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Abstract

A new methodologyof the partial eigen-
structureassignmentby statefeedbackvia
Linear matrix inequality(LMI) is given. It
enablesto adopttheSylvestermatrix equa-
tion

���������
	���
and to checksta-

bility usingparameterdependentLyapunov
functionswhich arederivedfrom LMI con-
ditions. We show in this work that it is
possibleto avoid somelimiting assumptions
neededfor the resolutionof the Sylvester
equationby using a reduced-ordersystem
obtainedby theprojectionof thetrajectories
of original systemonto a subspaceassoci-
atedwith the undesirableopen-loopeigen-
values. Key-words: Partial eigenstructure
assignment,Statefeedback,Sylvesterequa-
tion, LMI technique.

1 Intr oduction

In the pole assignmentproblem,it is often
useful to modify only someof the open-
loop eigenvalues,while leaving theremain-
der unchanged,this is the so-calledpar-
tial poleassignment.Theproblemof eigen-
structureassignmentconsistson theresolu-
tion of differenttypeof linearandnonlinear
algebraicequation. Onecan cite the work
of [4] wherethe resolutionof the equation������������	����

is presentedasa tech-

nique of partial eigenstructureassignment
leadingto built robust controllers[5]. For
thesamepurpose,thefollowing generalized
Sylvestermatrixequation

����������	���
is usedin the literature[8], [10] [9] andthe
referencestherein. In [9], thepartialeigen-
structureassignmentproblem,in whichboth
theopen-loopandtheclosed-loopeigenval-
uesareallowedto possessarbitrarygeomet-
ric andalgebraicmultiplicities,is addressed.
Its solution is similar to the one obtained
by [4]. Undernondegeneracy assumptions,
theproposedalgorithmis basedon a series
of transformationsleading to the solution
of a Sylvesterequation. A well known re-
sult [8] statesthatanonsingularsolution

�
of the Sylvesterequationis genericallyob-
tainedif the pair � ��� ��� is observable and� � ����� � � ���	�� . However, in our knowl-
edge,theredoesnotexistany numericalpro-
cedurewhichsystematicallygivesanonsin-
gularsolutionto thegeneralSylvesterequa-
tion.

TheLMI theoryhasbeensuccessfullyused
in many areasof automaticcontrol [3], [6],
[1], [12],[15], [2]. Thereexistmany efficient
algorithmsto numericallysolveagivenLMI
problem. In this paper, we addressthe
eigenstructureassignmentproblemby state
feedbackin termsof anLMI problem.This
formulationallowsoneto findanonsingular
solutionto theSylvesterequationwith pos-



sibleadditionalspecificationson theeigen-
vectorsof theclosed-loopsystemsandwith-
out restrictive assumptions. Also, a solu-
tion is provided for the partial stabilization
problem,thatis find afeedback whichen-
surestheasymptoticstabilityof thereduced-
order systemin the closed-loopand keeps
unchangedthestablemodeof theopen-loop
system.

The rest of the paperis organizedas fol-
lows: Thebackgroundof theasymptoticsta-
bility by meansof LMI togetherwith the
techniqueof the reducedorder systemare
recalledin the secondsection. Section !
presentsthemainresultof this paperwhich
consistsin a LMI allowing a partial eigen-
structureassignment.An algorithmandan
exampleillustrating this new techniqueare
alsopresentedin this section.

2 Preliminary results

Considerthecontinuous-timeinvariantsys-
tem: "#%$ & '%(*)�#+$ & '-,�.�/+$ & ' (1)

where #101243 , /505246 , )70124398:3 and.�0;2 398:6 , with < =?>-@ $ .�'4(*ACB > .
Weassumethat:D H1): Thepair $ )�E .�' is controllable.D H2): Theopen-loopsystemhas < B�A

undesirableor unstableeigenvalues.

Considerthefollowing feedbackcontrol:/+$ & '%(  #+$ & ' F  0G2 6�8:3 (2)

Matrix  is computedsuchthat theclosed-
loopsystemis asymptoticallystable;"#�(�$ )�,�.  ' #+$ & ' (3)

It is essentialto recallthenecessaryandsuf-
ficient condition of asymptoticstability of

system(3) by usingtheLMI’ s.
It is questionof computingmatricesH and suchthat:I $ )�,�.  ' J H , H $ )�,�.  '4K�LH ( H JGM�L (4)

By usingthefollowing variables:H (�NPO�Q E  (*R�NOSQ E N�(�N J M�L?F (5)N�0G2 398:3 F R50G2 6�8:3
Inequality(4) becomesanLMI in N and R
which is rewrittenasfollows:I )�NT,PN�) J ,�.�R*,�R J . J K�LN�(�NGJ�M�L (6)

Thesolutionof theLMI (6) leadsto a regu-
lator of gain matrix  suchthat system(3)
is asymptoticallystable.
Let UWV : bethesubsetformedby the $ >�X�< '
open-loopeigenvaluesthat belongto some
desirablestableregion.U Q�Y bethesubsetformedby the < eigenval-
uesthat onewantsto assignin closed-loop
by usingthestatefeedback(2).

