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Abstract

A linear parametedependenapproachfor design-
ing a static output- feedback controller for lin-

eartime-invariantsystemswith multiplicative noise
which achiezes a minimum bound on either the
stochasticH, or the H,, performancelevel is in-

troduced. A solutionis obtainedalso for the case
where,in additionto the stochastiqgparametersthe
systemmatricesresidein a givenpolytope.Thethe-
ory developedis demonstratefly a simpleexample.

1

The analysisand designof controllersfor systems
with stochasticuncertaintiesreceved much atten-
tion in the past(see[1] andthe referencegherein)

wheremainly robust stability hasbeenconsidered.
Recentlyarenavedinterestn thisproblemhasbeen
encounteredind solutionsto the stochasticcontrol

problemhave beenderivedthat ensurea worst case
performancéoundin the H,, sensg2]-[9] .

I ntroduction

Systemswith parameteuncertaintieghatare mod-
eledaswhite noiseprocesses alinearsettinghave
beentreatedn [4]-[6], for the continuous-timecase
andin [3],[7]-[9] for the discrete-timecase. Such
models of uncertaintiesare encounteredn mary
areasof applications(see [3] and the references
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therein)suchas: nuclearfission and heattransfer
populationmodelsandimmunology

The deterministic static output-feedbackproblem
hasattractecthe attentionof mary in the past[10],
[11]. The main adwantageof the static output-
feedbacks the simplicity of its implementatiorand
the ability it provides for designingcontrollersof
prescribedstructuresuchas Pl and PID. An algo-
rithm has beenpresentedrecently by [12] which
under some assumptionss found to corverge in
stationaryinfinite horizon exampleswithout uncer
tainty. A sufficient condition for the existenceof
a solution to a special caseof the static output-
feedbackproblemhasbeenobtainedin [13]. This
conditionis in somecasegjuite conserative.

In the presentpaperwe solve the stochasticstate-
multiplicative H, and H,, static control problems
for discrete-timelinear systemsthat contain state-
multiplicative white-noise parameteruncertainties
in the matricesof the state-spacenodel that de-
scribes the system. We apply the simple de-
sign methodof [14] for deriing the static output-
feedbackgainthatsatisfiegprescribedstochastidd,
and H, performancecriteria. Sincea constangain
cannotbe achieved in practice and all amplifiers
have somefinite bandwidth, we add, in seriesto
the measuredutput of the system,a simple low-
passcomponentvith atransferenceloseto identity.
A parametedependentyapuna function (LPD) is
then describedfor the augmentedsystemwhich is
obtainedby incorporatinghe statesof theadditional



componentnto the statespacedescription.

Notation: Throughouthe paperthesuperscript?”
standdor matrix transpositionR"™ denoteghen di-
mensionalEuclideanspace,R™*™ is the setof all
n x m realmatrices,\ is thesetof naturalnumbers
andthenotationP >0, (respectiely, P >0) for P €
R™™ meanghat P is symmetricand positive defi-
nite (respectrely, semi-positve definite). We denote
by L?(2,R") the spaceof square-summabl&™—
valuedfunctionson the probability space((2, F, P),
where() is the samplespace,F is a ¢ algebraof
a subsebf () calledeventsand? is the probability
measuren F . By (Fi)ren We denoteanincreas-
ing family of o-algebrasF, C F. We alsodenote
by [2 (NV; R™) thespaceof nonanticipatie stochastic
processes fir.} = {f}reo,00) IN R™ With respecto
(Fr)kefo,00) Satisfying

el =BG (£l = 255 E{Ilfxl*} < oo, {f} € (W3 R™)

where|| - || is the standardcEuclideannorm. We de-
note by Tr{-} the traceof a matrix andby ¢,; the
Kronecler deltafunction.

