l2(0, OO;Wd) - (Z, Zd) € LZ(O) 603 Zc) X lz(O’ S Zd)
is a bounded linear operator. We denote the norm by
| G |loo and call it the Hoo-norm of G.

Let T, (respectively T,,,,) be the operators from
w € L?(0,00; W) (respectively wq € 1%(0,00; Wy))
to z = (2e,24) € L?(0,00;Z,.) x 12(0,00;Z4). Con-
sider the impulse response T.,6(t — 7)e; correspond-
ing to w(t) = §(t — T)es, 0 < 7 < h where {e;} is
an orthonormal system in W. Let T,,,,0x0f; be the
response to wq(0) = f; and wa(k) = 0, k¥ > 1 where
{f;} is an orthonormal system in W4. We assume
one of the following conditions:

(i) B, B4 and Dy are Hilbert-Schmidt operators.
(ii) C, C4 and Dy are Hilbert-Schmidt operators.



Then the following norm is well-defined:

h
1GIE = iz fo | Tew(-—T)ei lFaye dr
+Zj ” Tzwd6k0fj ”%ﬂxl2

and is called the Hy-norm of G. Consider

L, = A*L,+LoA 4 C*C,
ih<t< (i+1)h, 2)
Lo(ih™) = AZXL,(ih)Ag+ C:Cq.

The operator L, is called a mild solution of (2) if it
is right-continuous and satisfles

Lo()z = [’ S*(r —t)C*CS(r —t)zdr
+8*(s — t)Lo(s)S(s — t)z,

ith <t < s < (i+ 1)h and the jump conditions in
(2). Since (A,Ay) is stable, there exists a unique
nonnegative h-periodic solution to (2). It is called
the observability gramian. We can write the Ha-norm
I| G |2 in terms of L,. Modifying the arguments in
finite dimensions as in [6] we have the following:

Lemma 2.1.

h
G2 = 1 /0 tr.(B*Lo(7)B)dr

h
+ir.(BjLo(0)Bg + D3Dg).
For the Hyo-norm of G we have:

Lemma 2.2 || G ||eo< 7 if and only if the Riccati
equation below has a nonnegative h-periodic solution
X such that (A + ,Y%BB*X, A+ ByF) is exponen-
tially stable:

-X = A*X+XA+ XBB*X+C*C,

th<t<(i+1)h,
A3X(ih)Agq + (F*TF)(3),

X (ih™)

where T(i) = v21 —D;Dgq — B}X(:h)Bg > 0, F(i) =
T-1(B3X (ih) Ag + D3Ca).

Definition 2.1. (a) The pair ([A,A4],[B,By4)) is
said to be stabilizable if there exist bounded linear
operators K and Ky such that (A+BK, Ag+BsKg)
is exponentially stable.

(b) The pair ([C,Cql,[A, Ag]) is detectable if there
exist bounded linear operators J and Jg4 such that
(A +JC, Az + J4Cq) is exponentially stable.

Now we consider the Hy and H,, problems for the
system Gj: '

& = Az+Byw, ih<t<(i+1)h,
z(ihT) = Agz(ih) + Bau(i),
ze = Ciz(t), (3)
Zd(i) Dlzu(i),

y(3) Czx(ih) + Daywa(3)

where z, w, wq, 2, zq and A, A4 are given as for (1),
u € U, y € Yq, U, Y, are real Hilbert spaces and all
other operators are bounded and linear. We assume
the following:

(i) DI2D12 = dl.[, D21D§1 = dzI, d; > 0.

(i) ([A,Aq],[B1,0]) is stabilizable,
([C1,0], [A, Ag]) is detectable, 4)
([A, Ag), [0, Bs]) is stabilizable,
([0,Cs), [A, Ay)) is detectable.

For G; we allow for feedback controllers u = Ky of
the form

p = Ap, tsih,
p(h*™) = Aap(ih) + By(i), (5)
u(?) = Cp(ih) +Dy(i),

where A is the infinitesimal generator of a semigroup
in a Hilbert space H and A4, B, C and D are bounded
linear operators.

2.2 H; Control

To formulate the Hp-problem for G;, we introduce
the following set of controllers.

K = {K:Kisof the form (5) and
internally stabilizes G;}.

