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Abstract— This paper presents a control system for under-
actuated manipulators based on output feedback nonlinear
Hoo control, where only the position is available. Experi-
mental results are also presented.

I. INTRODUCTION

Parametric uncertainties and exogenous disturbances in-
crease the difficulty of reference tracking control for robotic
manipulators. Additionally, actuator fault can suddenly
occur during the manipulator control and, if the robot is
working in hazardous or unstructured environment, the
movement must be completed according to the manipu-
lator fault configuration. Among the actuator fault types,
the free torque fault, where the torque supply in the motor
of each joint breaks down suddenly, can turn the system
uncontrolled with the possibility of damage for the ma-
nipulator components. When a free torque fault occurs
the fully actuated manipulator changes to a underactuated
configuration. This kind of mechanical system, with less
actuators than degrees of freedom, is of interest of many
researchers [1], [2], [3], [4]. A control strategy for under-
actuated manipulator was first proposed in [1]. Following
that strategy, firstly all the passive joints (without actua-
tors) are controlled to the desired final position and then,
with the passive joints braked, the active ones (with actu-
ators) are controlled. In [2], three possibilities of selecting
the joints to be controlled in each phase are proposed. In
the above references, the control strategies were based on
state feedback control, positions and velocities. In this pa-
per, we apply the output feedback nonlinear H,, control
technique for underactuated manipulators, using only po-
sition measurements.

Nonlinear H., control consists in guarantee that the Lo
gain between the disturbance and the output be bounded
by an attenuation level . The development of the linear
parameter varying (LPV) technique, considered in this pa-
per, provides a systematic way to design controllers that
schedule on varying parameters of the system and satisfy
the L2 gain condition [6]. The nonlinear dynamics can be
represented as LPV system with the parameters as function
of the state, namely, quasi-LPV representation.

In most cases, when only the position is measured di-
rectly, the velocity signal is obtained via position deriva-
tive, and controllers based on state feedback are used. Also,
in most cases, it is need to use filters in this velocity to
avoid noises, that can generate delays. An output feedback

control system can be used in order to avoid this problem
since one can use only the available states in the synthesis
of the controller without affecting its performance. [5] and
[6] show methodologies to obtain such controllers for LPV
systems.

This paper is organized as follows: the output feedback
Hoo control via a quasi-LPV representation is presented
in Section II; in Section III, the quasi-LPV representation
of the underactuated manipulator is showed; and results
using this technique, and obtained from the experimental
manipulator UArm II, are presented in Section IV. We
denote C(R™, R™) as the set of continuously differentiable
functions that map 1™ to R™. The Euclidean norm of a
vector is denoted by ||.||, i.e., ||z]|* = 27z for z € R¥. The
notation Lo will be used for bounded energy signals, i.e.,

£5(0,T) = {w T ()2 dt < oo}.

II. OUTPUT FEEDBACK NONLINEAR H., CONTROL VIA
QUASI-LPV REPRESENTATION

In this section, the output feedback H,, control prob-
lem for LPV systems is presented. A parameter dependent
controller, that stabilizes the closed loop and guaranties
that the Lo gain between the disturbance and the output
be bounded by an attenuation level -, is considered. This
problem can also be defined for special LPV systems where
the parameters are some of the states of the system, named,
quasi-LPV systems. Consider the LPV system:

& = Alp(t))z + Bui(p(t))dy + Biz(p(t))dz + Ba(p(t))u
er = Cul(p(t))z+ Diii(p(t))di + Di112(p(t))dz
ez = Cua(p(t))z + Dui2i(p(t))dy + Diia(p(t))dz + u

y = Cap(t))z+ds (1)

where di € R"4, dy € R"42, e1 € R™! and ey € R"e2.
Assume that the underlying parameter p varies in the
allowable set

Fp={peC' (R",R™) :p(t) € P,|pi| <vs,i=1,...,m}
where P C ™ is a compact set and {v;}", are non-

negative numbers.
The system (1) has £ — gain < « if



/0 le(t)2 dt <+ / (o) |2 dt

for all T > 0 and all u € £2(0,T) with the system starting
from z(0) = 0.

Suppose a m-dimensional parameter dependente con-
troller Kp:

ir = Ax(p(t), p(t))xr + Br(p(t), p(t))y
u = Cr(pt),p(t))zr + Dr(p(t),pt))y  (2)

where p € F§ and z(t) € R™ is the controller state. Note
that the controller depends on p and p.

