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Abstract— In this paper, the results on the stability of
a weighted diamond of polynomials which was studied by
Kharitonov and Tempo[4] are simplified for low-order poly-
nomials. Specifically, for n =3 and 4, the number of polyno-
mials required to check the stability is four and six, respec-
tively, instead of eight. Further, diamond of polynomials
which was studied by Barmish, Tempo, Hollot and Kang[2]
are also investigated.
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I. INTRODUCTION

INCE Kharitonov’s theorem was discovered[3], many
S papers have been studied for interval polynomials. In
those papers, there is a simplifications’ study for low order
polynomials, that is, the paper of Anderson, July and Man-
sour[1] in which was shown that the number of polynomials
required to check robust Hurwitz stability can be reduced.
After that, Barmish, Tempo, Hollot and Kang[2] studied
vertex polynomials for robust stability of a diamond of
polynomials. Further, Kharitonov and Tempo[4] studied
vertex polynomials for robust stability of a weighted dia-
mond of polynomials. However, there are no studies about
a simplifications for low order polynomials for a diamond
and / or a weighted diamond of polynomials.

In this paper, it is shown that the results on the stability
of a weighted diamond of polynomials which was studied
by [4] are simplified for low-order polynomials. Further,
diamond of polynomials which was studied by [2] are also

investigated.

II. PRELIMINARIES

For given the (n + 1)-dimensional vector ¢* :=

[q:a Q:L—l’ o
weights w; > 0 (i =0,1,---,n), the following set

¢t q5] € R™, a positive number 7 > 0 and

Qw = {q = [Qnaanla"'aqbq(ﬂ € Rn+1 ¢ Wn | an 7‘1: |
FWn-1 | Gn-1 =y |+ +wo | g0 —q5 [ 7}

is said to be a weighted diamond of R™ .
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Consider the following n-th order polynomials given by
p(Sa Q> = QnSn + QN—lSnil + e + qi1s + q0,

aQ17q0] is in
a weighted diamond @Q,. Then, the set of polynomials
D7 (s) == {p(s,q) : ¢ € Qu} is said to be a weighted di-

amond of polynomials with the center ¢* and the radius

whose coefficients vector ¢ = [g¢n,qn—1, "

r. Especially, in the case of w; = 1, (i = 0,1,---,n),
D™ (s) := DI'(s) is said to be a diamond of polynomials.

The weighted diamond of polynomials D7 (s) is said to be
Hurwitz stable if p(s,q) has all its roots in the open left
half plane for all p(s,q) € DI (s).

the stability of D(s) we assume that coefficients of all

In order to investigate
polynomials in Dj(s) are positive, that is, assume that
g >r/w; (1=0,1,---,n).

Now, define the following eight vertex polynomials of

weighted diamond of polynomials D (s) given by
Pu(s) == p(s,q") +r/wo,
Puw2(s) = p(s,4") —r/wo,
Pws(s) == p(s,q") + rs/wi,
Puwa(s) = p(s,q") —rs/w,
Puws(s) == p(s,q") +rs" " Jwn_1,
Pus(8) := p(s,q") = rs" " fwn_1,
pur(s) == p(s,q") +rs" /wn,
Pus(s) == p(s,q") —rs" /wn.

Then, the following theorem was given by Kharitonov and
Tempol[4]

Theorem 1: [4] Assume that the following condition (i)
or (ii) holds. However, in the case of n = 1, 2, the following

conditions are not necessary.
(i) When n (n > 3) is odd,

WoWn = W1Wn—1,

2\k/ wo "7\1/ Wn—1 S "7\1/ wo 2\k/ Wk (k - 1; 27 Ty (n - 1)/2)7



Nwi " wn < /w0y Rfwakr (k=1,2,---,(n—1)/2).
(ii) When n (n > 4) is even,
iy i < o Ao (k= 1,2,

21c/w1 "*2/w—n_1 < n—2/w1 2k/w2k+1 (k — 1, 27 e

(n—2)/2),
(n—2)/2).

Then, D2 (s) is Hurwitz stable if and only if p,i(s) (i =
1,---

?