For simplicity we assume that W and W, are finite
dimensional. The Hy-problem is then to find a con-
troller K € K which minimizes || G |2 where G is the
input-output operator of the closed loop system Gj
with 4 = Ky. To give the solution of this problem,
we need the following result:

Lemma 2.3. (a) Suppose ([A,Ay],[0,B3]) is sta-
bilizable and ([C1,0],[A,Aq]) is detectable. Then
there exists a unique h-periodic nonnegative (mild)
solution of the Riccati equation with jumps:

-X = A*X+XA+CiCy,
ih <t < (i+ 1)h, (6)
X(ih™) = AiX(ih)Ag— (H*E~TH)(3),

which is stable, i.e., (A, Ag + B,F) is stable, F =
—E~H(i), E(i) = di1I + B3X (ih)Ba,

H(i) = B;X(ih)Aq.

(b) If ([A, A4],[B1,0)) is stabilizable and
([0,Cs),[A, Ag)) is detectable, there exists a unique
h-periodic nonnegative (mild) solution of the Riccati
equation with jumps:

Y = AY+YA*+1B;Bi
ih <t < (i+1)h, (7)
Y(iht) = AgY(iR)Aj - (F*E-1H)(i)



which is stable, i.e.,, (A, Ag + JCy) is stable, J =
—(H*E-Y)(@), B@) = dof + C2Y(ih)C3, H() =
C.Y (ih)A}.

Consider the stabilizing controller based on the
feedback gain F and the observer gain J:

p = Ap, ith<t<(i+1)h,
p(tht) = (Agq-+BoF + JC3)p(ih) (8)
u(i) = Fp(ih).

The solution of the Hy problem is given as follows:

Theorem 2.1. Consider the Hy-problem for G;. The
controller (8) is optimal and

ming g | G 2 = %fohtr.(BIX(T)Bl)dT
+tr.[FY (0)F*E(0)].

2.3 H_-Control

Consider the system G; and an internally stabilizing
controller u = Ky. Here we allow for time-varying
coefficients in (5). We assume that A generates an
evolution operator ([2]). Other operators can depend
on i but are assumed to be uniformly bounded. Define
the input-output operator of the closed loop system
by G(w,wq) = (2¢,2d). The Hoo-problem is to find
necessary and sufficient conditions for the existence of
an internally stabilizing controller v = Ky such that
| G |loo< 7. Such a controller is called y-suboptimal.

To give the solution of this problem, we need the
Riccati equations:

-X = A*X+XA+5XB:BiX

+CiCy, th <t < (i+1)h, 9)
X(h™) = A%X(ih)Aq— (H*E-TH)(i),
d

Y = AY+YA"+5YC"CiY
+B:Bj, ih <t < (i+1)h, (10)
Y(iht) = AgY(h)Ay— (H*E-TH)(5),

Y (0)=0. (11)
Define the set of linear causal controllers

Q, = {Q € L(130,00;Yq);12(0,00;U)) :
Q is of the form (5) and internally
stable with || Q [lo< 7}

A bounded nonnegative solution X of (9) is called
stabilizing if (A4mp, Aq — BoE~'H), is exponentially
stable, Ajpp = A+ ;%BlB’{X. A bounded nonnega-
tive solution Y of (10) is called a stabilizing solution
if (A+ #YCTCl,Ad + H*E1C,) is exponentially
stable. Following [4], [5] we obtain the solution of the
H-problem for Gj.

Theorem 2.2. Assume the condition (4).

(a) There exists an internally stabilizing controller
u = Ky for G; such that | G |co< v if and only if
the following hold:

(i) There exists an h-periodic nonnegative stabilizing
mild solution X to the Riccati equation (9).

(ii) There exists a bounded nonnegative stabilizing
mild solution Y to the Riccati equation (10) and (11).
(iii) p(XY) <% —¢, ¥t > 0, for some € > 0, where p
is the spectral radius of an operator.

(b) In this case the set of all y-suboptimal controllers
is given by

T = Aimpk, th<t< (i+1)h,
F(@EhT) = M;y2(ih) + May(i) + M3s(d),
u(l) = N1§1¢(ih)+N2y(i)+N38(i),
9(i) = T, 2@)[-Caz(ih) + y(i)],

s = Qg’ Qc€ Q'y~

where
M; (i) = (Aqg — B:ETTH) ¥ (i),
M, (i) = My (4)Z(ih)C3,
M (i) = L[(F* + B.E~3)VE](3),
N; (i) = —E-1H® (),
N2 (i) = N1(¢)Z(6h)C3, Ns(i) =
Z(ih) = (I — LY (ih)X(0)) =Y (
¥ (i) = I — Z(ih)C3T5 ' (i)Cy
T, (i) = v2] — E-:HZ(ih)H*E~3,
T2(i) = do + C2Z(ih)C3,
R1(i) = E-2HZ(ih) A%,
R;(i) = CZ(ih)A%,
S(i) = CL,Z(:R)H*E "%,
V(i) = [T + S*T;'8](3),
F(i) = [V}(R - S*T;'Ry)](i)-

