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Abstract

One of the main practical problems on dexterous ro-

bots is the complexity of integrating a large amount

of sensors within a small robot architecture. In this

paper, some experimental results on the control of co-

operative robots without using velocity measurements

are shown.
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I. INTRODUCTION

Dexterity is one of the most desirable behaviors a

robot should be asked to have. This property can be

achieved through a robot hand with a combination of

good performance between position and force control.

Thus, robot hands (as well as cooperative robots), may

find many areas of application nowadays [1]. For ex-

ample, today’s industrial robots are characterized by

a limited number of specific applications, so that “tra-

ditional robotics” requires extending actual industrial

robot capabilities. Also, there is a constant interest

towards prosthetic devices for humans who have lost

their limb. Finally, dexterous tele robotics is an actual

desirable technology application.

Early attempts to establish a relationship between

the automatic control of robots carrying out a shared

task are referred to Kathib’s operational space formu-

lation [2]. During the 1980’s, the most important re-

search results considered the contact evolution during

manipulation [3]. Such a contact evolution requires

a perfect combination of position and force control.

Some of the first approaches following the objective

of combining position and force control are presented

in [4], [5]. In those works, the dynamics of the object

is taken into account explicitly. In [6], [7], [8], control

schemes which do not take into account the dynamics

of the object but rather the motion constraints are de-

signed. These control approaches have the advantage

that they do not required an exact knowledge of the

system model parameters, since an adaptive approach

is introduced. More recently, Shlegl et al. shows some

advances on hybrid (in terms of a combination of con-

tinuous and discrete systems) control approaches [9].

However, despite the fact that Mason proposed the

base of sensor–less manipulation in the 1980’s [10],

there are few control algorithms for cooperative ro-

bot systems which take into account the possible lack

of velocity measurements. In [11], an observer is in-

troduced. On the other hand, there are relatively few

works where the implementation of the different con-

trol algorithms is carried out. In this paper we show

some experimental outcomes by using the theory pre-

sented in [11].

The paper is organized as follows. In Section II, the

system model and its properties are presented. Sec-

tion III recalls the proposed control and observer law

given in [11], while Section IV shows the experimental

results. Conclusions are drawn in Section V.
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II. System model and properties

Consider a cooperative system with l–fingers, each

of them with ni degrees of freedom and mi constraints

arising from the contact with an object held by the

fingers. Then, the total number of degrees of freedom

is given by n =
l

∑

1

ni and m =
l

∑

1

mi, ni > mi. The

dynamics of the i–th finger is given by [8]

Hi(qi)q̈i + Ci(qi, q̇i)q̇i + Diq̇i + gi(qi) (1)

= τ i + JT
ϕi

(qi)λi,

where qi ∈ R
ni is the vector of generalized joint co-

ordinates, Hi(qi) ∈ R
ni×ni is the symmetric positive

definite inertia matrix, Ci(qi, q̇i)q̇i ∈ R
ni is the vec-

tor of Coriolis and centrifugal torques, gi(qi) ∈ R
ni

is the vector of gravitational torques, Di ∈ R
ni×ni is

the positive semidefinite diagonal matrix accounting

for joint viscous friction coefficients, τ i ∈ R
ni is the

vector of torques acting at the joints, and λi ∈ R
mi

is the vector of Lagrange multipliers (physically repre-

sents the force applied at the contact point). Jϕi
(qi) =

∇ϕi(qi) ∈ R
mi×ni is an orthonormal matrix, assumed

to be of full rank in this paper. ∇ϕi(qi) denotes the

gradient of the object surface vector ϕi ∈ R
mi which

maps a vector onto the normal plane at the tangent

plane that arises at the contact point described by

ϕi(qi) = 0. (2)

Note that equation (2) means that homogeneous con-

straints are being considered [8]. The complete system

is subject to m holonomic constraints given by

ϕ(q) = 0, (3)

where ϕ(q) = ϕ(q1, . . . , ql) ∈ R
m. This means that

the object being manipulated and the environment are

modeled by the constraints (3).

