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0XOWL�DUWLFXODWHG� �RU� WUDLQ�OLNH� RU�PXOWL�ERG\�� YHKLFOHV� RU�Q�
WUDLOHU�V\VWHPV�FDQ�EH�IRXQG�LQ�WZR�GLIIHUHQW�UHVHDUFK�ILHOGV��
DXWRQRPRXV�URERWLFV�DQG�WUDQVSRUWDWLRQ�V\VWHPV��UHIHUULQJ�WR�
YHKLFOHV���,Q�DXWRQRPRXV�URERWLFV��WKH�JRDO�LV�WR�EXLOG�PRELOH�
PXOWL�ERG\�URERWV�WKDW�DFFRPSOLVK�XVHIXO�WDVNV�ZLWKRXW�KXPDQ�
LQWHUYHQWLRQ� ZKLOH� RSHUDWLQJ� LQ� XQNQRZQ� HQYLURQPHQWV�� 2Q�
WKH�RWKHU�KDQG��LQ�LQWHOOLJHQW�WUDQVSRUWDWLRQ�V\VWHPV�WKH�JRDO�LV�
VLPLODUO\� WR� FRQVWUXFW� WUDQVSRUWDWLRQ� YHKLFOHV� LQWHOOLJHQW�
HQRXJK� WR� EH� GULYHQ� ZLWK� DV� OHVV� DV� SRVVLEOH� KXPDQ�
LQWHUYHQWLRQ�� ,Q�ERWK�RI� WKH�DERYH�DUHDV��RQH�PDMRU�FRPPRQ�
SUREOHP�LV�WKH�XQGHVLUHG�H[FHVV�LQ�PRWLRQ�GXH�WR�RII�WUDFNLQJ��
7KLV� WHUP� UHIHUV� WR� WKH� GHYLDWLRQ� RI� WKH� SDWK� RI� HDFK�
DUWLFXODWHG� YHKLFOH� IURP� WKH� SDWKV� RI� SUHFHGLQJ� YHKLFOHV��
HVSHFLDOO\�WKDW�RI�WKH�WUDFWRU¶V��7KH�UHGXFWLRQ�RU�HOLPLQDWLRQ�RI�
RII�WUDFNLQJ� ZLOO� UHVXOW� LQ� PXFK� LPSURYHG� SHUIRUPDQFH� LQ�
WHUPV� RI� VDIHW\� GXULQJ� WXUQV�� FRUQHULQJ�� RYHUWDNLQJ� RWKHU�
HVSHFLDOO\�VPDOO�FDUV��DQG�EDFNWUDFNLQJ��
7KH�PRWLRQ�RI�WKH�Q�WUDLOHU�V\VWHP�LV�VXEMHFW�WR�QRQKRORQRPLF�
FRQVWUDLQWV��UROOLQJ�ZLWKRXW�VOLSSLQJ��VR�LW�KDV�EHHQ�VWXGLHG�DV�
D�FODVV�RI�QRQKRORQRPLF�V\VWHPV�E\�PDQ\�UHVHDUFKHUV�DQG�KDV�
ERWK�WKHRUHWLFDO�DQG�SUDFWLFDO�LQWHUHVW��7KH�UHVHDUFK�ZRUN�>�@�
FRQVWLWXWHV� DQ� H[FHOOHQW� VXUYH\� RI� WKH� UHFHQW� DGYDQFHV� LQ�
FRQWURO�RI�QRQKRORQRPLF�V\VWHPV��7KH�PDLQ�SUREOHP�WKDW�KDV�
DWWUDFWHG�PRVW� RI� WKH� DWWHQWLRQ� LV� SDWK� IROORZLQJ�ZKLOH� RQO\�
IHZ�ZRUNV�FRQVLGHU� WKH�RII�WUDFNLQJ�SUREOHP��$�FORVHG�IRUP�
H[SUHVVLRQ� IRU� WKH� RII�WUDFNLQJ� RI� WKH� UHDU� SLYRW� SRLQW� RI� D�
VLPSOH� WUDFWRU�WUDLOHU� YHKLFOH� FDQ� EH� IRXQG� LQ� >�@�ZKLOH� RII�
WUDFNLQJ�ERXQGV�IRU�D�FDU�SXOOLQJ�WUDLOHUV�KDYH�EHHQ�GHULYHG�LQ�
>�@��
,Q�>�@�WKH�SDWK�IROORZLQJ�SUREOHP�ZLWK�UHGXFHG�RII�WUDFNLQJ�LV�
DGGUHVVHG� IRU� WKH� Q�WUDLOHU� V\VWHP�� 7KLV� LV� DFKLHYHG� E\�
NHHSLQJ� WUDFN� RI� WKH� HUURU� GLVWDQFH� RI� HDFK� RI� WKH� PLGGOH�
