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Abstract— The paper tackles the design and analysis of a
learning gradient-type strategy for N -person averaged con-
strained game with incomplete information. Each player is
modelled by a stochastic variable-structure learning automa-
ton (asimplest single state Markov Chain). Using the joint
payox function”, the considered game problem is formulated
in terms of, so-called, counter-coalition variables. A special
6-regularization is introduced. Such approach does not re-
quire the diagonal concavity” conditions to guarantee the
uniqueness of the Nash equilibrium. The asymptotic con-
vergence of the suggested learning procedure is analyzed.

Keywords— Reinforcement learning, Repeated game, Nash
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. Introduction

Games theory dealing with data of stochastic nature (or,
with imperfect information) has seen a tremendous growth
in the last decades. Two models of players are more fre-
quently considered in the literature: dynamic and static
models. The ..rst ones are given by a Markov chain char-
acterized by sets (may be, ..nite or in..nite) of states and
actions (several actions are allowed to be applied at each
state) with the corresponding transition (in general, prob-
abilistic) rules. The second ones (static models) represent
the simplest case of a ..nite Markov chain with a single
state, that is, there are not any internal dynamic ecects
and the only actions selected by the participants are re-
sponsible for the further behavior of each player; last mod-
els are considered within the Learning Automata paradigm
[8], [6], [3] and [4]. In this paper the simplest static player
models will be considered.

A. Motivation

A few papers and rigorous results, dealing with learning
(for static or dynamic players model) in constrained re-
peated stochastic games, are actually known. The funda-
mental paper of Rosen [9] concerns the uniqueness problem
for Nash equilibrium but with no stochastic in the model.
Several games with learning were considered by Lakshmi-
varahan [2] and by Narendra and Thathachar [6], but there
were no studies of constraint game situations. The spread-

ing of the Rosen’s ideas to the class of strictly diagonal
concave games with reinforcement automata learning was
realized by Nazin and Poznyak in [7] (see, also [8]). The
”strict convexity condition” (see also [9]) is also required
that restricts signi..cantly the areas of possible applica-
tions. Recently, the results dealing with learning to such
sort of game have been published by Poznyak and Najim
[5] where the Bush-Mosteller reinforcement technique was
applied. But this paper also requires the restricting ”strict
convexity condition”.

The rigorous description of the class of the repeated games
having non unique equilibrium points as well as the analysis
of the convergence and rate of learning for dicerent rein-
forcement schemes still practically stay open that serves a
lot for the motivation of this study.

B. Discussion of basic assumptions and restrictions

The most important assumptions (and, as the result, re-
strictions) concerning the considered game are as follows:
« this is the multi-person repeated game where the behav-
ior of each player is the static model given by the sim-
plest single-state Markov Chain, or, a ..nite state automa-
ton with “time-variable structure” (at each stage of the
game the distribution of the selected control actions can
vary according to a reinforcement procedure);

« if some controls are realized by players at a current stage,
then each participant immediately get the information on
the realized values of his payoo and constraint functions
which are individual for each player. The necessary in-
formation (realizations of both payoss and constraints) is
obtained during the course of the game. These realized pay-
owos and constraints (below called realizations™) are ran-
dom variables (non obligatory binary) having constant ..rst
(conditional) moments which are assumed to be a priori
unknown as well as uniformly bounded second conditional
moment. In other words, the game is one of incomplete
information.

« each player has his own set of constraints (constraint
functions) which may be dependent on the selected con-
trol actions of other participants (the strategic interdepen-



dence);

« all participants accept some sort of agreement to use the
same reinforcement learning procedure (in this case the sto-
chastic pseudo-gradient scheme) and not to change it to
another one during all long-range time of the game. Any
other ”cooperations” during the game are prohibited. Only
the parameters of this procedure can be modi..ed by player
during the game, but not the ..xed structure of the rein-
forcement procedure.