2 Problem Formulation

We considerthe following linearsystem:

Zry1 = (A+ Dvg)xg + Bywy + (Ba + G )ug
Yr = Coxy + Doing, x9 =0
(1)

with the objective vector

(2)

wherex € R" is the systemstatevector w € R?
is the exogenoudisturbancesignal,n € R? is the
the measurememoisesignal,u € R¢ is the con-
trol input, y € R™ is the measuredoutput and
z € R" C R" is the statecombination(objectve
function signal)to be regulatedandwherethe vari-
ables{(;} and{v,} arezero-meamealscalamwhite-
noisesequencethatsatisfy:

2z = Cizy, + Diguy,

E{vwv} = bk, E{G(} = 0kjy E{Gr;} =0,

Vk,5 > 0. The matricesin (1), (2) are constant
matricesof appropriatedimensions.

We seeka constanbutput-feedbackontroller

U = Kyka (3)

thatachievesa certainperformanceequirementWe
treatthe following two differentperformancecrite-
ria.

e Thestochastic H, control problem : Assum-
ing that {wy}, {ny} arerealizationsof a unit
variance stationarywhite noisesequencethat
areun correlatedwith {v}, {¢c}, thefollow-
ing performancendex shouldbe minimized:

E Az} (4)

Jp &
The stochastic H,, control problem: Assum-
ing thatthe exogenoudlisturbancesignalis en-
ergy bounded,a static control gain is sought
which, for a prescribedscalary > 0 andfor all
nonzerow € R4, n € RP, guaranteed,, < 0
where

A
oo = [Nz}, = V[llwilf, + lInesal ] (5)

Insteadof consideringthe purely constantoutput-
feedbackcontroller (3) we considerthe following
proper(but not strictly) controller
up = Kng, mo=0
(6a-c)
wheren € R™ ande << 1 is apositive scalarsuch
thatthetransferencéromy to 7 is very closeto 7,,,.
The latter controlleris introducedin orderto facil-
itate the corvexity of the designmethodbelow. It
representdiowever, theactualsituationwhere’con-
stant’gainsareachiezedin practiceby amplifiersof
finite bandwidth.

M1 = — €Nk + (1 + €)Yrt1,

Augmentingsystem(1) and(2) to includethe states
of (6a,b)we definethe augmentedtatevector( =
col{z, n} andobtainthefollowing representatioto
the closed-loopsystem.

Skp1 = f‘:lkflc + Byivy, + Dpbovi + Gl
2k = Cpék, & =0
(7a,b)
where:
~ A w T A A By K
Wk = [ nkf_l } , Ap = [ EC2A  EC3B2K — el } J



B 0

€CoB1 €Do1

2

] w2 o bk,

k
nN A =~ A
Dy = [ ech 0 } Gr = [ sCQGK ] (7c-h)
wheree £ (1 + ¢).
We considerthe following Lyapuna function
Vi, = prg with P = [ —a—lljczp fof]lsPCzT
R (8a-c)
whereP € R™*™ andP € R™*™. Theparametery
is a positive scalartuning parameter

2.1 Thestochastic H, control problem

Applying to (8) the derwvation of the stochasticH,
controlresults[1] we obtainthat.J, < §2 for a pre-
scribeds if thereexists a positive definite solution
Q = P!, wherethe latteris of the structure(8b),
andH € Rtp)x(a+p) to the following Linear Ma-
trix Inequalitieg(LMIS) :

-Q AQ 0 0 0
QAT -G GoT QDT QaT -

0o ¢Q - 0 0 <0,[B Q]>O,
0 DG o -Q 0

0 GQ 0 0 -Q

(9a-c)
andtrace{ H} < ¢°. Applying [14] it is found that
Q possessethefollowing structure:

o-[ & %)
QCy a@ ’
where@ € R™", Q € R™*™_ Substitutingfor

A B C andD G into thelatter LMIs we obtain
thefollowmg.

(10)

Theorem 1 Considerthe systemof (1),(2). The
output-feedbac control law (6b) achieves a pre-
scribed Hy-norm bound0 < §, for somepositive
scalare << 1, if ther exist Q € R™*", Q €
Rmxm Y e R™ and H € Retp)x(atp) that,
for sometuning scalar0 < «, satisfythe following
LMlIs:

[-@ -cTQ T(1,3) T(1,4) 0 0
* —a@ T(2,3) T(2,4) 0 0
* * -Q —cfQ 13,5 QDT
* * * —aQ f‘(4,5) QC.DT
* * * * —1I, 0
* * * * * —-Q
* * * * * *
* * * * % *