1

[)E-%Vf](i),

1
4
1

3 The Sampled-Data System
Consider the sampled-data system Gg:

Az(t) + Brw(t) + Byu(t),
a0 = |5,

8.
Il

Di(t)
y(z) = Cz.’l)(ih)-f-Dzl’wd(i),

where A is the infinitesimal generator of a Cop-
semigroup S(t) in a real separable Hilbert space H,
weW,delU,z€ ZxZgandy €Yy, W, U, Z., Za
and Yy are real separable Hilbert spaces and all other
operators in G4 are bounded linear. We assume that
4 is realized through zero-order hold so that

a(t) = u(i), th <t < (i+ 1)h.
Introduce a dynamics for 4 regarding u(Z) as inputs:

p = 0, ih<t<(i+1)h,

p(0) = 0,
p(ht) = u(d).



Then @(t) = p(t) and G, can be rewritten as
[Z] B [61 %Hf,]Jr[%l]w(t),
] = [ Sl o

Ze = [Cl 0][;53]> (12)
za(i) = vhDiaul(i),

v = [Ca 0| 70|+ Daruati)

The system (12) is a special case of the system (3).
We assume Di, D12 = I, D1 D3, = I and the condi-
tion (4) for (12).

3.1 H, Control

We assume that W and Wy are finite dimensional
and consider the Ha problem for (12). We now apply

Theorem 2.1 to (12). Let X = [Xll XlZJ andY =

Xo1 Xoo
[Yn Y12
Yo1 Yoo
(6) and (7) respectively, where X11, Y11 € L(H), X2,
Y12 € L(U,H) and X33, Yoz € L(U). Then from (6),
we obtain

be the h-periodic stabilizing solutions of

—):(11 = A*Xy1+X1uA+ C{‘Cl,
—Xi12 = A*Xypo+ X11By,
—Xoo = B3Xia+ X12Ba,

th<t< (i+1)h,
Xll(ih_) = Xll(lh) — Xlz(’bh)
X[hI + Xa2(ih)] "1 X35 (ih)
X12(th™) = 0, Xp(ih™)=0

The equation (7) yields

Yii = AYi1+Y31 A"+ £B1B;
+ByY7, + Y5 Ba,

Yis = AYip+ BV,

Yoo = 0, ih <t < (i+ 1)h,

Y11(shT) = Yi1(ih) — Y11 (iR)C3
x(I+ CzYll(ih)C;)_lcQYn(ih)
Yi2(iht) = 0, Yau(iht)=0

Note that Y(¢) = limp—co Y(t + nh) where Y is
the bounded stabilizing solution (7) with Y (0) = 0.
Since Yoy = 0, }722(ih) =0 and 1722(0) = 0, we con-
clude Y55(t) = 0 for all ¢ > 0. This together with
Vi2(ih+) = 0 and ¥12(0) = 0 gives ¥12(t) = 0 for all
t > 0. Hence Y12(t) = 0, Ya(t) = 0 and Y is of the

form F(;

g} where Y € L(H) is the solution of

Y = AY +YA*+iBiB;,
ih <t < (i+1)h,
Y(ih*) = Y(ih) — Y(ih)C}
X(I 4 CoY (ih)C3) "1 CoY (ih).

We can write the optimal controller (8) as

th <t < (i+ 1)h, 13
pih*Y) = (I+JC)p(ih) — Jy(@), 39

u(i) = Fp(ih),

where ' = —(hI+X22(O))_1X21(O), J = —Y(O)CS(I"F
CoY (0)C3)~! and o(¢) = Fp(ih), ih <t < (i + 1)h.
The optimal value is given by

ming K IG 3
= %z‘ 0 tT(B{Xl(T)Bl)dT (14)

+ir(FY (0)F*(hI + X22(0))).

Summing up we have:

Theorem 3.1. Consider the Hy-problem for G,. The
controller (13) is optimal and the minimum Hy norm
is given by (14).