C. Main Contribution

Briety, the basic contributions of this paper can be sum-
marized as follows:

« using the “joint payor function”, the given game prob-
lem is formulated in terms of, so-called, “counter-coalition
variables” that signi..cantly simpli..es the problem descrip-
tion making it linear with respect to these variables;

« for each player the suggested pseudo-gradient reinforce-
ment procedure, based on Lagrange multipliers and an ap-
propriate regularization, is shown to be oriented to obtain
the optimal response (in average sense) within the given
constraints;

« this learning tactics is proven to lead to the unique Nash
equilibrium point corresponding to the “extended adjusted
vector” with a minimal norm;

« any "Strictly Diagonal Conditions”, commonly supposed
in the ..nite game theory, do not required,;

« based on the stochastic approximation technique (the
Robbins- Siegmund theorem), the convergence (with prob-
ability one and in mean square sense) of the considered
learning procedure to the Nash equilibrium is stated and
the rate of learning is also estimated.

Il. N-person Repeated Constraint Game

Let (2, F, P) be a probability space, where Q is the sam-
ple space, F' a minimal o-algebra of subsets of 2, and P
a probability measure on (€2, F)). The symbol w denotes
the canonical point (event) in 2. All subsequent random
variables will be de..ned in this space.

A. Player model as Learning Automaton

Each player is modelled by a stochastic variable-structure
learning automaton which consists of a simple Markov
chain containing only one state (memoryless or static sys-
tem) [3] and [4]. A stochastic automaton operating in a
random environment (medium) is an adaptive discrete ma-

chine described by a collection {E, Uk, {551} RETS {p’;}}
where Z is the automaton input bounded set, U* de-
notes the set {u*(1),u*(2),....,u*(N})} (k=1,N) of ac-
tions of the player (automaton), nkte} is a se-
quence of the k-player (automaton) inputs (payoes and
(hsni) € = 1 = T) provided by
the game mechanism in a binary (P-model environment)
or continuous (S-model environment) form, {u*} is a

sequence of the k-player (automaton) outputs (actions)
and pf = [pF(1),p5(2),....pE(Ny)]" is the conditional

constrains

that is, pF(i) =

(i) ) Fr-1}, an(z = 1Here F, =

(u17p17§1: klk7 ey n:p'rmgnanfl:zlk) IS the minimal o-
algebra generated by the corresponding events (F,, C F).

probability distribution at time n,
P {w c0: uk

B. How game is played

This game is played in the following way. According to
the probability distributions (mixed strategy) p*, at each
stage n, simultaneously and independently (we consider a
non-cooperative game in which each player has only its own
payo® realization ¢ = ¢* (w) and the realizations 7%/» =
nkle (w) of the constraints), each player chooses randomly
an action, for instance u* (i) (i = 1, Ny, k= 1,N):

€ = ¢ (wik = (i), k=T N
nk=(nht, o Me)T gkl =phle (w;uk=u® (iy,))

The k" random component g‘ represents the payo= (Borel
function) earned by the k" player, and n** is the random
realization of the [,-th constraint for this player. To obtain
reasonable generality without excessive com plexity, the fol-
lowing assumptions will be in force throughout this paper:
(A1) The conditional expectations of ¢* and n* are in-
dependent of the history of the game (the game rules are
assumed to be unchangeable):

B{eh |u k(ik)/\Fnlk:_N}:s ii
E{n“’*\u =uF (ig) ANFpoy k=1,N} =

(A2) For any realized actions u* at current stage n of the
play, the second absolute moments of &8 and n*!* are uni-
formly (on w and n) bounded with probablllty one, that

2
E{‘fk (wiuk = (iy) k=1 N)‘ | Frm1,
k’ZI,_N} aSS Uzk, < o0 )
E{’nk’lk (wiuf=u" (i) , k=1 N)‘ | Fr_1,

+
Tkl <

where |-| stands for the absolute value. For each player the
average payor and constrains form the collection of M +1
tensors