Let us denote the largest (smallest) eigenvalue of a

matrix by λmax(·) (λmin(·)). The norm of an n × 1

vector x is defined by ‖x‖ 4
=

√
xTx, while the norm

of an m × n matrix A is the corresponding induced

norm ‖A‖ 4
=

√

λmax(A
TA). By recalling that revo-

lute joints are considered, the following property can

be established [7], [8]:

Property II.1: The vector q̇i can be written as

q̇i = q̇i +
(

J+
ϕi

Jϕi
q̇i − J+

ϕi
Jϕi

q̇i

)

(4)

=
(

Ini×ni
− J+

ϕi
Jϕi

)

q̇i + J+
ϕi

Jϕi
q̇i

4
= Qi(qi)q̇i + J+

ϕi
(qi)ṗi,

where J+
ϕi

= JT
ϕi

(

Jϕi
JT

ϕi

)−1

∈ R
ni×mi stands for

the Penrose’s pseudo inverse and Qi ∈ R
ni×ni sat-

isfies rank(Qi) = ni − mi. These two matrices are

orthogonal, i.e. QiJ
+
ϕi

= O (and QiJ
T
ϕi

= O).

ṗi = Jϕi
q̇i ∈ R

mi is the so called constrained velocity.

Furthermore, in view of constraint (3), it holds

l
∑

i=1

ṗi = 0 and

l
∑

i=1

pi =

l
∑

i=1

∫ t

0

Jϕi
q̇idt = 0. (5)

Since homogeneous constraints are being considered, it

also holds in view of (2) that

ṗi = 0 and pi = 0, (6)

for i = 1, . . . , l. pi is called the constrained position.
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III. Control with velocity estimation

In this section, the control and observer scheme for

cooperative systems presented in [11] are written down.

Consider model (1) and define the tracking and obser-

vation errors as q̃i

4
= qi − qdi, zi

4
= qi − q̂i, where

qdi is a desired smooth bounded trajectory satisfying

constraint (2), and (̂·) represents the estimated value

of (·). Other error definitions are ∆pi

4
= pi − pdi,

∆λi
4
= λi − λdi, where pdi is the desired constrained

position which satisfies (6). λdi is the desired force to

be applied by each finger on the constrained surface.

Other useful definitions are

q̇ri

4
= Qi(qi) (q̇di −Λi (q̂i − qdi)) (7)

+ J+
ϕi

(qi) (ṗdi − βi∆pi + ξi∆F i)

si
4
= q̇i − q̇ri (8)

= Qi(qi)
(

˙̃qi + Λi (q̂i − qdi)
)

+ J+
ϕi

(qi) (∆ṗi + βi∆pi − ξi∆F i) (9)

∆F i
4
=

∫ t

0

∆λi(ϑ)dϑ (10)

where Λi ∈ R
ni×ni , ξi ∈ R

mi×mi are diagonal positive

definite matrices, and βi is a positive constant. Let us

define

¨̂qri

4
=

˙̂
Qi(qi) (q̇di − Λi (q̂i − qdi)) (11)

+
˙̂
J

+

ϕi
(qi) (ṗdi − βi∆pi + ξi∆F i)
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+ Qi(qi)
(

q̈di − Λi

(

˙̂qi − q̇di

))

+ J+
ϕi

(qi) (p̈di − βi (Jϕi
(qi)q̇oi − ṗdi) + ξi∆λi) ,

where
˙̂
Qi(qi) and

˙̂
J

+

ϕi
(qi) are given in [11]. The pro-

posed controller is then given for each single robot by

τ i
4
= Hi(qi)

¨̂qri + Ci(qi, q̇ri)q̇ri (12)

+ Diq̇ri
+ gi(qi)

− KRi
(q̇oi − q̇ri) − JT

ϕi
(qi) (λdi − kFi∆F i) ,

where KRi ∈ R
ni×ni is a diagonal positive definite

matrix and kFi is a positive constant.

The proposed dynamics of the observer is given by

˙̂qi = ˙̂qoi + Λizi + kdizi (13)

¨̂qoi = ¨̂qri + kdiΛizi (14)

+ H−1
i (qi)J

T
ϕi

(qi) (∆λi + kFi∆F i) ,

where kdi is a positive constant. Then, gains can be

found such that

lim
t→∞

˙̃qi = 0 lim
t→∞

q̃i = 0 lim
t→∞

żi = 0 (15)

lim
t→∞

zi = 0 lim
t→∞

∆λi = 0. (16)

The proof of this statement, together with the con-

ditions necessary to guarantee stability, can be found

in [11].

IV. EXPERIMENTAL RESULTS

In this section, the experimental results are pre-

sented. To this end, a test bed with two industrial

robots is used (Figure 1). The robots are at the Labo-

ratory for Robotics of the National University of Mex-

ico. They are the A465 and A255 of CRS Robotics.

Even though the first one has six degrees of freedom

and the second one five, only the first three joints of

each robot are used for the experiments, while the rest

of them are mechanically braked. Each joint is actu-

ated by a CD motor. Thus, in order to implement

control law (12) and observer (13)–(14), the motors

dynamics has to be taken into account. Furthermore,

as it may be appreciated in Figure 1, only the robot

A465 has a force sensor. For this reason, the trajecto-

ries to be followed must be relative simple, so that the

single measurements of the single force sensor can be

used for the two manipulators.