L * * * * % *

. P>0,

0 0 0
0 0 0
r@,7) cIvTeT T1(3,9)
T'(4,7) aYTGT T(4,9)
0 0 0 | <0,
-cTQ 0 0
—a 0 0
* -Q —C§Q
* * —aQ |
Hy Hi» BT &BTCT
x H 0 eDT. 2
. .o ors | >0, trace{H} <067
* * * aQ
(11a-d)
A -
whee H 2 2 |, T(1,3) = AQ+B,Y (),

[(1,4) = aB2 Y+ ACTQ, T(2,3) = fC2AQ + C2B2Y Co
—QC] + QCy, T'(2,4) = {C2ACT Q + aC2BoY — aQ)] + @,
I'(3,5) = Qcr+cTyTDT,, 1(3,7)=eQDTCY,

1'(3,9) =ecTYTGTCT, T(4,5)=aYTDL+QC>CT,

I'(4,7) = €QCoDTCY, T(4,9) = aeYTGTCT, (12)

andé =1 +e.

If a solutionto the latter LMIs exists, the gain ma-
trix K thatstabilizeghe systenandachievesthere-
guired performancas givenby

K=YQ " (13)

2.2 The Stochastic H,, problem

The LMIs of Theoreml provide a sufficient condi-
tion for theexistenceof astaticoutput-feedbackain
that achieves a prescribedH,-norm for the system
(7). A similarresultcanbeobtainedf the H,, -norm
of thelattersystems consideredGivenaprescribed
desiredoound0 < v onthe H,, -normof thesystem,
theinequalitiesin (9) arereplacedby the following
BoundedRealLemma(BRL) condition[7].

-Q AQ B 0 0 0
QAT Q@ 0 QCT QDT Qar
BT 0 —7ly4p O 0 0
0o CTQ 0 —I, 0 0 <0
0 D@ 0 0 -0 0
0 GO 0 0 0 -Q
(14)

Using the definition of (10), multiplying (14), from
bothsides by diag{Q, Q, I,+,, I., Q, Q}, where
Q is definedin (10), andsubstitutingfor A, B, C
andD, G in thelatterLMI we obtainthefollowing.

Theorem 2 Considerthe systemof (1), (2) . The
control law (6b) achievesa prescribed H,, -norm



bound0 < v, for somepositivescalare << 1, if
there existQ € R™*", Q € R™™ andY € R™™
that, for somescalar0 < «, satisfyl’ < 0 whee

[ @ -cT¢ T(,3) T4 B 0 0
x  —aQ 1(2,3) I'(2,4) &C2B1 &Da 0
* * -Q@ -cTqQ 0 0 I'(3,5)
* * * —aQ 0 0 I'(4,5)
A * * * * 772Iq 0 0
I'= * * * * —y2I, 0
* * * * * * —I,
* * * * * * *
% * * % % * %
* * * * * * *
| * * * * * * *
0 0 0 0 7
0 0 0 0
QDT  T(3,7) CIYyTGT T1(3,9)
QCyDT  T(4,7) oa¥YTGT T(4,9)
0 0 0 0
0 0 0 0 (15)
0 0 0 0
-Q -cTqQ 0 0
* —aQ 0 0
* * -Q —C2TQ
* * * ,aQ_

andwheeT'(1,3),T(1,4), T'(2,3),1(2,4), T'(3,5)—
'(3,9), T'(4,5) — I'(4,9) are definedn (12).

If a solutionto thelatter setof LMIs exists,the gain
matrix K that stabilizesthe systemand achievesthe
required performancas givenby (13).