Vk:[vii ..... iN] (Zk:laNk:kzl
Wk’,lk —

which are assumed to be a priori unknown. Then each
player changes his mixed strategy according to the ac-

k
cepted reinforcement 7' : (p’; Iy pr_I) trying for large n

to maximize his individual averaged payos lim inf ®* where
Pr.=p~1 Z §f’ maintaining (with probability one) the con-
t=

straints liminf Wkr < phile Wkl =p~1 Z it

n—0o0 t=1



De..nition 1: At stage n, for the k** player of the consid-
ered game, and for any F, _;-measurable conditional prob-
ability distribution (p., ..., pY), the Borel function

N, Ny N

Z ’ Z /Uilglv--",iN prL (ZS)

VE (pl, ., pY) =

11=1 in=1 s=1
are said to be the expected payo=, and
Ny N
kdy, (1 k,lk s /s
W k (pna'apn Z Z 117_]‘._71‘,1\, Hpn (ZS)
11=1 in=1 s=1

corresponds to the expected constraints.
De..ne also the averaged expected payoa and constraints as
follows:

VE =0t S VE (ol pl)
t=1

n
Whik .= p—1 21 Whilk (p%, .,pgv)
t=

The following lemma (see [5]) states the asymptotic
equivalence between (&, Wix) and (V.*, Whir),

Lemma 1: Under the condition A1l for any conditional
distributions {p},...,pY } it follows

k as. vk -3 k as. 7kl -
®F ="Vr:+o, (n 2),\1171 = Wi +o, (n 2)

I1l. Mixed Strategies and Nash Equilibrium
A. Randomized strategies

The randomized (or mixed) strategy of the k' player is
any sequence D" of vectors {p*} (k=1,N) with F,_,-
measurable components belonging to the simplex Sivko,
that is,

N,
pf; S Sgkk:o =

Ng
{piz € RM Lk (i) > & > 0,3 ph (i) = 1}
=1

s . =1 —N .
De..nition 2: The strategies D , ..., D are said tobe the
non-cooperative equilibrium strategies (in the Nash
sense) if

1) they are admissible, that is, min_liminfI¥ .=

p3,s=1,N n—00

) < b5 for any k = LN, Iy = 1, My,

W (_Dl, .. D"
where bk € R are a priori given;
2) for any integer & and any admissible strategy D*

vk (51,...,5N) = min limiannk
) . Py ,s= 12\/ n—00 (3)
Sy (Dl,...,D DD +1,...,DN)

where the minimization is done over all the initial proba-
bility distributions pj,s =1, N.

B. Equilibrium within the subclass of stationary mixed
strategies

Consider now the subclass of stationary mixed strategies
DF = {p¥} (k=1,N).

De..nition 3: The point (p',...,p") is said to be an
equilibrium point [10] of the given N-person game within
the class of stationary strategies if

ka(ﬁ ...,ﬁNk) =
max V(P pt, )
M,
= S ﬂ {pF: whs (54, pF,., ) < bR}

foreach k =1, N
At this point no player can increase his payo= by a unilat-
eral change in his strategy.

Remark 1: The set of all equilibrium strategies D
(k = 1,N) contains (see [5]) the subset of admis-
sible stationary strategies{?;"’}realizing theinequali-
ties V¥ (p',..pYN) > VF@L..pF L, pF, pFLLpY),
Wk (Bt pY) < b (k=1,N,1,=1,M,) for any p* €
ShE

ef=0

IV. Game as Reinforcement: Problem Setting

Now we are ready to formulate the N-person repeated con-
strained game problem with a priori unknown average pay-
ozs and constrains: based on current information, generate
randomized (mixed) admissible strategies {p*} (k =1, N)
in order to achieve a Nash equilibrium realizable within the
subclass of stationary strategies.

To achieve this objective, ..rst emphasize the following
fact. According to Nash theorem [10], the set of ad-
missible stationary distributions (p!,...,p"), may con-
tain more than one element. As it is shown in [9]
that if an admissible mixed strategy D* (k =1,N) con-

verges to such probability distribution (p',...,p"), that
N

is, limsupnTE{Z ||p§-ﬁ’“”2}<oo for some 7 > 0, or,
n— oo k=1

in another words, the strategy D* (k :L_N) is asymp-
totically stationary realizing a Nash equilibrium, then
the associated random functions ®* and W*!x also con-
verge (with the same rate) to the corresponding aver-
age values V* (p',..,p") and Wk (p',..,p") respec-

tively, that is, hmsupnTE{ > ‘Q)"“ -yk (p , ,pN)|2}<oo

n—oo

,ﬁN)IQ <00.