,8) are Hurwitz stable. m

Now, define the following eight vertex polynomials of a

diamond of polynomials D™(s) given by

pi(s) ==p(s,q") + 1, p2(s) = p(s.q
ps(s) ==p(s,q") +rs, p (s, q"
(
(

ps(s) :==p(s,q*) +rs" 1,

»
(=)

»
(=)
~— ~— ~— ~—

)
4(s) =

pe(s) :
s(s) :

p7(5) = P(S,q*) + rsn’

Then, the following theorem was given by Barmish, Tempo,
Hollot and Kang[2].

Theorem 2: [2]
pZ(S) (7/: 1aa

D" (s) is Hurwitz stable if and only if

8) are Hurwitz stable. m
The following lemma can be used in Section III.

Lemma 3: [5]
polynomial p(s,q) = ¢us™ + qn_18"" 1 + -

(Liénard-Chipart) Suppose that mn-th
+ q18 + qo has
the positive coefficients ¢; (¢ = 0,1,---,n) which are nec-
essary conditions for that to be Hurwitz stable. Define the

following matrices and determinants given by

gn—1 A4n-3 Q4n—5
qn gn—2 Q4n—4
M= 0 dn—-1 {4n-3 (k=1, ,n),
L0 0 0 Gnk |
dn—1 Q4n-3
H(p) := |M7| =[ g1 |, H3(p) := |M3| =
dn qn—2
-y Hy(p) =l M

Then, p(s,q) is Hurwitz stable if and only if the following

condition (i) or (ii) holds.

(i) H'(p) >0 (i=2,4,6,---). m

III. SIMPLIFICATIONS FOR LOW ORDER POLYNOMIALS

The case of n=1.
Consider the following 1-st order weighted diamond of

polynomials D} (s) given by
p(s,q) == 15+ qo,

where p(s, ¢*) := ¢is+45, g a1, 9] €R27w1\q1—q’{|+

= [qi,
wo\QO*QEﬂS?”a qz >T/w2 ( Oa]-)
Now, the following four vertex polynomials of D} (s) are as

follows :

pwl(s) == pr(s) = QTS + (QS + 7’/11)0),

Puw2(s) = puwe(s) = ai's + (g5 — r/wo),

Pw3(s) = puwr(s) = (¢f +r/wi)s + qg,

Pwa(s) = pws(s) = (q7 — r/w1)s + qg-

Then, since Hi(pw1) = Hi(pws) = ¢} + r/wo > 0,
Hi(puw2) = Hi(pws) = g5 —r/wo > 0, and Hj (pw3) =
Hi(pw7) = Hi(pws) = Hi(pws) = ¢ > 0, it follows from
Theorem 1 and Lemma 3 that D] (s) is always stable.

The case of n =2.
Consider the following 2-nd order weighted diamond of
polynomials D2 (s) given by

p(s,q) = q25*> + q15 + qo,

where p(s,q*) == ¢35° + ¢is + @, ¢* = @3, q}.4}] € R,
walg2 — ¢3| +wilqr — ¢f| +wolgo — 5| <7, qf > r/w; (i =
0,1,2).

Now, the following six vertex polynomials of D2 (s) are as

follows :
Puwi(s) = a55” + ai's + (g5 +1/wo),
pw2(s) = @35° + ¢ s + (¢ — r/wo),
Pus(s) = pus(s) = ¢35° + (g7 +r/w1)s + g5,

Puwi(s) = puwe(s) = Q§32 + (¢ — r/w1)s + qq,

pwr(s) = (a3 +1/w2)s® + ai's + ¢,
puws(s) = (¢

= H12(pw2) q;
ng(pw5> = q>1k +’I“/U]1 > 0, Hg(pw4>
r/wi >0, H(pwr) =

- r/w2)52 +qis+q;-

> 0 H1 (pr) =
(pr) =q -
HZ(pws) = q; > 0, it follows from

Then, since HZ(py1) =



Theorem 1 and Lemma 3 that D2 (s) is always stable.