Defining x7,,(t) = [z7(t) 2 (t)], 7 (t) = [e{ () 3 (t)]
and d? = [d (t) d%(t)], then the closed loop LPV system
is given by:

d’f'clp = Aclp(p(t)7 p(t))xdp + Bclp(p(t)a p(t))d
e = Cup(p(t), p(t))zeip + Dap(p(t), p(t))d
where
A, — | AW+ Bap)Dr(p, p)C2(p)  B2(p)Cic(p: )
W = | B, () A (p, )
B, = | Bulp) Bualp)+ Ba(p)Dk(p,p)
Cp 0 Bk (p; p)
o Cui(p) 0
<P | Ci2(p) + Dk (p, £)C2(p)  Ckc(p: p)
D _ | Dun(p) Di112(p) }
<P | Dii21(p)  Diiza2(p) + Dk (p, p)

Lemma I1.1: [5] Given the open loop LPV system, Equa-
tion 1 and the performance level v > 0. If there exist an
integer m > 0, a function W € C* and continuous matrix
functions (Ax, Bk, Ck, Dk) such that W(p) > 0 and

E(p) W (p)Beip(p, ) v~ Ch,(p: B)
Bg;p(p7 )W(p) _Ind 7_1Dclp(paﬂ) <0
1Cclp(p’6) 7_1Dclp(p7ﬁ) _Ine

(3)
where

¢ oW
B(p) = A% (0, B)W (0) + W (p) Autp (0, ) + 3 (ﬁia_)
i=1 ¢
for all p € P and |8;] < v, ¢ = 1,---, s, then the closed
loop LPV system with the controller Kp defined in (2) is
stable and has Lo — gain < 7.

0O

To simplify the notation, denote:

{ D111.(p) } _ { D1111(p)

Di112(p) }
Di12.(p) Di121(p)

D1122(p)

Di111(p)

[ Di11(p) Di12(p) | = [ A Di112(p) }

D1122(p)

Theorem II.1 ([5]) Given the LPV system, Equation (1),
and the compact set P. A controller Kp will be found
if and only if there exist matrix functions X € C* and
Y € C®, such that for all p € P, X(p) >0, Y(p) > 0, and

>

[ (p) X(p)CHh(p) 7~ 'Blp)
Culp)X(p)  ~Ln, 7 'Dunlp) | <0, (4)
L v 'BT(p) 77D (p) I,
[ E(p) Y(p)Bh(p) v 1CT(p)
BL(p)Y(p)  —In, 7 'Diia(p) | <0, (5)
L 77 'Clp) v 'Dualp) —1In, A
X(p) '
[ Tll}n VY(/’) } =0 ©)
where
B(p) = _zi(wg-;f)m(mm
X(p)A(p)" — B2(p) B3 (p), (7)

= Alp) = B2(p)C12(p)
Bi(p) = B2(p)D112.(p)
A(p) = Bi2(p)Ca(p)
(p) = Ci(p) — Di1.2(p)Bz(p)
If the conditions are satisfied, then by continuity and
compactness, it is possible to perturb X(p) such that

the two LMIs (4 and 5) still hold and Q(p) = Y(p) —
72X ~1(p) > 0 uniformly on P. Define:
Q(p) = —Dua(p) — Duia1(p)[v*In,y —
B D{111(p)D1111] ™ D111 (p) Di11e,
Alp) = Alp) + B2(p)2p)C2(p),
Bi(p) = Bi(p)+ B2(p)p) D21,
Ci(p) C1(p) + D1292(p)Ca(p),
Dii(p) = Dii(p) + D12Q(p)Ca(p),
D (p) (In. *7721?11( )D11(p)]~
Di(p) = [Ln, =7 2Dii(p)Dui(p)] "
and
F(p) = —(D{3Dn(p)D12)~" * [(Ba(p)
+y72B1(p) D{,(p) Dn(p) D12)" X~ (p)
+D1,Da(p)C1(p)];
L(p) = —[Y~!p)(C () + 772Dy Dy(p) DT ( ) 1(p)”
+B1(p)Di(p) D31] * (D21De(p) D3y)
H.) = —X70)Ar(p) + AF()X ()
+3 1pz o +CT( )Cr(p)
+(X=(p)B1(p) + CE(p )D11(p))
*(y "2 — Dy (p )Du( )BT (p) X (p)
+D{1(p)Cr(p))];



with Ap(p) = A(p) + Ba(p)F(p) and Cr(p) = Ci(p) +
D13(p)F(p). Let:
M(p,p) = H(p,p)+F"(p)[BF (p)X~\( 12
Di2(p)F(p))] VZQ(p)(—Q‘lgp)Y(p)L(p)Dm

\
=
S
+
=

~
S
)
=N
]

A m-dimensional proper controller Kp that solve the
output feedback problem is given by:

Ak (p,p) = A(p) + Bap)F(p) +Q (p)Y (p)L(p)C2(p)
—2Q (p)M(p, p),

Bk(p) = —-Q ' (p)Y(p)L(p),

Ck(p) = Flp),

Di(p) = Q(p).