So, if we construct an asymptotically stationary mixed
strategy {pf} converging to a stationary distribution
(p',...,p") realizing a Nash equilibrium, we will be able
to attain the main aim of the game. Butto do it in a rigor-
ous manner, ..rst, the questions related to the existence and
the uniqueness of the Nash equilibrium (within stationary
strategies) should be resolved. Talking on the uniqueness

n—oo

and limsupnTE{ Z ’\I/Z’“C-VV]‘“”C (2_91,...
k=1



of the ..nite matrix games, one can consider the uniqueness
of the optimal policy for each player, and the uniqueness
of the Nash equilibrium point.

As itis shown by Rosen [9], the non-uniqueness of the Nash
equilibrium points cannot be oaset by a small regulariza-
tion (perturbation) term. The condition for the uniqueness
of equilibria are known as ’strict diagonal concavity”. As it
was shown in [8] and [5], if the given (nonregularized) ma-
trix game is ”diagonal concave”, then the corresponding
regularized game turns out to be strictly diagonal concave
that, by Rosen”s theorem (the theorem 2 in [9]), implies
the uniqueness of the equilibria policy. But in this pa-
per we suggest another approach which does not requires
the ”diagonal concavity condition”, but demands the repre-
sentation of the initial problem in new (counter-coalition)
variables with some additional regularization.

V. Equivalent counter-coalition variables
representation
A. Joint Payor= Function and Nash Equilibrium

Following the approach presented in [9], let us introduce
the joint payor function p (p, ¢) de..ned as

N
p(pq):= > VE(ph..pFt, gk, phtt,  pN) =
k=1 N ) (4)
> VE (p’“,q’”)
k=1
for any (p,q) € (S x @) x (S x Q) where:
R N1 N2 NN R
k k k) _— k k _k
VE(R g ) =30 S v el
n=1j2=1 jn=1
with
N ~ ~ N
k 3 k s N
p() = pj1,...,jk71,jk+1 ..... JN :pJE = 9111:£7£kpjs SV
N -
where Nj:= IH#NS being referred to as the extended
s=1,s

counter coalition vector.
Example 1: For a three player game with two action for
each one we have for player one

p* = (pip}.pivd.p3pt.p3nd)"
Using Kakutani’s ..xed point theorem, Rosen proved the
following important result [9], that any N-person ma-
trix game with constraints has an equilibrium point p* €

RN (RF = RM x RM2 x ... x RNN>, in Nash sense (see
De..nition 3), satisfying

* * — * 5
p(@*,p") qrensang(p .q) (5)

where @ C RF de..ned as
Q:le N QN; Qk:sz,l N Qk,Mk
Qb= {pe RN | k=L N, UL,=1M, WHik (p)
N1 NN

N

— k,l 1

=D X ley-l?wjzv I p}i = bk’lk}
i=1

ji=1 jN=1

(6

The constraints (6) can be written as

pkl’TWkapk - bk’lk <0, (k = 17N7 ly = 1, Mk)

where the matrix W """ is given by W"" = [wf%ljk . The
index j, of the actions of player & grows in the columns
and the combination of indexes j; of the counter coalition

grows in the rows of Wk’l’“, or, in an equivalent form,
Wk,lk (pk7pﬁ) :pk,T ((Wklk)T _bk,zklk) p% (pk) <0

where 1k is a matrix of ones of size N, by N where Ny =
N
IT N
i=1,i#k
Assumption A3: We will assume that the Slater’s condi-
tion hold, that is, there exist pairs (;‘5’“,;5%) e SNk x SNk
such that

T (ﬁk’ﬁ%> <0
forall k =1, N.