The case of n =3.
Consider the following 3-rd order weighted diamond of
polynomials D3 (s) given by

p(s,q) == q35° + q25% + q15 + qo,

2

*

s® + @35> + qfs + @5, ¢ =
(45,05, 45, q5] € R, wslgs — q5] + walge — @3] + wilg —
qﬂ +w0|q0 7‘](*)(‘ ST; q;( > 7n/,wi (Z :071a273)'

where p(s,q¢*) =

Similarly, the following eight vertex polynomials of D3 (s)

are as follows :
Pui(s) = ¢35° + ¢35 + qi's + (g5 + r/wo),
Pua(s) = ¢55° + 455> + qi's + (g5 — r/wo),
Pus(s) = ¢35 + ¢35 + (qf +7/w1)s + g5,
Pua(s) = q35° + ¢35° + (qf — r/w1)s + g5,
Pus(s) = a35° + (g5 +7/w2)s* + ¢i's + g,
Pus(s) = ¢35 + (¢ — r/wa)s” + ¢i's + g5
put(s) = (g5 +1/w3)s® + ¢35° + qi's + 45,
Pus(s) = (@5 — /w3)s® + g35” + qi's + g5,
Now, we have
H3(pun1) = ¢34; — 45 (g5 + /wo),
H3 (puw2) = 4565 — 45 (g5 — 7/wo),
H3 (pus) = 5 (qf +7/w1) — 4345,
H3 (puwa) = ¢5(qf —7/w1) — 4545,
H3 (puws) = (65 +/wa2)q} — 4505,
H3 (puws) = (65 — r/w2)a} — 4345,
H3 (pur) = ¢341 — (45 +7/ws) g5,
H3 (pus) = 4547 — (45 — 7/w3) g5
Then, the following relations hold.
H3(puw2) — H3 (pun) = 2rg3 /wo > 0,
H3(pws) — H3 (puwa) = 2rg3 /w1 >0,
H3 (puws) — H3 (pws) = 2rqi /wz >0,

H3(pws) — Hy (puwr) = 2rq5 /ws > 0.

If H3(pw1), H3(pwa), H3 (pws), H3 (pw7) are all positive,
then H3(pw2), H3(pws), H3 (pws), H3 (pws) are also posi-
tive. Thus, if p,y1(8), Pwa(s), Pws(s) and p,7(s) are Hurwitz
stable, it follows from Lemma 3 that py2(s), pw3(s), Pws(s)
and pys(s) are also Hurwitz stable, that is, if we assume
that the weights w; (i = 0,1,2,3) satisfy condition (i) in
Theorem 1, then D3 (s) is Hurwitz stable if and only if four

vertex polynomials p,1(s), pwa(s), Pwe(s) and p,7(s) are

Hurwitz stable.

The case of n =4.
Consider the following 4-th order weighted diamond of
polynomials D2 (s) given by

p(s,q) == qas* + q35° + q25* + q15 + qo,

where p(s,q*) = qis* + ¢5s® + @38° + ¢fs + @, ¢F =
05,45, 45, a5, @] € R, walqu — ¢;| + wslgs — ¢5] + walqz —
¢ |+wilg1—qi[+wolgo—q| <7, qf > r/wi (i=0,1,2,3,4).

Similarly, the following eight vertex polynomials of D2 (s)

are as follows :
Pui(s) = ¢is* + ¢35 + ¢55% + qi's + (¢ + r/wo),
Puwa(s) = ¢is* + ¢38° + ¢55” + qi's + (g5 — r/wo),
Pus(s) = ¢is* + ¢35 + 557 + (qf +7/wi)s + g5,
Puwa(s) = ¢is* +¢38° + ¢58% + (a7 —7/w1)s + g5,
pus(s) = ais* + (g5 + r/ws)s® + 435° + qf s + 4,
Pus(s) = g5s* + (g5 — r/ws)s® + ¢55° + qi's + 5.
pur(s) = (g5 +7/wa)s* + ¢55° + 55" + ¢i's + 5,
Pus(s) = (g5 — r/wa)s* + ¢35° + ¢35° + 475 + ¢

Now, we have

Hi(pw1) = H{ (pw2) = H{ (pws) = Hi(pws) = H{ (pur)
Hi(puws) = q5 >0, Hi(pws) = ¢ +r/ws >0, H{ (pus)
g3 —rjws > 0.