Theproblemof partialpoleassignmentcon-
sistsin computingmatrix  suchthat U (Z $ )�,�.  '%( U V+[ U Q \
In this work, we introducethe linear ma-
trix inequality(LMI) to computeamatrix  
which assignsthedesiredspectrumandsta-
bilizesthesystemin theclosed-loop.

This work is also basedon the useof the
techniqueof reduced-ordersystemobtained
by theprojectionof theoriginal systemtra-
jectoriesin thesubspaceassociatedwith the
undesirableeigenvalues[13], [7] and [14].
This canbe achievedby a Schurdecompo-
sitionof thesystemmatrix in two blocksas-
sociatedrespectively with thedesirableand
undesirableopen-loopeigenvalues. Thus,
let us recall the main outlinesof this tech-
niquedetailedin [7].



Let usdefinea subspace]_^ associatedwith
the ` a�bdc9e stableopen-loopeigenvaluesand
consider ]Sf a complementarysubspaceto] ^ , i.e ] ^4g ] f�h1i4j . Note that ] f canbe
associatedwith the unstableor undesirable
eigenvalues.
In this way, considerthe following change
of basisin (1):k h�l m�^%n mof pWq�r ^r f�sot r u�v i j:w f9x r f v i f(7)
wherethematrix m v i4j9y:j is orthonormal,m�h�l m ^ n m f p t m ^ v i j?y9z j w f { t m f v i j9y fm�|_m�h*m�m�|�h*} j t m�|f m�f�h�} f (8)

suchthat,~
thecolumnsof m ^ span ]_^o�h���� c?` ��e
thecolumnsof m f span]Sf

Matrix m can be obtained from a Schur
decompositionof matrix � by reordering,if
necessary, its Schurblocks[11].
In the orthonormal basis formed by the
columnsof matrix m , theopen-loopsystem
(1) is representedby :q��r ^�r f s h q�� ^ �o�� � f s q�r ^ ` � er f ` � e�sS� q�� ^� f s�� ` � e(9)
where,

� h*mo| � m�h�q�� ^ � �� z f y9z j w f { { � f�s�t�o� h�q�� ^� f�s h�q m | ^m |f s � (10)� r ^ is theprojectionof k on ]_^ along ]Sfr f is theprojectionof k on ]Sf along ]_^
Notethat thedynamicof r f associatedwith
theundesirablepolesto bemodified,is de-
coupledfrom r ^ . Thus we can isolatethe
following open-loopreduced-ordersystem:�r f h � f r f ` � e ��� f � ` � e (11)

Recall that it is always possible to havec �?a-�_` � f e h c andthereducedpair ` � f x � f e
completelycontrollable[7].
In the new basis,the feedbackmatrix � is
representedby:� � h � l m�^%n m�f p-h�l � � y?z j:w f { n � f p x (12)

with c:�9a-�_` �+f e h c . In this way, matrix �+f
assignsthe desiredspectrumof the closed-
loop reduced-ordersystem:�r f h ` � f ��� f �-f e r f ` � e (13)� Notice that if c h7� , the stabilizing

statefeedbackgain is given by � h�+f m |f .� If c�� � , thecontrolvectoris ordered
in such a way that the reduced-order
system(11) canberewritten underthe
form:�r f h � f r f ` � e � l � f � n � f � p q�� � ` � e�S� ` � e�s(14)
where � f � v i f y f is square,full-rank
matrix. To achieve the desiredcontrol
requirements,weimposethatmatrix � f
hastheform:� f�h�q �-f �� z � w f { y f�s�t � h � f m�|f (15)

the fact that ` � f x � f � e is alsocontrol-
lable, implies that the vector �S� is in-
active, that is, �S� ` � e h � z � w f { . In this
case,system(14) can be rewritten as
follows:�r f�h ` � f ��� f � � f � e r f ` � e (16)

3 Main result

In this section,we presenttwo results.The
first associatestheLMI of asymptoticstabil-
ity of linearcontinuous-timesystemsto the
techniqueof order reducing. The second,
concernsthe problemof partial eigenstruc-
tureassignment.



