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Abstract— Wheeled mobile robot and land vehicle han-
dling is greatly influenced by the non-linear phenomena
which are experienced by the wheel at the tyre/ground
contact patch. It is well accepted that the tyre, although
in proportion is a small part of a vehicle, is a complex and
non-linear component. In this paper an alternative math-
ematical modelling approach is shown which complements
the traditional approaches reported in the literature. The
tyre is modelled using a first order Sugeno fuzzy model.
The blended Sugeno fuzzy tyre model retains its initial
non-linear characteristics and the model does have an
explicit mathematical formulation which originates from
the linguistic tyre model description formulation. The
methodology shown here describes accurately the lateral
force generation with respect to the tyre slip angle over
the entire slip angle envelope. The suggested method has
been validated from experimental data.

Keywords— Fuzzy Logic, Sugeno, Tyre Modelling, Mo-
bile Robot

NOMENCLATURE

f Front wheel

r Rear wheel
Fzgf 7] Lateral wheel force
Q[f.r) Tyre slip angle
OF,
8—y Tyre cornering stiffness
!
Coy;.y Linearised tyre cornering stiffness
q Fuzzy rule number
k Fuzzy variable index
Cq Membership function centre
d, Membership function spread

A Fuzzy set
KA, Membership function
Aq Multivariable blender
o Sugeno fuzzy offset

I. INTRODUCTION

EHICLE stability issues are directly related to the
lateral forces which are generated at the wheel tyre
patches. Hence the modelling of these forces is necessary
for accurately predicting the mobile robot’s trajectory.

For the conventional steered vehicles the traditional ap-
proach has been used to consider manoeuvres of low to
moderate severity. However there have been attempts to
model the vehicle’s response while the forces approach
values near the friction limit at the road/tyre interface.
Further work relates the lateral forces and the longitu-
dinal tyre forces using the wheel slip which includes the
tyre elasticity properties. In [3] an extension of the Lu-
Gre dynamic [2] friction model from longitudinal motion
to longitudinal/lateral motion is developed.

In this paper an alternative analytical approach has
been considered which allows the lateral tyre modelling
using an “intelligent based method” which belongs to
the class of 1-st order fuzzy logic Sugeno model [10].

The proposed approach can be applied to robotic ve-
hicles [1] in which an explicit mathematical lateral tyre
model description is necessary with respect to the front
and rear tyre slip angles. Some of the advantages of us-
ing the fuzzy-Sugeno tyre model, instead of a linearised
model is that the complete lateral force envelope can be
studied over the entire front and rear slip angle which
can influence the vehicle stability.

In [9] fuzzy logic Mamdani modelling of vehicles which
are entering the force saturation region have been pre-
sented together with experimental results. Two lin-
guistic variables were chosen, hardness and slipperi-
ness which produced a satisfactory tyre-ground interface
model.

Other researchers [4] have used a Mamdani fuzzy logic
method to derive the tyre force for a vehicle which has
all the wheels driven from a permanent magnet machine.

In the case of a fuzzy tyre model for fine tuning or even
assistance in automatically generating the rules which
best describe the tyre lateral force and slip angle sur-
face several techniques exist in the literature [5], [6], [7],
[8]. Further research in this area [11] has related for the
class of Takagi-Sugeno-Kang fuzzy systems the optimum
number of rules and maximum allowed error between the
experimental data and the predicted.

The paper has been organised as follows: in Section
2 the tyre lateral force generation summary is given to-
gether with the experimental set-up; in Section 3 the
Sugeno lateral tyre model is given; Section 4 gives the
experimental and the estimated fuzzy Sugeno results; fi-



nally the conclusions are given.