B. Criterion of Nash-equilibrium using counter-coalition
variables

.=k . —k
De..ne the matrices V' given by V' = {Vj’ik]k} where the
index j, of the actions of player £ grows in the columns
and the combination of indexes j; of the counter coalition

grows in the rows of 1_/k and

My
wh (ﬂk) - Zﬁﬁwk’l"’; Whibe — R pdegler

le=1

The following theorem represents the criterion of a Nash-
equilibrium (see [1]).

Theorem 1: A necessary and suCcient condition that
p* be a Nash equilibrium point is that the collection
(p*,a*,3",t*) is the solution of the following bilinear pro-
graming problem

_ . max
pFeR" % ok theR,BF e RMk
subject to

The following property holds: I_T(t*,a*) =0.



VI. Learning Algorithm

A. Regularization, Lagrange multipliers and projection
gradient procedure: the complete information case

Using the Lagrange approach de..ne the é-regularized La-
grangian as:

N N
L6 (1/)\7 avtvﬁv )‘ou >\t7)\ﬁ) = Z tk- Zak
k=1 k=1

-;im e

ﬂk>) pﬁ_'_tkek}

k=1
2 2 2
k k k
— max min
-~ N ) kE \k 2K Ny,
pFes Fak theRr preRMr A Ap s € R
n

In the case when the complete information on the expected
payoss and constraints is available, then the gradient-like
technique may be applied to attain the equilibrium point:

Phis =7 v {ph 492V, L5, ()]

o = ok AV LE ()
th =1t +4 ViLE ()
Bhiy = {5 +Yn VﬁkLk ()Lr

AL |:A(];n - %{‘VA{;L}gn (')L ©

an+l —
)‘t ntl = {)\f,n - VﬁthkLkn ()}+

)\A
Arss(n+1) = { pia(n) ="V Ly, (')L
k = 17N, n=12..

where

ngn () = ngn (Z/)\m (a9 A )‘a,na )‘t,m Aﬁn)

and T Ny {-} is the projection operator to the simplex set
ek

ng and [],

meters of this procedure satisfy

is the positive part” operator. If the para-

0< v%,én,ei —0

o0
6n:oo,z,%n<oo

n=1

>

n=1
(ky is de..ned by (12)), it provides the convergence of the
estimates p;";’ to the corresponding unique equilibrium strat-
egyﬁT (9) ,...,FQ (¥) having the minimal norm over all pos-
sible equilibrium points.

B. Stochastic approximation approach and the “measure
keeping problem”: incomplete information case

When we deal with incomplete information case, that is,
the only current realizations of payosn 5’; and constraints
nkx are available, the ”stochastic approximation” version
of the procedure (9) can be applied (see, for example,
[4]) where instead of Vp;CL’gn (), VaﬁL’gn (-), Ve LE (),
Vﬁkng’n (), V/\(k;ngn (), V/\icng’n (), and V)\gLZn () their
estimates using the current realizations are implemented.
Such procedure is known as the ”reinforcement learning al-
gorithm” and can be realized by dicerent ways ( with dif-
ferent estimates in the use). Below, we present the concrete
learning procedure which is based on Learning Automata
concept [3], [4].

C. Pseudo-gradient reinforcement with Lagrange multipli-
ers adjustment

The pseudo-gradient reinforcement scheme presented in
will be applied hereafter to design a new learning algo-
rithm for N-person constrained repeated games in terms of
the complemented variables with unknown expected pay-
oo and constraints. In fact, we assume that after each
stage, the payox to each player as well as the constraints
are random variables. No information concerning the dis-
tribution of the payo= and constraints is a priori available.
The necessary information is obtained during the course of
the game.

Learning control is an iteration process involving an adap-
tation at each stage (time step). We now present the “four-
step” recursive algorithm.

Step 1. On the basis of the available data

ub = Wb (i), fnynfllk,pn(pn (ig) > ¥ >0)
k k k
>\tn’/\o¢n’)‘pr5n

built the following functions for k=1, N, n=1,2,...