3.2 H,-Problem for G..

Now we consider the Hyo-problem for G;. Let X =
X1 Xio _ Y11 Y2 o

[ Xy XzzJ and Y = |:Y21 Yo be the stabiliz-

ing solutions of the Riccati equations (9) and (10),

respectively. Then from (9) we obtain

- 1
_Xll = A*Xll + X11A + ¥X11B1_BIX11
+C;Cy,
’ 1
X129 = A'Xyp+ X1Ba+ ﬁXuBlBIXlz,
. 1 .
—Xz» = B;Xin+ X(,Ba+ ?szBlBlXIZ,
ih <t< (i+1)h, (15)

Xll(ih_) = Xll(ih) — Xlz(ih)
X [hI + Xzz(ih)]_lel (1h)
Xlz(ih_) = 0, X22(ih_) =0.

As in the Hs case Y is of the form [15 8}, where
Y € L(H) is the solution of

Y = AY+YA*+LYCIOY
+B;B, ih<t< (i+1)h,
Y(ht) = Y(ih) —Y(ih)Cs (16)
x (I 4 CoY (h)C3) ™1 CoY (ih),
Y(0) = o.



The set of all y-suboptimal controllers is given by

p = Acp + Bc/a(t)a
th<t<(i+ 1)
PRt = Aph)+ By +Bast),
u(@) = Cip(ih) + D11y(i) + Dias(i),
g(@) = Y(i)[-Cap(ih) + y(3)],
s = Qg’ Q € Q’Y,

where A (t) = A+ ,Y—lfBleXll(t)a B.(t) = By +
V%B1BTX12('J')

AG) = (I+2()C3C)7Y,

]:31(@) = A(i)Z(i)Cm

By(i) = HA()Z()X12(0)E7E2(0),

Ci()) = —E'Xx(0)AG),

1?11@) = Cl(%)Z(Z)Cz,

Dyp(i) = 1E—§:5(Z);

W) = (I+C2(H)Cy),

Z(@) = (I-35Y(ih)X11(0))~'Y (i),
=@ = 2I E- 2X21(0)A(1)Z(2)X12(0)E
E = hI+X22(0),

Q’Y = {Q € L(lz(oa SSH Rq);l2(O,OO;Rs)) :
Q is of the form (5) and internally
stable with || @ ||< v}

and & = Cyp(ih)+D11y(i)+D12s(i), ih < t < (i+1)A.
Summing up we have:

Theorem 3.2. Assume the condition (4).

(a) There exists an internally stabilizing controller
u = Ky for G, such that | G ||< v if and only if the
following hold:

(1) There exists an h-periodic nonnegative stabilizing
solution X to the Riccati equation (15).

(ii) There exists a bounded nonnegative stabilizing
solution Y to the Riccati equation (16).

(iii) p( XY ) <% —¢€, Yt > 0 for some € > 0.
X12Y
(b) Under the condition (a), the set of all y-suboptimal

controllers is given by (17).
4 Examples

We give two simple examples covered by the system
G5 and derive the Ho Riccati equations for them.

Example 4.1. Consider the heat equation

g = 224 by (s)w(t) + ba(s)i(t),
0<s<l,
9,00 = 22(¢,1)=0,
z = Ffo a(s)z(t, s)ds]
a(t) ’

y(@) = fo ca(s)z(ih, 8)ds + wq(4),

where b;, ¢; € L?(0,1) and w, % € R!. For this
example we take H = L2(0,1), W=U=2Z,=Y; =
R! and the generator A ([2]) defined by

Az = ﬁf’
D(A) = {$ € L*(0,1) : =z, ‘f” are absolutely
contlnuous with 42 € L2(0,1),
& (0) = (1) = 0).

Setting [X11(2)g](s) = fol X11(¢, s, 7)g(r)dr,
g € L?(0,1) etc in (15) and using the definition of A
we obtain: :

—';%Xll(t,s,’l") = ('3—32' + ar2)X11(t s,7)
fo X11(t, 8,7)b1(r)dr
X fo b1 (s)X11(t, s,7)ds,
+ei(s)ea(r),
Xll(t 1 ’I")
—Xll(t 8, 0)
87‘X11(t S, 1) =0,

Z%le(t, O, 7‘)

X11(h™, 8,7) X11(ih, 8,7) — X12(ih, s)
X[h + Xao(ih)] ™ Xa1 (ih, 1)
—%Xu(t, s) = 632X12(t 3)
-I—fo Xll(t 8,7)bo (r)dr,
+ fo Xi1(t, 8,7)b1(7)dr
X fO b1(s X12(t s)ds
ZX1a(t,0) = ZX15(t,1) =0,
Xlz(ih_,S) = 0
—Xpo(t) = fo bz(s)Xlz(t s)ds
+f0 X21 (t, 8)ba(s)ds,
+’Yz fO le(t S)bl( )ds
X fo b1(s) X12(t, 8)ds
ng(ih—) = 0