O

The proposed controller can be applied to a nonlinear
system represented in the quasi-LPV form:

it = A(p(z))z + Bii(p(z))di + Bi2(p(x))dz + Ba(p(x))u
er = Cu(p(@))z+ D (p(x))di + Dini2(p())dz
ez = Cu(p(a))z + Du2(p(x))di + Dirs2(p(x))dz +u

y = Cap(z))z +ds (9)

where the parameter p contains some of the state variables.

A practical scheme using basis functions for X (p) and
Y (p), and gridding the parameter set P was developed to
solve the constraints (4), (5) and (6). First choose a set of

C! functions {fl(p)}f\i1 as a basis for X (p)
M
X(p) = _ filp)X;
i=1

where X; € §™*" is the coefficient matrix for f;(p), and a
set of C* functions {gi(p)}?il as a basis for Y(p)

M
Y(p)=> gilp)Y:
=1

where Y; € S"*™ is the coefficient matrix for g;(p).

If the matrices X (p) and Y (p), as given above, are substi-
tuted in (4), (5) and (6), the constraint turn to a set of LMI
in terms of the matrix variables {Xi}?il and {}/i}?il when
the parameter p is fixed. To solve this infinite dimensional
optimization problem, we can grid the parameter set P in
L points {pk}le in each dimension. Since (4), (5) and (6)
consists of 2™+ 4+ 1 constraints, a total of (2m+1 + 1)L™
matrix inequalities in terms of the matrices X; and Y; have
to be solved.

There is no method known to find the basis functions for
the matrices X (p) and Y (p). The basis functions used in
Section IV where obtained by experimenting several func-
tions and choosing one that fits a solution.

The parameter set P was obtained using a developed
MatLab program that ask the boundary values and the
number of grids one wishes to use. This program is also
used to find the solution for (4), (5) and (6).

IIT. QUASI-LPV REPRESENTATION OF A
UNDERACTUATED MANIPULATOR

p) + DL(Ci(p)+ The dynamic equations of a robot manipulator can be

found by the Lagrange theory as

7= M(q)§+ C(g:4)q + F(4) + G(q) (10)
where ¢ € R"™ are the joint positions, M(q) € R™*" is the
symmetric positive definite inertia matrix, C(q, ¢) € R™**™
is the Coriolis and centripetal matrix, F(§) € R™ are the
frictional torques, G(q) € R™ are the gravitational torques
and 7 € R" are the applied torques. The parametric uncer-
tainty can be introduced dividing the parameter matrices
M(q), C(q,q), F(¢) and G(g) into a nominal and a per-
turbed part:

M(q) Mo(q) +AM(q)
F(q) = Fo(d)+AF(q)
)

Golq) + AG(q)

where My(q), Co(q,q), Fo(d) and Go(q) are the nominal
matrices, and AM(q), AC(q,q), AF(¢) and AG(q) are the
parametric uncertainties. A finite energy exogenous dis-
turbance, 74, can also be introduced. After these consider-
ations the Equation (10) becomes:

T+ 0 = Mo(q)§ + Co(q,q)q + Fo(q) + Golq) (11)

with
6 =—(AM(q)§ + AC(q,9)q + AF(q) + AG(q) — 7a)-

Underactuated robot manipulators are mechanical sys-
tems with less actuators than degrees of freedom. For this
reason, the control of the passive joints (joint without ac-
tuator) is made considering the dynamic coupling between
them and the active joints (with actuator). Here, we con-
sider that the passive joints have brakes. The strategy is
control all the passive joints to reach the desired position,
applying torques in the active ones, and then turn on the
brakes. After that, all the active joints are controlled by
themselves.

Consider a manipulator with n joints, of which n, are
passive and n, are active joints. It is known [1] that, using
breaks, no more than n, joints of the manipulator can be
controlled at every instant. Using this, we group the n,
joints being controlled in the vector ¢. € R™=. The remain-
ing joints are grouped in the vector ¢, € R"~"=. There are
three possibilities of forming the vector q. [2]:

1. g, contains only passive joints: when n, > n, and all
other passive joints, if any, are kept locked.