The palm frame of the whole system is at the base

of the robot A465, with its x–axis pointing towards

the other manipulator. If the task consists in lifting

the object and pushing with a desired force, then the

constraints in Cartesian coordinates are simply given

by

ϕi = xi − bi = 0, (17)

for i = 1, 2 and bi a positive constant. The desired

trajectories are given

xd1 = 0.626[m] xd2 = 0.936[m] (18)

yd1,2 = 0.05 sin(ω(t − ti))[m] (19)

zd1,2 = (0.585 + 0.05 cos(ω(t − ti)) − 0.05)[m].(20)

Note that the inverse kinematics of the manipulators

has to be employed to compute qdi, for i = 1, 2. These

trajectories are valid from an initial time ti to a final

time tf , while ω is a fifth order polynomial designed

to satisfy ω(ti) = ω(tf) = 0. Also, the derivatives of

ω are zero at ti and tf . By choosing (18)–(19), the

robots will make a circle in the y–z plane. Note that

the only difference between the trajectories for robots

A465 and A255 is the width of the object. Also, no

force control is carried until the manipulators are in the

initial position for the circle, at (0.626, 0, 0.585)[m] for

the first robot and (0.936, 0, 0.585)[m] for the second

one. The desired pushing force is chosen as

fdx1,2 = 15 + 5 sin(2π(t − ti)/40)[N], (21)

and fdy1,2 = fdz1,2 = 0[N]. Note that in view of the

desired trajectories, the force read by the single sensor

can be used for both robots. The different control and

observer parameters are Λ1 = 12I, Λ2 = 23I, KR1
=

diag{ 45 60 60 }, KR2
= diag{ 15 13 13 }, kd1 =

kd2 = 4, kf1 = kf2 = 5, ξ1 = ξ2 = 0.001I.

The observer–controller scheme has been pro-

grammed in a PC computer, with a sampling time of

9ms. The results for the desired force (21) for the

tracking errors can be seen in Figure 2 in joint coordi-

nates, and in Figure 3 in Cartesian coordinates. Only

the time from ti = 15s to tf = 55s is shown because

otherwise no force control is being used. It can be

appreciated that the errors are relatively large. This

is mainly to the fact that an exact knowledge of the

manipulators dynamics is required, while the models

used in the experiments are not very accurate. On
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Fig. 1: Robots A465 and A255 of CRS Robotics.

the other hand, for the desired force (21) the results

can be considered pretty good, although one can only

show the real force for the robot A465 (Figure 4). This

demonstrates the efficacy of designing a decentralized

controller. Figure 5 shows the observation errors. As

can be appreciated, they are pretty good as well. Since

the observer uses little information from the robots dy-

namics, this rather confirms that the tracking errors

could be improved by taking into account more accu-

rate models of the manipulators.

V. CONCLUSIONS

By using a known control law for tracking control

of cooperative robots without velocity measurements,

experimental results are considered in this paper. The

test bed is made up of two industrial robots. A de-

sired time varying force signal is chosen, while the spa-

tial trajectory is a circle. Since only one robot owns

a force sensor, the outcomes were better for this one

than for other. However, the overall results can be

considered good, even though it has become clear that

the approach should be modified to take into account

inaccuracies in the robot model and the possible lack

of force sensors.
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Fig. 2: Tracking errors in joint coordinates for (21). a) q̃11. b) q̃12. c) q̃13. d) q̃21. e) q̃22. f) q̃23.
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Fig. 3: Tracking errors in Cartesian coordinates for (21). a) x̃1. b) ỹ1. c) z̃1. d) x̃2. e) ỹ2. f) z̃2.
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. b) Fy1

. c) Fz1
. —– measured value. - - - desired value.

20 30 40 50

−0.01

0

0.01

Robot A465

a)                     t[s]

[º
]

20 30 40 50

−0.01

0

0.01

b)                     t[s]

[º
]

20 30 40 50

−0.01

0

0.01

c)                     t[s]

[º
]

20 30 40 50

−0.01

0

0.01

Robot A255

d)                     t[s]

[º
]

20 30 40 50

−0.01

0

0.01

e)                     t[s]

[º
]

20 30 40 50

−0.01

0

0.01

f)                     t[s]

[º
]

Fig. 5: Observation errors for (21). a) z11. b) z12. c) z13. d) z21. e) z22. f) z23.
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