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Abstract

The algebra of polynomials provides the basis for
the development of algebraic control approaches
[51,[6]1,[7] etc and issues such as computation of Smith
forms, solvability of Diophantine equations, solution of
general matrix are essential parts of algorithms, and
procedures linked to algebraic design.

In this paper we investigate the problem of
defining approximate solutions to the root clustering
problem, by deploying some resent results on the
representation of the greatest common divisor (ged) of
many polynomials [3] and by using a new definition for
the notion of the approximate gcd [4]. The results
provide different order approximations to the root
clustering problem. The basis of our analysis is an
algebraic framework which is based on the normal
factorisation of polynomials [9] and the algebraic
framework for gcd representation and its approximate
version are briefly summarised below.
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1. Definitions and preliminary results

Consider a set of polynomials:

P ={a(s).h(s)eR[s], ieb} (1.1)
which has h+1 elements and with the two largest
values of degrees (n, p). Without loss of generality
we may assume a(s) monic and represent the
polynomials with respect to the N degree as

a(s)=s"+a,,s"" +...+a5+8a, and
o (s) =h 8’ +..+h,;s+h, i =12,,...h.

Whenever we want to denote the number of
elements and the maximal degree we shall use the

notation P The greatest common divisor (gcd)

h+l,n *
of P will be denoted by ¢(s)=gcd{P}. With

the set P we may associate the Generalised
Sylvester Resultant [2]:

Definition (1) [2]: We can define a px(l’H— p)

matrix associated with a(s) :

1 a, a, a g 0 = 0
o1 a, - a aa - 0| (12
$= : . :

and an NX ( n+ p) matrix associated with b, (S):
h,p bl,p—] h,p—Z bl,] bl,() 0 - 0

0 b . b|2 b|1 0 0
S=; 7 q:?._ s z
0 0 bl,p h,m h,l b|.0
(1.2b)

for each i=1,2,---,h. An extended Sylvester
matrix for the set P is then defined by:

S

S = S’ e R(PFI-(n+P) (1.2¢)

S
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The Sylvester matrix is used for the evaluation of
the GCD of two or more polynomials. This property is
expressed by the Generalised Resultant Theorem:

[2].[8]:

Theorem (1): Given a set of polynomials P=
[a(s9)=5"+a,,8" +..+8, h(s)=h & +.. +h s+,
i=12,..,h max{degh(s)}=p} with a generalised

resultant S, the following properties hold true:

i) Necessary and sufficient condition for a set of
polynomials to be coprime is that:

rank (S, )=n+p (1.3)

ii) Let @(S) be the g.c.d. of P . Then:
rank(Sb)=n+ p—deg(p(s) (1.4)

iii) If we reduce SD , by using elementary row

operations, to its row echelon form, the last non
vanishing row defines the coefficients of the g.c.d..
[

The Toeplitz block based Generalised Resultant is
crucial in the representation of the GCD, which is
defined by the following factorization of resultants
result [3]:

Theorem (2): Let P = {a(s)bl (S),...,h1 (S)} be a
0-order set, deg a(s) =n, degh (S) <p<n,
i=1,...,h be a polynomial set, S, the respective
Sylvester matrix, gD(S) = ﬂkSk +---+ A4S+ 4, be the

greatest common divisor of the set and let K be its
degree. Then there exists transformation matrix

q)(p c R(MP)AMP) such that;

s¥=so,=[0|5.] (1.5)

where §P(':), () , are given by:

Y 0 0]
Y Yo
> Y :
: : . Yo 0
®, =
Y Yo
Yorpz Yneps 0 Yarpojz Yeepjs 0 Yo O
p p P p-i
_yn+p—l yn+p—2 yn+p—j—l yn+p—j—2 Y yO_
(3.24a)
(1.6a)
where
£kl
1 /11 1 mindik
y0=%9 ylz_Zyn 9-'-syj:_Z ﬂ1y17|sj:2a---n+p_1
i=1
(3.24b)
(1.6b)
0 - 0ofa% a¥, a® B 0 0
0 -~ 0/ 0 a), a®  al :
0
0 -« 0/ 0 0 al), a al
0 - 0 b, b, - BP0 0
0 -~ 0] 0 b, bY, b 0 - 0
. 0 ol o .. 0 b, bl p®
sk - : :
Sf’ ¥ = bg(p)fk bz(&(gfkfw o bg(u) 0 0
0 o0 b, b, o 0
L I 0
0 0 0 b, B, L
b o
I L P SO
(1.7)
(k) 5(k) (k) (%) (k) (k)
where [apfk,apfkfl,...,a0 [N < IR o

j=L...,h are the coefficients of the coprime
polynomials obtained from the original set after the

division by the gcd, which define the set Ph*+l,n—k

and §F” is called the corresponding Expanded

Resultant.
[ ]
Theorem (2) is important for the characterisation
of approximate GCD of fixed degree for many
polynomials. This approach is based on relaxation of
conditions on Theorem (2). The Optimal GCD is the
one that corresponds to the minimum perturbation
that has to be applied on the coefficients of the
polynomials so that it becomes exact GCD of the



perturbed set [4]. This is a new method introduced in
[10] and the results are summarized in Theorem (4).

The following analysis assumes that the degree of
the GCD is fixed. In the case of the exact GCD the
degree is equal to the nullity of the Resultant. The
generalisation the notion of nullity in the approximate
case is the Numerical Nullity of a matrix [11]:

Definition (2): The numerical & -rank of a matrix
AeR™" is defined by

2. (A) :mén{p(B): |A-B|<e, > 0}
and the numerical & -right nullity
NL_(A):mBax{N (B): |A-B|<&, £>0/=n—p,(A)

The evaluation of the numerical nullity is based
on the singular values of the matrix:

Lemma (1): [11]: For a matrix Ae R™"
o (A) = number of singular values of A that
are <&

]
Theorem (3): The Optimal approximate GCD of
degree k go(S) =4S +..+ A4S+, 4, %0 ofa
set of many polynomials corresponds to the
minimisation of HS? H where

Zn 0 Rk O 0
0 Zn r Zyn-ke1 :
: 0
O 0 Z(),n ZO,n—k+l
Zi,P T Zi,p—k+l 0 0
L0z, Zpa
SQ = 0
0 0 z,p Zi,p—k+1
Zh p Zh,p—k+] 0 0
0 z, Zh pk+1 :
: - . 0
i 0 0 Zh,p Zh,p—kﬂ_
(1.8a)

where the Zono> b0 elements are defined by

=~

-1

k-1 n _
Z().nfé} = , 6().nfjlj = ZH|:[Z bo‘n—;zy;zfj ]X’l j| = :
1= H=] 1=t

i(bovﬂ*# y;l*i;ti )

u=l

-

k-1 p

, HZ(bﬂyp*#yﬁfiﬂi)

j=0 p=1

4 n-0

(1.8b)
| |

The above analysis assumes that the degree of
the GCD is fixed. In the case of the exact GCD the
degree is equal to the nullity of the Resultant. The
generalisation the notion of nullity in the approximate
case is the Numerical Nullity of a matrix [11]:

2. Root Clustering of Polynomials

For every polynomial b(S) eR [S] there exist
positive integers d1 . d where

o

d>d,>..>d >1 such that b(S) may be

expressed as [9]:

where the polynomials € (S) ,€ (S) yeees € (S) are

o

pairwise coprime and the polynomial

b(s)=e(s)e(s)---e (s) 2.2)

has distinct roots. This factorisation is known as
normal factorisation [9].

Proposition (1): Consider a polynomial b(s) GR[S],
b(s)=s"+b, s +...+hs+h,. We assume that
(S+ Z)T is an elementary divisor of b(S) over
C . The following properties hold true:

i) The first derivative b(l) (S) has (S-i— /’L)T_1 as

elementary devisor.
ii)y The K-th derivative b(k)(S), K<7, has

-k ..
(S + ﬂ,) as elementary divisor.

iii) The b(r)(S) derivative is the smallest order

derivative that has no roots at S=—A1.