2. q. contains passive and active joints: all other passive
joints, if any, are kept locked.

3. g. contains active joints.

With these possibilities in mind we can define the control
strategy: first, choose the vector g. as the possibilities 1 or
2 (according to m,), until all passive joints have reached



the desired position; second, choose g, as the possibility 3
and control the active joints to the desired position.

The dynamic equation (11) can now be partitioned as:
Ta 60, _ q.r
o )-5]- I[% ]+

Oll?“ Ca (jr Fa Ga
T4 +
|: CU/I‘ CUC qC Fu Gu
where the indices a and u represent the active and free
(breaks not actioned) passive joints, respectively. Isolating

the vetor ¢, in the second line of (12) and substituting in
the first one, we have:

Mll’(‘ Mac
Mur MUC

(2}

| a2

Ta + 6 = Moge + Code + Doy + Fo + Go

with
Mo(q) = Mge— My My M,
Co(g.4) = Cac— Moy My 'Che
Do(q,4) = Cup — My M, Cy
Fo(q) = Fo—M,M,'F,
Golg) = Ga—M,M,'G,
5(q) = 0o — My M0,

The state is defined as:

de
Te = .
‘ { e }
Hence, a quasi-LPV representation of the underactuated
manipulator can be defined as follows

(13)

te = A(q, ¢)zc + B(q)u + B(q)d (14)

Ta — Do(q, ) (¢r — Go(q))-

To apply the technique described in Section II, the robot
manipulator has to be represented according to the Equa-
tion (9). Consider as system disturbances, the desired po-
sition, ¢?, and the combined torque disturbance, §, that is:
dy = qg and ds = §. The system outputs, e; and es, are the
position error, [¢¢ — ¢.], and control input, u, respectively.
The control output is the position error, y = [¢¢ — q.], since
we only have the position measure directly. Using these
definitions in (9), we avoid using the velocities of the joints
as a parameter, once we cannot measure them directly us-
ing the encoders available on the manipulator. Hence, the

robot system can be described by Equation (9) with:

A(p(ze)) = Alg)
Bii(p(ze)) = B(q)
Bia(p(zc)) = 0
By(p(z.)) = Bl(q)
Cu(p(ze) = [0 —1]
Cia(p(zc)) = 0
02(p(xc)) = [0 _I]
Das(p(ze)) = 0
Dini(p(ze)) = 0
Diia(p(ze)) = 1
Dii2i(p(xe)) = 0
Di122(p(xe)) = 0 ,
Dis(p(ze)) = [0 —1]
Dai(p(ze)) = [0 —1]

where the matrices A(g) and B(q) are obtained by Equa-
tion (14), with ¢ = 0.

IV. EXPERIMENTAL RESULTS

The proposed H, control was applied to our experimen-
tal underactuated manipulator UArm II (Underactuated
Arm II), designed and built by H. Ben Brown, Jr. of Pitts-
burgh, PA, USA (Fig. 1). This 3-link manipulator has
special-purpose joints containing each an actuator and a
brake, so that they can act as active or passive joints. The
manipulator configuration can be changed enabling or not
the DC motor of each joint. All possible configurations,
according to the active (A) and passive (P) joints location
in the arm, are accept: AAA, AAP, APA, PAA, APP and
PAP. For example, the configuration AAP means that the
joints 1 and 2 are active and 3 is passive.

Fig. 1.

Underactuated Arm II.

The manipulator’s kinematic and dynamic nominal pa-
rameters, which are used to calculate the nominal matrices
My(q), Co(q,q) (see Appendix) and Fp(q) , are shown in
Table I, where F; is the coefficient of a velocity-dependent
frictional term Fp(q).

The underactuated configuration used to validate the
proposed methodology was the APA configuration, i.e., the
joint 2 is passive and the joints 1 and 3 are actives. For
this configuration, two phases of control are necessary to



TABLE 1
ROBOT PARAMETERS.

1 m; Ii Li lci Fi
(kg) | (kgm?) | (m) [ (m) | (kem?/s)

11 0.850 | 0.0075 | 0.203 | 0.096 0.28
0.850 | 0.0075 | 0.203 | 0.096 0.18

31 0.625 | 0.0060 | 0.203 | 0.077 0.10

control all joints to the set-point, as showed in Section III.
In the first phase, ¢. = [g2]7, and, in the second one,
e = a1 g3]".