Similarly from (16) we obtain

2y(tsr) = (@ 1 B;)Y(t $,7)
+,),2 fo (t,s,7)c1(r)dr
X fo c1(8)Y (t, s,7)ds,

+b1(8)b1(r),
2Y@#,0,7) = £Y(1,r)
= 3.Y(t5,0)
~ Ty(ts1)=o,

Y(iht,s,7) = Y(zh 5,T)
—fo Y(zh s,7)co(r)dr
1+f0 fo Y (ih, s,7)
ca(s)co(r)dsdr) 1
X fol ¢2(8)Y (ih, s,7)ds.

Example 4.2. Consider the delay system

£ = onl(t) + Az (t — a)
+Biw(t) + Byi(t), a >0,
s = 015171 ,
U
y(@) = Cozy(ih) + wa(i),



where z; € R, w € R™, @& € R™?, y € RP2and
C; € RP1*™_ For this example we take the state
z = (z1(t), z1(t + 8)) in H = R™ x L%(—a,0;R™)
and the generator A ([2]) given by

x(O)} I:Agivo + Aiz(—a)

A = ’

[do &

DA = {[“Z((O)) ] : z() is absolutely

continuous, & € Ly(—a,0; R™)}.

Xu X2 Xi3

Nowset X = | Xo1 X2o Xo3 |, then X;; € R™*",
Xa1 X3z Xas

X1z € L(L?(—a,0;R™); R™), X33 € L(L*(—a,0;R™))
X3 € R™™2, X,3 € L(R™2;L%(—a,0;R™)) and
X33 € R™2*™2, Using the definition of A we obtain
from (15) the following:

_Xll = A6X11 + X114 + Xlz(t, 0)
+Xa1(t, 0) + C1Cn,
+7%X113131X11,

X11(ih™) = Xu(ih) — Xa3(ih)
X[l + X33(ih)] ™ Xz1(ih),
—%Xlz(t, S) = —(-%Xlz(t, S) + A6X12(t, 8)
+X22(t7 07 S)
+3: X1 B1B) Xua(t, ),
X, —h) = Xu(t)As,
Xlg(ih_) = Xlz(’&h) — X13(Zh)
X[hI + X33(ih)] ™' Xaa(ih),
—ZXn(t,s1) = —(&+2)Xn(,s7)
+7—2X21(t, S)BlB:'lez(t, ),
Xzz(t, S, —h) = Xzz(t, —h, ’I") = 0,
Xoo(th™,s,7) = Xpo(ih,s,r) — Xa3(ih)
X[RI 4 X32(ih)] ™! X32(ih),
—X13(t) = ApXi3+ Xa3(t,0) + X118y
+:5X11(t, 8)B1B) X3,
Xi3(ih™) = 0,
— 2 Xos(t,s) = —;%Xzs(t, s) + ApX13(t, 8)
+X21(t, S)Bz
+55 X21(t, ) B1B1 X13,
X23(ih_) - Oa

—Xs3(t) = BjXi3(t)+ X31(t)Be
+7%X31B1BQX13,
X33 (Zh_) = Q.

Similarly from (16) we obtain

Yii = AoYui(t) + Y11 () A
+A:Ya(t, ~h) + B1B,
+.,%Y11(t)C{C'1Y11(t),

Yu(iht) = Yui(ih) — Yi1(ih)Cy
X(I + Ca Y11 (Zh)Cé)_l
xCy Y11 (ih),

f%Y22(t7syr)

Yoo (iht, s, 1)

[1]

(2]

%le(tas) = %Y12(t73)+A6Y12(t,8)
+A1Y2(t,—h, s)
+ .712Y11(t)0101Y12 (t,s),
Yi2(t,0) = Yai(2),

Y12(ih+, S) = le(ih, S) - Y11(Zh)Cé

X (I + CzYll(Zh)Cé) -1
xC,Y12(th, 8),

(8 + &)Yaz(t, s,7),

+55Ya1(t, 5)C{C1Y12(2,7),

Yo1 (ta S),

Y12 (ta T),

Yaa(ih, s,1) — Ya21(ih, s)C

X (I + CzYu(ih)Cé)_l
XCzlqz(’l:h, 'I").

Yoo (t, LR 0)
Yv22(t’ O’ ’I‘)
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