Lemma 1 Thesystem(3) with assumptions
H1) andH2) is asymptoticallystableif and
only if the reduced-order following LMI
holds:����� ���%�P�d� ���� ����� ���%������ ����P����d�� ��G���¡��

(17)

Proof. The system(1) with (2), (5) and
assumptionsH1) andH2) is asymptotically
stableif andonly if theLMI (6) is satisfied.
Rewrite (6) equivalentlyasfollows,¢£ ¤ �P¥�¦ §���§ � �P¥�¦+�P�¥S¦ �����P¥�¦ �� ¥�¦ ���S����� ¥�¦ ����� ���� ¡�� (18)

By usingthefollowing transformations:¨ �� §© ©��� ¨ ��+ª ¨ �� �� *��� ª « �W *�S� � ¥�¦��¬ ©��� ¨ ��+ � ¥�¦   ¨ � � ¥S¦� ¨ ��
(19)

andmultiplying in theleft andin theright by
matrices̈

��
and
¨ �

respectively, inequality
(18)becomes,¢£ ¤ � ¥�¦� ���%���o�� � ¥�¦� �P� ¥S¦� ��� �S� � ¥S¦� �� ¥�¦� ���� ���� � ¥S¦�®����d�� ��G���¡��

(20)
Multiplying in the left and in the right this
latterby matrix

� �
, oneobtains,� � � � � �P� � ���� ��� � � � ������ ���� ���� �  ��G�� ¡��

This leadsto theasymptoticstability of the
reduced-ordersystem.

Thereciprocalis easilyestablishedby mul-
tiplying in the left andin the right inequal-
ity (17) by matrix

� ¥S¦�
to obtaininequality

(20). The useof the transformations(19)
leadsto inequality(18).

Remark 2 It is worth noting that this re-
sult canbeusedfor partial stabilization.In

thiscase, theresolutionof thereduced-order
LMI (17) is obviouslymoreefficientthanthe
resolutionof thefull LMI (18). Besides,one
canfurther simplifiestheLMI (17) by using
Finsler’s lemma:�1¯ ��� ° � ±G² ��� �d�%�P��� �o��_³ ¯ ��� ° ± ����d�� ������¡��

(21)
where

¯ � � ° ±
is theorthogonalcomplement

of

� �
.

The secondresult of this sectionconcerns
theproblemof partialeigenstructureassign-
ment which is related to a reduced-order
Sylvesterequationassociatedto agivenma-
trix ´ � by usingtheLMI technique.

Theorem 3 For a matrix ´ �dµ�¶ � · � given
such that ¸ ¯ ´ � °4 *¹ ¦ , and

� �
,

� �
solutions

of thefollowingLMI problem:� ���� �P��� ¡��
u. c.:

� � � � ��� � � �%º � � ´ �   �
(22)

theregulator of gain

«   « � ¨ �� ª
with

« �� ��� � ¥S¦�
assignsthespectrum

¹W»_¼d¹ ¦
for the

system(3) with assumptionsH1 andH2.

Proof. Considerthe following changeof
variables, ½¾ ¯ ¿ °% *À ¾
wherematrix

À
is givenby (5), it follows,Á½¾  *À ¯ §�������À�° ¾ ¯ ¿ °

If thereexists a stablematrix ´ µ5¶4Â · Â
suchthat: À ¯ §�������À�°%  ´ À  (23)

thensystem(3) is transformedto,Á½¾   ´ ½¾ ¯ ¿ ° (24)



For Ã1Ä�ÅPÆ�Ç , theequation(23) becomesa
linearequationin Å and È ,É ÅTÊ�ËPÈÌÄ�Å�ÍGÎ (25)

which is the so-called Sylvester matrix
equationwhich is frequently used in the
problem of eigenstructureassignmentfor
linearsystems[9].

Following the reduced-ordersystemtech-
niquequotedin SectionÏ , wecaneasilyap-
ply theabovestepsto thesystem(13)with a
similarchangeof variables:ÐÑ Ò Ó Ô Õ Ä�Å ÆSÇÒ Ñ Ò
Giveastablematrix Í Ò suchthat,Í Ò�ÖG× Ò Ø:Ò:Ù Ú Ó Í Ò Õ Ä*Û Ç
Using the sametransformations(19) andÍTÄ*Ü Ò Í Ò ÜoÝÒ , equation(25)becomes,Þ Ò Å Ò Ê�Ë Ò È Ò Ä�Å Ò Í Ò Î (26)

whichis theSylvesterequationassociatedto
thefollowing reduced-ordersystem:ßÐÑ Ò Ó Ô Õ Ä*Í Ò ÐÑ Ò Ó Ô Õ
Thus, to computematrix à which assigns
thespectrumÛWá+â�Û Ç , onehasonly to solve
theLMI (22).