For the experiment, the initial position and the desired
final position were, respectively, ¢(0) = [0° 0° 0°]7 and
q(T',T?) = [20° 20° — 20°]7, where T* = [1.0] s and
T? = [5.0 5.0] s are the trajectory duration time for the
phases 1 and 2, respectively.

For the first phase, the parameters p chosen are the state
representing the position of the joint 2, i.e.:

pae)=[a ] .

The compact set , P, is defined as p € [0, 20]°. The
parameter variation rate is bounded by |p| < [60°/s]. Since
the value p cannot be measured directly, and H(p, p) has a
term that depends on it, the matrix X(p) will be defined
as a constant, leading the p dependency term to zero:

s .9x1 o
Zizl Piap - = 0.
The basis functions chosen are then:

fl(p(jc)) = L.

and
qp(c) = 1
g2(p(Zc)) = cos(q2)
93(p(Zc)) = sin(ge).

The parameter space was divided in L = 9. The best
level of attenuation found was v = 1.699.

For the second phase, the chosen parameters, that are
part of the state vector, were:

T
plze) =] a1 qs |

The compact set , P, is defined as p € [0, 20]° x
[0, 20]°/s. The parameter variation rate is bounded by
|p| < [60°/s 60°/s]. The basis functions chosen are:

fl (p(jc)) = 1

and
gi(p(Zc)) = 1
92(p(Zc)) = sin(qr) + cos(q1)
93(p(Zc)) = sin(qs) + cos(qs).
The parameter space was divided in I = 5 in each dimen-
sion. The best level of attenuation found was v = 2.052.
Experimental results of joint positions and applied
torques are showed in the Fig. 2 and 3, respectively. The
joint positions are represented by:
« Solid line - joint 1;
o Dashed line - joint 2;
« Dot line - joint 3.

20

10

o

Position(®)
A
S

|
N
o

-30}

3 4
Time (s)

Fig. 2. Joint position, quasi-LPV control, underactuated configura-
tion.

0.15

0.1

Torque (Nm)

4
Time (s)

Fig. 3. Applied torque, quasi-LPV control, underactuated configu-
ration.

V. CONCLUSION

An output feedback nonlinear H,, control methodology
is applied to an experimental underactuated manipulator.
Experimental results have showed that the proposed tech-
nique is efficient in the position control of the robot system
even though the velocity is not available for the controller.
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APPENDIX

The matrices M and C for this kind of manipulator are
given by:
My, My Mg
M= | My Mz Mos
Mz Msy  Mss

M11 — mllzl + m2(l% + lzz + 2l1l02608(q2)) +
m3(l% + l% + lgg + 2[112803((]2) + QZQZCSCOS((B)) +
2mglyle,cos(ga + q3) + Iy + I + I3

My = mo(l2 +2hle,c0s(q2)) +ms(l3 + 133 + l1lac0s(q2))
ma(l1lcscos(qe + q3) + 2lalc,c0s(g3)) + Iz + I3
Mz = I3+ mg(lg3 + Uil co8(qa + q3) + lalegcos(gs))
My = Mi2
Myy = I+ 13+ mg(l§2) +ma(l3 + lig + 2151, c08(g3))
Mys = I3+ mg(lg3 + lale,co8(q3))
M = Mg
Mszy = Mas
Mszz = I3+ mg(li)
and
Ci1 Ci2 Ci3
C=| Ca Cz (O3
Cs1 Csz Cs
Ci1 = —[(malile,sin(ge) + mslilasin(ge) +
malile,sin(qz + q3))g2 + (malile,sin(qe + q3) +
malale, sin(qs))qs)
Cia = —[(malile,sin(ge) + mslilasin(ge) +

malile,sin(qz + q3)) (g1 + g2) +
(mslile,sin(qa + g3) + mslalc, sin(gs))gs]

Cis = —[(malile,sin(gz + 03) + mslole, sin(0s))
(41 + g2 + ¢3)]

Cyr = (malyle,sin(qe) + mslilysin(gs) +
m3lile,sin(qz + q3))qr — mslale, sin(qs)gs

Coy = —maslale,sin(qs)gs

Cos = —malale,sin(qs) (g1 + g2 + G3)

Cs1 = (malilesin(ge + g3) + malale, sin(gs))g1 +
mslale, sin(qs)gs

Cp = mlaleysin(as)(dr + do)

C33 = 07

where mg, l;, lc,, I;, ¢g; and ¢;, is the mass, the length, the
center of mass, the inertia momentum, the angular position
and the angular velocity of the i-link, respectively.
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