(fn Zﬁzknﬁlk)
Ikk( ® k) y

R (vp’:L]gn ()) = N Uy Uy,
1I S (7,8
NN (uy,
k \k N N '
(At_)‘a) + > > > MUY NG Snpyy
i=1,itkr=1,r#is=1,s#r,i ’
R(VaeLk () = =1+ MoTek —5,ak
k k
R(VoLE, ), = (3 %)
ko .
el G CURT) Y RS
p* (u})



koL g
€k 3 ol
R (vAgL’gn (-)) = - X

ﬁ PO
S S
s=1,s#k p (u")
% r - k,T
(I’“’C (ufﬂuk>> pr 4+ akel + 5,,,)\(1’7”

R(VuLE () =1=AT ek — 6,k

( Zﬂk klk>

R (WL’“" (-)) = = x
I S (9,8
s=1,s#k p (u )
(I%’k (uZ LLk))Tp7€ —thek 4 5, \NET

LE () = MBS = M7 74 6,0

R (sz .
P78

(10)

Step 2. Update the probability distributions p’;;H and
the Lagrange multipliers X,,.; using the following iterative

schemes:

B
pn+17ﬂ-

L0)}

wi {vh IR (V04

n+1 an +7nR (vakLé ())
tnk+1 - tk + WnR (vtkL ( ))
ﬁ7z+1 ﬁn + ’yn (kaLkn ())

= o sR (Tt )
o= ) R (Tt )

A
s 7 8,n+1
3 s+ D= M ()R (Vvs,f,gL?n ),
k: ]_’N, n = 1723"'

+
/\a,n+1

(11)
where if u"=u" (j;,) and u*=u* ( +) then Irk (u uk) =

[66.00)] € RYXNE with 6, ) = 1if i = jg and ix = jiy

+
and 8; ., =0 otherwise. The operator [y13"+1 is de..ned
as follows:

-+ y ify € [0,/\n+1}
[y}o'”rl = +1 if y > A"
0ify<o0

n+1

Step 3. According to Pr{uf , =" (i) | F,}=pk,, (i)
generate randomly (for each player) new dlscrete random
variables v, as in learning stochastic automata imple—

mentation, and get a new observations (realizations) ¢*

k,ly,
and nn+1

reactions.
Step 4. Return to Step 1.

n+1
that corresponds to the environment vector-

VIl. Convergence Analysis
A. Main theorem on the convergence with probability one

Theorem 2 (convergence with probab one) Suppose that
assumptions Al- A2 hold for the learning reinforcement
procedure (10)-(11) and the given game is diagonal con-
vex. In addition, assume that:

. there exist the following nonnegative sequences {12 }

{m (s (3 ey Oy {7} (6 and (<)

such that

777,)777,77717777,5777 7777, 7771 lo 6 € (0 6+)767;\;L 0
Y=oy =, = st =e Tt =e 0 =0 o

ke (0,@) ,ek o, limnsup%: < 00

2. the updating factors 72, 7%, 74, 72, vie, v, va?
e} e o0 —~ _
satisfy - 406, = oo and 37 [¢n+ﬁi (¥h6n) 1] <

n=1 n=1

where

Rp 1= Cl ||E7;+1 || + 02 ‘6”""1
+Cs ||€n+1 n+1 ké" ||

Sl (1)

N
¢, = rz +C3 Z (12)* +2Cakn Z w
k

w20 (2)° [(6 A (oﬁ)z}
—5—2\/_%/@'” (6N + of{)
Then the mixed strategies of the players ensure the conver-

gence of the game to the equilibrium point with probability
one, that is,

~ ~ 2
k -k (k
pn+1'p (571+175n+1)H

|

k=1
s Gt Susn)[12) 50

VIII.

This paper was concerned with the development of a new
learning algorithm for N-person constrained repeated game
with unknown expected payo= and constraints. Based on
Lyapunov approach and martingale theory, the conver-
gence with probability one has been stated. Simulations
results justifying this approach are available.

Conclusion
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