3 The robust stochastic H, static

output-feedback controller

The systemconsideredn Section2.1 assumesghat
all the parameter®f the systemareknown, includ-
ing the matricesD andG. In the presentsectionwe
considerthe system(1),(2) whosematricesare not
exactly known. Denoting

Q=[A B, B, Ci Dy Dy D G|,
we assumehatQ € Co{Q2;, j = 1,...N}, namely

Q=37 f;9 forsome 0<f;<1, 37 fi=1 (16)
wherethe verticesof the polytopearedescribedy
Q=[a0 B B9 o bY bY b @O ],

for j = 1,2..., N. The solution of the robust prob-
lem in this sectionis basedon the derivation of a

speciallydevisedBRL for polytopic-typeuncertain-
ties[15] with a simplestraightforvardadaptatiorto

the stochasticcase. Considering(9), multiplying it

by diag{ln-i-m; Q—l’ Ir; In+m; In+m}7 from the
left and the right and usingthe methodof [15] we
obtain that a sufficient condition for achievzing the
Hs-normboundof § for thesystematthei-th vertex

of Q is thatthereexistsa solution;, Z, H to the
following LMlIs:

—Qi Az 0 0 0
zTAT Q;—z-—2zT 2zTCT zTDT 2zTGT
0 Ciz -1, 0 0 <0,
0 D;Z 0 —Q; 0
0 GiZ 0 0 -Q;
(17)
T
withl g % ] > 0 and trace{H} < 6%, where
2 (2

H € Rlatp)x(a+p)

Denoting
A Z
Z= [ Z5[Ca BIm] ] (18)

whereg is atuningscalaywe arrive atthefollowing
result:

Theorem 3 Considerthe uncertain systemof (1),
(2). Thecontrol law (6b) guaranteesfor somepos-
itive scalare << 1, a prescribedH,-norm bound
0 < ¢ over the entire uncertainty polytope Q if
there exist Z, € R*(tm) 7, ¢ Rmxm (. ¢
Rtm)x(ntm) i — 1 2. N andY € R*™ that,
for somescalar 3, satisfythefollowing LMIs:

[ —Qiin —Qiiz Y(1,3) 7T(1,4) 0 0
* —Qi22 T(253) T(2’4) 0 0
* * Y(3,3) 7Y(3,4) 7Y(3,5) ZzZLDTF
* * * Y(4,4) 7Y(4,5) Z?ZDZT
* * * * —1I, 0
* * * * * _Qill
* * * * * *
* * * * * *
| * * * * * *
0 0 0 b
0 0 0
ezL DIcT cTyTGr 171(3,9)
eZLDICT  BYTGT  1(4,9)
0 0 o | <o,
—Qi12 0 0
—Qi22 0 0
* —Qin —Qi12
* * —Qi22
Hy1 His BlT EB{C2T
* Hoo 0 eDT. 2
. x G sz; >0, trace{H} < §°.
* * * Qi22

(19a-c)



wheee

Qi1 = Tl@ﬁ"f, Qit2 = Tl@ﬂ_fg, Qiz2 = 72(21?%17

a

A, ~ A om oo A -
Z1 = YT, Z1o = Zi¥T, Y1 = I, 0], Y2 = [0 L),

(20a-g)

Y(1,3) = A; Z11 + Ba;YCa, Y(1,4) = A; Z1 + BBs;Y,
T(2,3) = €[C2A; Z11 + CoBaY Cs — ZoCa] + Z2Co

Y(2,4) = €[fCaBa;Y + C2A; Z12 — fZ2] + B 22,

T(3,3) = Qi1 — Z11 — 2%, Y(3,4) = Qi1a — Z12 — CTZT,
(

Y(3,5) = zI'CL + cTYTDL, Lois

Y(3,9) =eCTYTGTCT, Y(4,4) = Q2o — B[22+ 2],

Y(4,9) = BeYTGT T, (21)
wheee=1+c¢

If a solutionto thelatter setof LMIs exists,the gain
matrix K that stabilizesthe systenandachievesthe
required performancas givenby

K=YZ7Z;T. (22)
Remark 1 : We notethatthe existenceof Z, 7 is
guaranteed theconditionof (17)is fulfilled.