Comments4ã It is known[8] thatanonsingularsolu-
tion Å of theSylvesterequation(25) is
genericallyobtainedif thepair Ó É Î È Õ
is observableand

Ú Ó É ÕSä Ú Ó Í Õ Ä�å .
Thesetwo assumptionsare not needed
in our approach. Further,

– The solution Å Ò of the LMI (22)
is only non singular but not nec-
essarypositivedefinite, hencethis
LMI is not restrictive.

– The spectrumof matrix Í Ò can
contain someeigenvaluesof the
remainderspectrumÛWæ of matrixÉ

.ã Onehasto notethat thesolutionof the
LMI (17) is symmetricdefinitepositive
as required by the partial stabilization
problemwhile the solutionof the LMI
(22) is onlynonsingularasrequiredby
thepoleassignmentproblem.ã Theresolutionof the LMI (22) can be
associatedto the resultsof [5] where
matrix Í Ò hasto be chosenaccording
to someconditionsto ensure a robust
poleassignmentfor uncertainsystems.

To apply the resultof Theoremç , onehas,
however, to distinguishtwo differentcases:ã In the caseè�Ä1é , the solutionof the

problemis given by the resolutionof
the êWë*ì (22), with àíÄîà Ò Ü�ÝÒ ÄÈ Ò Å Æ�ÇÒ Ü ÝÒ .ã For the case è5ïðé , the solution of
the problemis given by the resolution
of the êWë*ì (27) wherematrix Ë Ò Ö× Ò Ø:ñ is changedto matrix Ë Ò Ç Ö�× Ò Ø Ò
and È Ò�ÖG× ñ�Ø Ò to È Ò Ç ÖG× Ò Ø Ò .ò ÅGÝÒ ÊPÅ Ò�ó�ô

u. c.
Þ Ò Å Ò Ê�Ë Ò Ç È Ò Ç%õ Å Ò Í Ò Ä ô

(27)
In this context, the feedbackmatrixà that assignsthe desiredclosed-loop
eigenvaluesandguaranteestheasymp-
totic stability of the system(3) is ob-
tainedasfollows:à�Ä�ö È Ò Ç ÅPÆ�ÇÒô?÷ ñ Æ Ò ø Ø:Ò�ù Ü ÝÒ
It is worthnotingthat,for thetwo main
cases,we realize

Ú Ó Þ Ò ÊCË Ò à Ò Õ ÄÚ Ó Í Ò Õ and
Ú Ó É Ê�Ë�à Õ Ä Ú Ó Í Ò Õ â�ÛWá ú



The following algorithm summarizesthe
stepsof calculationsfollowedduringthede-
velopmentof this new approachby intro-
ducingtheLMI. It is worth to recallthatthe
useof aSchurdecompositionguaranteesnu-
mericalrobustnessin thecomputationof the
open-loopeigenvalueswhile it determinesa
new basisfor theassociatedsubspaces[11].

Algorithm 5û Step1: Verify that ü ý�þ ÿ�� is control-
lable and fix the undesirableeigenval-
uesof matrix ý . ��� is the set of the
remainderü ���	�
� eigenvaluesof ý .û Step2: Applya Schur decompositionof
matrix ý byreordering, if necessary, its
Schur blocksto havematrix ��������� �
and the reduced-order system(11) as-
sociatedwith theundesirableeigenval-
uesof matrix ý .û Step3: Give � � ��� � � � such that� ü ��� ������� .û Step4:- If ��� � computethe LMI
(27); !"� ���$#%� � &(' �� and!"��� ) ! � �*,+ - ' � . � ��/
- If �0��� computetheLMI (22); !1���#2� &3' ��û Step5:Computethe gain matrix !4�!"� �05� .û Step 6:Verify that

� ü ý46Ìÿ�!7�8����%9:���
Example6 In order to illustrate theuseof
theproposedmethodology, we considerthe

sameexampletreatedby [9].