II. TYRE LATERAL FORCE GENERATION

The basic tyre-axle-ground system is shown in Figure
1. In this case the camber angle which is generated by
rotating the wheel with respect to the vertical axis form
the ground is zero. The tyre is considered to be elastic
and therefore flexible.
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Fig. 1. Basic tyre-axle system , (top view)

When a vehicle yaw request is initiated then a turning
moment is induced which causes the slip angle to be gen-
erated between the hub and the elastic tyre. This angle
is usually less than 12 rotational degrees but sufficiently
large to cause a smooth rotation compared to a maxi-
mum Ackerman vehicle wheel rotation of approximately
30 rotational degrees. The maximum slip angle depends
on the friction limit between the tyre and the ground,
the tyre elastic characteristics, the tyre pressure and fi-
nally on the differential demand between the two wheel
sides. Figure 2 illustrates the tyre slip angle generation.
At time t = t the tyre contact patch partially reaches
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Fig. 2. Wheel slip angle graphical generation

the friction limit and therefore tyre scuffing occurs and
the remaining of the tyre patch temporarily deforms and
creates an Ackerman equivalent angle. As the wheel ro-
tates the two combined effects of wheel rolling and tyre
deformation causes the overall vehicle to turn smoothly
by requesting a differential demand. The tyre force is a
complex variable to model due to the large number of
conflicting parameters. For example a large patch area
would offer less sinkage on a soft surface and therefore
reduces losses. It would also cause greater friction for
the tyre on hard tarmac grounds and therefore difficulty
in turning.

A. Experimental Setup

The tyre rig used for obtaining data consisted of the
travelling road which simulates a free rolling wheel on
tarmac, the vertical load system, the tyre slip angle
setting, the camber angle setting, and the lateral force
transducers as shown in Figure 3. Firstly the rig was cal-
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Fig. 3. Tyre-rig at Cranfield University

ibrated using the appropriate equipment and after plac-
ing the wheel with the required camber and slip angle
and vertical load the experiment may start. The rig
then provides the induced cornering force in real time
and therefore a mapping between the several slip angles
and cornering forces for different vertical loads.

III. SuGeNno TYRE MODEL

The proposed Sugeno-type tyre model piecewise linear
section which corresponds to the fuzzy g—th rule is given
in Equation 1.

Rule q € [1, ¢mae] : IF ofpy is Ay ...

[r.f] 1
THEN 70 = G g (O
where g e N**

For this tyre there can be three piecewise linear sec-
tions which correspond to ¢ = 2 fuzzy rules. Experi-



mental data using the tyre rig which was discussed in
Section II-A are shown in Figure 4.
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Fig. 4. Typical plot shows for a constant tyre pressure and various
loads, the variation of the tyre cornering force with respect to the
tyre slip angle: The data were obtained from the Tyre Rig at
Cranfield University. The tyre hub velocity is v = 0.12m/s and
the camber angle is 0 degrees.

The experimental results of Figure 4 show the signif-
icance of the radial tyre load on the cornering force. A
progressive increase in the load results in an expected
increase of the Coulomb friction limit. For all data the
regime of approximate linearity is up to around 5 degrees
on a hard surface.

In Figure 5 a typical lateral force variation is shown
with respect to the slip angle variation. The fuzzy logic
methodology allows the user to define the regions of lin-
earity from observation or alternatively via the use of
fuzzy specific optimisation tools such as the subtrac-
tive clustering method [7], [8]. The individual ¢ — th
fuzzy rule applied here is of a 1st order Sugeno type and
therefore each individual rule is piecewise linear. How-
ever from the properties shown in Section III-A more
than two rules are partially activated. The resulting rule
blending produces the lateral tyre force which retains the
non-linear tyre characteristics.

The selected membership functions are shown in
Equations 2.

Lf:r]y2

_("‘[f,r[]f_clq
all

Ay (o) =€ 2)
with ¢ = {1, 2}.

A. Tyre Sugeno fuzzy properties

In this section the fuzzy Sugeno properties are given
which are valid for a tyre which exerts non-linear be-
haviour which requires a large number of fuzzy rules
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Fig. 5. Lateral force fuzzyfication

Property 1: Fuzzifier: Let (aqs,)) be objects in the
Universes Qa[ s C Q. The fuzzifier is a function which
maps the variable (qjs,]) to values into interval [0,1]
(normal sets), Equations (2).