4 Therobust H,, control

Similarly to the previous section,at eachpointin €2,

saythe onethatis obtainedby >, «;Q; for some
0 <o <1, ¥, 0; = 1 we assigna special
matrix solution@. For eachvertex of ), saythei-

th, theinequalityof (14) canbe written, following a
modifiedresultof [15] asthefollowing LMI:

-Q; Az B; 0 0 0
ZTAT Qi 0 zt¢r zTDT zTGT
BT 0 =Py 0 0 0 <0
0 CiZ 0 —I 0 0
0 D;Z 0 0 -Q; 0
0 G.Z 0 0 0 -Q;
(23)

whereQ; 9 = Q; — Z — Z* andwhereZ is defined
in (18). We arrive at thefollowing result:

Theorem 4 Considerthe uncertain systemof (1),
(2). The control law (6b) guarantees,for some
positive scalar e << 1, a prescribed H,.-norm
0 < ~ over the entire uncertainty polytope 2 if
there exist Z; € Rx(ntm) 7, ¢ Rmxm (. ¢

Rivtm)x(ntm) = 1,2, N andY € R®™ that,
for somescalar 3, satisfyY < 0 where T is thefol-
lowing LMI:

-Qi1 —Qirz Y(L,3) T(1,4) By 0 0
* —Qi22 Y(2,3) TY(2,4) €C2Bi; €Day; 0
« «  T(3,3) T(3,4) 0 0 T(3,5)
* * * T(4,4) 0 0 T(4,5)
* * * * —7214 0 0
* * * * * —’yZIq 0
* * * * * * —I,
* * * * * * *
* * * * * * *
* * * * * * *

| * * * * * * *
0 0 0 0 7
0 0 0 0
Zl? D; ezL DTcT C’gYTC;iT Y(3,9)
z{,D} ez{,DfCcy BYTG]  T(4,9)
0 0 0 0
0 0 0 0 )
0 9 0 0
* —Qi22 0 0
* * —Qin1 —Qi12
* * * —Qi22

whee Qii1, Qiiz, Qize, andZy;, 7, are givenin
(Zoa-e)ar(la 3)7 T(la 4)a T(Qa 3)a T(2a 4)1 T(3a 3) -
Y(3,9),Y(4,4) — Y(4,9) aregivenin (21)andé =
1+e

If a solutionto the latter setof LMIs exists,the gain
matrix K that stabilizeshe systenandachievesthe
required performancas givenby (22).

5 Example

To demonstratéhesolvability of thevariousLMIs in
this paperwe bring a 3th-ordertwo outputoneinput
example. We considerthe following discrete-time
linearsystem:

0.9813 0.3420  1.3986 L o o
A = | 00052 09840 —0.1656 |, Cy = [ ]
01 0 [>
0 0 0.5488
0.0198 0.0034  0.0156 —1.47
By = | 00001 00198 —0.0018 | By = | —0.0604 |,
0 0 0.0150 0.4512
100 0 02 0 0
Ci=|0 1 o0|,Dp=|0]|,D=]000 0 0]/,
00 0 1 0 0 0

with Dy; = 0, G = 0. Applying the result of
Theorem2 and solving (15) a minimum value of
v = 0.868 for « = 2.4 ande = 1075, is obtained.



The correspondingtaticoutput-feedbackontroller
of (22)is:

K =[0.4888 0.7185 |,

wherethe closed-loopolesare—0.1474, 0.9498 +

0.11527, 0.9498 — 0.1152:. For the nominal case
whereD = 0 (i.e with no state-multiplicatve noise),
we obtainfor the above valuesof « ande anattenu-
ationlevel of v = 0.6572.

6 Conclusions

A corvex programingmethodis presentedwhich
providesan efficient designof robust static output-
feedbackcontrollersfor linear systemswith state
multiplicative noise. Linear systemswith polytopic
type uncertaintiesare consideredand a sufficient
conditionis derived,basecn alinearparametede-
pendentLyapuna function, for the existenceof a
constanbutput-feedbackgainthatstabilizeghesys-
tem and achieresa prescribedooundon its perfor
manceover the entireuncertaintypolytope.

Both stochasticH, and H,, performancecriteria
have been considered. For both, conditions for
guadraticstabilizing solution have beenobtained.
Theconseratismentailedin theseconditionscanbe
reduceckitherby usingarecentmethodthatenables
theuseof parametedependenLyapunw basedp-
timization, or by treatingthe verticesof the uncer
tainty polytopeasdistinctplants.Thelattersolution
cannotguaranteehe stability and the performance
within the polytopewhereagheformeroptimization
methodachieresthe requiredboundover the entire

polytope.
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