The significance of the above result is that

introduces a framework for factorisation of polynomials
without root finding. An exact elementary divisor

(S+ /11- ) of multiplicity h < N is also an exact divisor

of the polynomial set consisted of the initial polynomial
and its h first derivatives. We denote this set as

Dy ={b () =8"+...+hy, s+, B (8) = (s), i =1,...h, h<n|

The Sylvester matrix SD of the D™ set will be a

n

[(h+1)n—1]x(2n—1) matrix of the form:

(2.3a)

1 thp—l t}),p—z bo,l k:ho o -0
%0)29 1 Q‘,;H bl),2 b),l IQ),o 0

0 e 0 1 h),p—l h),l tho

(2.3b)

Q,pfi h,l h,o 0 0 }0 = 0

S U RN z
$= boi Bp o By 0100
0O - 0 boi B o Q,MO e 0
(2.3¢)

Note that b (s) is the | -th derivative of b(S)
and thus

b (s)=h"(s)= _Z:_(j j_!i)!bo,jsji zgq’ksk (2.4a)

which in terms of the coefficients is:
k+i)! ..
b, :ubokﬂ ,k=0,1...,n-i,i<h (24b)

(K)!

or
b =Fe.ii - K=0,1L...n=i, i<h(4c)

where by F, | we denote the factorial

= >
Fob o axb>0 (2.4d)

An  approximate factorisation of the
polynomial b(s) can be evaluated by combining the

above results with the algorithm for approximate
GCD on the set of the derivatives, for all approximate
divisors of degree 2 or higher. This procedure
includes three basic phases:

Stepl: Estimation of the degree N <N for which

there exists an approximate elementary divisor of
multiplicity h,, ie. (S+/11)hl is an approximate

factor of b(s). To this aim we investigate whether
h+1

N, (D)1

Step 2: Evaluation of best approximate common

factor (S+ 21) for the set D:H. The combination

of the nature of the elements of D: 1 with Theorem

3 implies the form of the optimisation:

Proposition (2): The best approx(ilgl}ate factor
e =(S+ /11-) of multiplicity h is obtained from

the optimisation of min ‘éé(i) o | where
]
_Z(),n O - 0 0 - 0]
0 2, 0 « 0 - 0
..,rq")eJ: : :
z 0 0 0 - 0
0 z, 0 0 0
0 0 2, 0 -« 0
and
n
0 4 1-0
ZOnZZ(_l) ’11' b,
=0
p
0,1
Zi,p:Z(_l) /1]1 gF(nfa),ibnfe (2.5b)
=0



Step 3: Division of the initial polynomial by the factor

(el (S))h = (S+ A4 )h such that
b(s)=(s+4)" - fi(s)+4(s) 2.6)

n = deg{ fl(s)} =n-h
where —&, (S) is the minimum perturbation that is

required for (S+/11)hl to become exact factor of

b(s).
The polynomial pair (fl(S),—Sl(S)) can be

found with matrix operations described in [4].

Step 4: We repeat the procedure from Step 1, for the
quotient polynomial of the division (2.6). We terminate

it when NS(Di):O.
The result of the above algorithm will be a
sequence of polynomials fl(S),..., fk(s), fk+1(S)

where f(s)=(s+4,) j =1k and fi, (s) will
be the irreducible part. The approximate factorisation of
b(s) is then given by:

£(9)" £,(8)" - £ (8)™ fen(3) (2.7a)

h>h2>.-->h >2 (2.7b)

and

h+h +..+h +deg{ fo (s)} =n (270

3. Discussion

This paper has introduced a theoretic framework
for approximate factorisation of polynomials based on
recent matrix algorithms for the evaluation of the exact
[3] and the approximate GCD [4], [10] of many
polynomials. The disadvantage of the algorithm is its
operational complexity, which may be reduced with a
more appropriate sequence of operations.
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