Property 2: Consistency: A set of fuzzy rules is con-
sistent if there are no rules with the same antecedent but
different Sugeno consequent.

Property 3: Rules Completeness: A set of fuzzy rules
is complete if for any (apys,,)) € €2 there exists at least
one rule ¢ € [1, gmae] such that pa,(ajs,) # 0.

Property 4: Rule Influence : The q — th € [1, ¢maz]
rule influence A, which combines the prepositions of
the antecedent for each rule and is given by: A\, =

(H’;ﬁz‘{” W pi (xk)) - Where zy, for k = 1 is given by
k q

2 2 [21] = [ogz].
Property 5: Membership Functions: The fuzzy sets for
the Sugeno variable are: A, = {Qafy,,) C Qua, (s}
Property 6: The parallel fuzzy firing of all g—rules re-
sult to the defuzzyfication Equation (3).
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The tyre non-linearity is captured in Equation 3 be-
cause all the piecewise models have been blended. For



this specific tyre, Equation 3 is expanded to Equation 4.

[£,r]
OF,
aman ( Bal[‘f 5 |(Qmam))a[f’r] _j’_,y(‘Zmam)

Imaz
A
Zq:l a y,

The resulting fuzzy Sugeno lateral force generation is
shown in Equation 5. The non-linear Sugeno type fuzzy
augmented coefficients (£, el elfr]
in Equations 6.
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In Equation 7 the coefficient g1 is given.
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IV. EXPERIMENTAL RESULTS

The data acquired provided the dynamic tyre corner-
ing force and the distance travelled by the wheel. Fig-
ure 6 shows the experimental data which were obtained
from the tyre rig for different tyre slip angles. The wheel
rolls at a constant speed while the slip angle is set ini-
tially by varying the travelling surface with respect to
the hub heading. Figure 6 shows that as the tyre slip
angle increases with the cornering force, which has been
converted to the wheel lateral force.

However for the static fuzzy Sugeno model analysis
the steady-state data were obtained by considering the
data set Z; C P; where P; represents the dynamic data
set for each tyre slip angle a; = {1°,3°,5%,7°,9°}. The
steady-state data sets Z; were obtained by selecting the
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Fig. 6. Experimental data obtained from the Tyre Rig for different
tyre slip angles.

lateral tyre force (F,;(kTs)) data points which satisfy
the property:

k> kllO.QFép)i(k(p)Ts)‘ (8)

Where Fép )i(k(”)Ts) represents the first peak lateral
force value for each slip angle data set (i). The resulting
data sets Z; are shown in Figures 7(a),(b),(c),(d) and
(e).

The cluster’s mean for each tyre slip angle in com-
bination with the subtractive clustering method have
generated for these data sets two piecewise linear fuzzy
Sugeno rules [7], [8]. The two Sugeno models were com-
bined using the fuzzy properties shown in Section III-A
which maintained the non-linear lateral tyre character-
istics. The resulting estimated fuzzy Sugeno estimated
lateral tyre force is shown together with the mean cluster
data points in Figure 8.

V. CONCLUSIONS

In this paper an analytical approach has been shown
for modelling the non-linear behaviour of the tyre lateral
component of a mobile robot. The force was modelled
using a Sugeno 1-st order type fuzzy system. Without
the loss of generality the tyre slip angle was the influ-
ential variable while the camber angle, the tyre pressure
and the vertical load were constant during the analytical
formulation.

Further research will extend these results and report for
the case of a multivariate Sugeno fuzzy tyre model and
will be supported from experimental data. The proposed
technique allows the use of a model which is applicable
to both conventional and differentially steered wheeled
mobile robots. The theoretical procedure has been vali-
dated from experimental data and is independent of the
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large influence of the parameter variations when com-
pared to polynomial based models. In addition the fuzzy
methodology allows the inclusion of tyre expert knowl-
edge into the modelling procedure thus allowing the cap-
turing of all the essential tyre behaviour.
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