ý;� <= �>@? ** ?A??B?A?
CD�E ÿF� <= *A** ?? *

CD
Theopen-loopeigenvaluesof thesystemare
givenby:� ü ý0���;G��H,I J�K,?
?9þ3� * I * J,K L�þ�M,I *�N
O H,P
The undesirable open-loop eigenvalue isM�I *
N�O H . In this case�7�;?7�:� .
Applying a Schur decompositionto matrixý�þ weobtain;

�Q�R<= * I J O >�? * I ? H�M�K * I * J N M* I * M O HS� * I N�O
N H * I K
M N K� * I ? N J�K * I K,? L2? * I N
O�* M
CDTE

��4�R<= * I * J N M* I K�M N K* I N�O
* M
CD

�;� <= ��H2I J,K�?�?A�0?�I H *
N J * I * M N�O* � * I * J�K
L * I ? H,? L* * I *�*
*�* M,I *�N
O H
CD

ÿUT� <= � * I ? N J�K * I * M O H* I K,? L2?B� * I N�O
N H* I N�O
* M * I K�M N K
CD

Choose � � �V�0?9þ the resolution of theW�X�Y
(27) yieldsthefollowingsolution,&Z�[�\> *�* I > E #%� ���]�M�M
>�K�I K N�O
N!"� �^�_#2� � & ' �� �]��H2I >,?
?
M E !1��� ) ! � �* /

FromtheAlgorithm,wehavethenext feed-
back matrix that assignsthedesiredclosed-
loopspectrum,!]��! � � 5� � ) � * I H�L
H2?A��L2I M�K O L@�L,I *
N�O H* * * /
The assignedspectrumin closed-loop is
thencomputed,� ü ý	6�ÿ�!7���]G���H2I J,K�?�?:þ"� * I * J,K L�þ"�0?�P�$���a` � ü �7� �



Assumenow that the undesirable eigenval-
ues are b�c�d2e d�f�g
h,ikj�e d
l�m
n2o . In this casep�qsr q j . For that, the sameSchur de-
compositionof matrix t is still used,where
matrix uv is nowgivenby:u v q wx d,e y n,j
gzd,e d
f�l�jcd,e l
m�l
nAd,e g
j
l�gd,e g�y h,y{d,e l
m�d�j

|}
Choose random matrix ~ v of spectrum�"� ~ v � q b�c7y
i c0j�o asfollows:

~ v q[� cj,e d�m,y�y{d,e g
�
m
mc�d2e y�y l2y cd,e f,y m
lT�
The resolutionof the ����� (22) yields the
following solutionswith �Zv non symmetric
andnondefinitepositive,��v q�� j
m�j
l,e h�j
f_cn
d,� d2e d�m
m�nn�d��
d,e d
m�m
n�j
m�j
l,e h�j
fV��� v q�� c0y l,y
��y�e m dcm
n�l,y�e h,j m2y c0g h�m
m2e j
m
l�h �� v q[� c0y�e m,g�y l�cj,e l�m,y fd2e j
n
l�hScj,e j
l,y�y��
FromtheAlgorithm,wehavethenext feed-
back matrix that assignsthedesiredclosed-
loopspectrum,� q^� cd,e �
j���yAcd,e l
l�n
h�c�h2e y
� m�mcd,e y m,j n�c7y
e m,y
j
j@c0y�e h�l
h,j �
The assignedspectrumin closed-loop is
thencomputed,�1� t:�	� � � q����a� �"� ~ v �q b�cn,e f�g,y
y�i c0y�e d�d
d�d,i c0j�e d
d�d
d2o
Note that one can add a decouplingcon-
straint on the solution � of the LMI (27),
like � � j,i y � q d . In this case, theobtained
solutionsaregivenby:�Zv q � j
n���j�e l
f,� m dd j
n���j�e l
f,� mT� �� v q � ch�g
m�g,e g�g h\c�h�f
m,g�e � d,gh2y �
h,e �
�
d
lVc�l�h
n�f,e y
y
j
g��

Remark 7 For a systemwith an order �	�h , the useof the reduced-order systemand
thelinear matrix inequalityproposedin this
work is very efficient while in the previous
works basedon the resolutionof Sylvester
equation, the stepsare increasinglycom-
plex, owing to the numbers of the ele-
mentarytransformationsand the arbitrary
choice of several parameters. Moreover,
it is noticedthat the numberof the condi-
tions to check for this approach is very lim-
ited. Indeed, it is not necessaryto have�"� t �2� �"� ~ v � q�� nor a particular choice
of thematrix ~7v (such diagonalor full).

4 Conclusion

In this paper, a new approachof partial
eigenstructureassignmentby statefeedback
is presented. This techniqueis basedon
the use of the reduced-ordersystemand
the LMI’ s. The number of assumptions
is reducedwhile a non singularsolution is
guaranteed. The resultsare given for the
continuous-timesystems,but they canalso
be extendedto the discrete-timesystems.
The paperpresentsa simplealgorithmand
anillustrativeexample.
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