Further, we have

* %2

2
Hi(pu1) = G505t — aiai” — &° (g5 + r/wo),

* %2

2
Hi(pw2) = 650597 — aiai” — &5° (g — r/wo),
K k[ ok x [ % *2 x
Hi (pws) = 6305 (a7 + r/w1) — ¢4 (g5 +7/w1)* — ¢34,
2
H3 (puwa) = 4505 (a5 — r/w1) — @5 (¢ —r/w1)? = 657 g5,

H3(puws) = (@5 +1/ws)gsq} — diai” — a5 +r/ws’q,



* %2

H3(puws) = (@5 — r/ws)a3q} — diai” — a5 — r/ws’q,

*2 %

Hi(puwr) = 30597 — (44 +1/wa)a;® — ¢35,

*2 x

K %k * *2
Hi(pws) = 650597 — (a5 — r/wa)ai” — @57 a5,

Then, the following relations hold.
H§(pw2) - H?Z,l(pwl) == 2Tq:°,k2/w0 > 07

Hi (pus) — Hi(puwr) = 2rq;?/ws > 0. (1)
First, we note that H}(pw) (i =1,---,8) are all positive.

If H}(pw1) and H3(py7) are positive in (1), then Hj(pu2)
and Hj(pys) are also positive. Thus, if p,1(s) and p,7(s)
are Hurwitz stable, it follows from Lemma 3 that pyea(s)
and pyg(s) are also Hurwitz stable, that is, if we assume
that the weights w; (i = 0,1, 2, 3,4) satisfy condition (ii) in
Theorem 1, then D? (s) is Hurwitz stable if and only if six
vertex polynomials py1(8), Pws(S), Pwa(s), Pws(S), Pwe(s)
and py7(s) are Hurwitz stable.

The case of n > 5.
It can be easily shown that the eight vertex polynomials
can not be reduced for DJ}(s) (n > 5) to be stable.

The obtained results are summarized as the following
theorem which is a result of simplifications for low order

polynomials in Theorem 1.

Theorem 4:
(i) DL(s) and D2 (s) are always Hurwitz stable.

(i) Assume that wows = wiws. Then, D3 (s) is Hur-
witz stable if and only if the four vertex polynomials p,1(s),
Pwa(8), Pwe(s) and py,7(s) are Hurwitz stable.

(iii) Assume that ywoJws = JwiVws, Jwo/ws <
Ywo Yws. Then, Dy (s) is Hurwitz stable if and only if
the six vertex polynomials p.,1(s), pws($s), Pwa(s), Pws(s),

Pwe(s) and py,7(s) are Hurwitz stable. m

The following corollary is a result of simplifications for
low order polynomials in Theorem 2.
Corollary 5:
(i) Dl(s) and D?*(s) are always Hurwitz stable.

(i) D3(s) is Hurwitz stable if and only if the four ver-
tex polynomials p1(s), pa(s), ps(s) and p7(s) are Hurwitz
stable.

(iii) D*(s) is Hurwitz stable if and only if the six vertex

polynomials p1(s), ps(s), pa(s), ps(s), pe(s) and p7(s) are
Hurwitz stable. m

IV. CONCLUSIONS

In this paper, the results on the stability of a weighted
diamond of polynomials which was studied by Kharitonov
and Tempol[4] were simplified for low-order polynomials.
Specifically, for n =3 and 4, it was shown that the num-
ber of polynomials required to be checked the stability is
four and six, respectively, instead of eight (see TABLE I).
Further, the results on the stability of a diamond of poly-
nomials which was studied by Barmish et al.[2] were also

simplified for low-order polynomials.

TABLE I
The numbers of necssary vertex polynomials
‘ degree n necessary polynomials ‘ numbers
1 always stable 0
2 always stable 0
3 Pwi» (i=1,4,6,7) 4
4 Puwi, (1=1,3,4,5,6,7) 6
n>5 | puwi, (1=1,2,3,4,5,6,7,8) 8
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