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SRLQWV�RI�WKH�D[OHV�RI�WKH�YHKLFOH�IURP�WKH�SDWK�XVLQJ�GLIIHUHQW�
PRYLQJ�IUDPHV��
,Q�>�@�GLIIHUHQW�SDVVLYH�VWHHULQJ�PHFKDQLVPV�DV�ZHOO�DV�FRQWURO�
ODZV� DUH� SUHVHQWHG� IRU� QRQKRORQRPLF� WUDLOHU� V\VWHPV�� 7KH�
PDLQ� IRFXV� RI� WKHVH�PHFKDQLVPV� LV� RQ� UHGXFLQJ� WKH� SDVVLYH�
WUDFNLQJ�HUURU�ZLWK�UHVSHFW�WR�WKH�WUDFWRU¶V�WUDMHFWRU\�DQG�OLWWOH�
DWWHQWLRQ�ZDV�SDLG�WR�DFWLYH�PRWLRQ�FRQWURO��
7KH� UHVW� RI� WKH� SDSHU� LV� RUJDQL]HG� DV� IROORZV�� 6HFWLRQ� ��
SUHVHQWV�WKH�Q�WUDLOHU�YHKLFOH�PRGHO��WKH�RII�WUDFNLQJ�SUREOHP�
DQG� LWV� FRQVHTXHQFHV� LQ� WKH� PRWLRQ� RI� VXFK� YHKLFOHV�� ,Q�
VHFWLRQ� �� D� VKRUW� GHVFULSWLRQ� RI� WKH� LQQRYDWLYH� MXQFWLRQ�
WHFKQLTXH� FDOOHG� ³VOLGLQJ� NLQJSLQ� PHFKDQLVP´� LV� JLYHQ�� ,Q�
VHFWLRQ����D�QRQOLQHDU�FRQWUROOHU�LV�DQDO\WLFDOO\�GHVLJQHG�EDVHG�
RQ� WKH� FRPSHQVDWLRQ� IRU� WKH� VWHDG\�VWDWH� RII�WUDFNLQJ�
GHYLDWLRQ�� ,Q� VHFWLRQ����YLVXDOL]DWLRQ�RI� VLPXODWLRQ� UHVXOWV� LV�
SUHVHQWHG� FRPSDULQJ� WKH� SHUIRUPDQFH� ZLWK� DQG� ZLWKRXW�
VOLGLQJ� WKH� DQDO\WLFDOO\� GHULYHG� QRQOLQHDU� FRQWUROOHU�� /DVW�
VHFWLRQ� HQGV� WKH� SDSHU� ZLWK� FRQFOXGLQJ� UHPDUNV� DERXW� WKH�
UHVXOWV�DQG�VRPH�RSHQ�UHVHDUFK�SUREOHPV��
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,Q�WKLV�VHFWLRQ��ZH�GHVFULEH�WKH�NLQHPDWLF�PRGHO�RI�WKH�PXOWL�
DUWLFXODWHG� YHKLFOH��ZKLFK� LV� VXLWDEOH� IRU� ERWK� WUDQVSRUWDWLRQ�
DQG�URERWLF�YHKLFOHV��)XUWKHUPRUH�� WKH�QRWLRQ�RI�RII�WUDFNLQJ�
DQG� LWV� FRQVHTXHQFHV� LQ� WKH�PRWLRQ�RI�DQ�Q�WUDLOHU� V\VWHP� LV�
H[SODLQHG�EULHIO\�IRU�HDFK�GRPDLQ�RI�DSSOLFDWLRQ��7KH�Q�WUDLOHU�
V\VWHP� LV� GHILQHG� DV� D� ORQJ� DQG� FRPSOH[� YHKLFOH� V\VWHP�
FRQVLVWLQJ�RI�D�VXLWDEOH�SRZHU�WUDFWRU��OHDGLQJ�YHKLFOH��SXOOLQJ�
D�QXPEHU�RI�SDVVLYH�URERW�ERGLHV�RU�VHPL�WUDLOHUV�DV�VKRZQ�LQ�
ILJXUH�����
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�)LJ�����,OOXVWUDWLRQ�RI�WKH�PXOWL�DUWLFXODWHG�YHKLFOH�FRRUGLQDWHV��
�
7KH� NLQHPDWLF� HTXDWLRQV� RI� WKH�Q�WUDLOHU� V\VWHP�ZLWK� D� WZR�
D[OH� WUDFWRU� �RI� ZKLFK� WKH� IURQW� RQH� SURYLGHV� GULYLQJ� DQG�
VWHHULQJ��DUH��

9LVXDOL]HG�6LPXODWLRQ�RI�2II�WUDFNLQJ�
(OLPLQDWLRQ�LQ�WKH�Q�WUDLOHU�3UREOHP�
9DVVLOLRV�'HOLJLDQQLV��*UHJRU\�'DYUD]RV��6WDPDWLV�0DQHVLV��1LFN�.RXVVRXODV�
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ZKHUH� ����[ \ � DUH� WKH� &DUWHVLDQ� FRRUGLQDWHV� RI� WKH� OHDGLQJ�
YHKLFOH� DQG� ����8 8 � DUH� WKH� WZR� FRQWURO� LQSXWV�� WKH� OLQHDU�
YHORFLW\� DQG� WKH� VWHHULQJ� DQJOH� UDWH�� UHVSHFWLYHO\� >�@�� 7KH�
RWKHU� VWDWH� YDULDEOHV� UHSUHVHQW� WKH� RULHQWDWLRQ� DQJOHV� �θ � IRU�
HDFK�YHKLFOH�L��DV�VKRZQ�LQ�ILJXUH����7KH�DERYH�VWDWH�HTXDWLRQV�
DUH� GHULYHG� IURP� WKH� DOJHEUDLF� PDQLSXODWLRQ� RI� WKH� �Q�
KRORQRPLF�FRQVWUDLQWV�DQG�WKH�Q���QRQKRORQRPLF�FRQVWUDLQWV��
2II�WUDFNLQJ� UHODWHV� WR� WKH� TXHVWLRQ� RI� KRZ� PXFK� URDG� LV�
QHHGHG�IRU�WKH�UHDU�ZKHHOV�RI�D�YHKLFOH�GXULQJ�D�WXUQ�DQG�FDQ�
EH�GHILQHG� IRU� FDUV� DV�ZHOO� DV� IRU�PXOWL�DUWLFXODWHG�YHKLFOHV��
ZKHUH� WKH� LQWHUHVW� IRFXVHV� RQ� WKH� ODVW� YHKLFOH� ZKHUH� WKH�
SKHQRPHQRQ�DFKLHYHV�LWV�VWURQJHVW�GHPRQVWUDWLRQ��
,Q� WKH� UHVHDUFK� ILHOG�RI�PRELOH� URERWLFV�� WKH�PDMRU�SUREOHPV�
DUH�WR�ILQG�DQ�REVWDFOH�IUHH�SDWK�DQG�D�SDWK�IROORZLQJ�FRQWURO�
ODZ��:KHQ�ILQGLQJ�DQ�REVWDFOH�IUHH�SDWK�IRU�PXOWL�DUWLFXODWHG�
URERWLF�YHKLFOHV��ZH�PXVW�WDNH�LQWR�FRQVLGHUDWLRQ�WKH�SUHVHQFH�
RI�RII�WUDFNLQJ��7KH�UHDVRQ�LV�WKDW�WKH�ODVW�WUDLOHU�PD\�FROOLGH�
ZLWK�REVWDFOHV�LI� WKH�YHKLFOH�DWWHPSWV�WR� IROORZ�WKH�GHVLJQHG�
SDWK�IRU�WKH�OHDGLQJ�YHKLFOH�ZLWK�RII�WUDFNLQJ�QHJOHFWHG��2QH�
HIILFLHQW�ZD\�WR�VROYH�WKLV�SUREOHP�LV�WR�ILQG�DQ�REVWDFOH�IUHH�
SDWK� IRU� WKH� OHDGLQJ� YHKLFOH�� DGG� D� FRQWUROOHU� IRU� SDWK�
IROORZLQJ�DQG�XVH�DQRWKHU�NLQJSLQ�FRQWUROOHU�IRU�RII�WUDFNLQJ�
HOLPLQDWLRQ��
,Q� WKH�FDVH�RI� WUXFN�WUDLQV� LW� LV� LPSHUDWLYH�WKDW�WKH�ODVW�VHPL�
WUDLOHU� IROORZV�H[DFWO\� WKH�SDWK�RI� WKH��OHDG�� WUDFWRU�GXULQJ�D�
WXUQ� IRU� ODQH� FKDQJH� RU� D� WXUQ� GXH� WR� WKH� FXUYDWXUH� RI� WKH�
KLJKZD\�� 2WKHUZLVH� LW� ZLOO� EH� SRVVLEOH� IRU� DW� OHDVW� WKH� ODVW�
VHPL�WUDLOHU�WR�YLRODWH�WKH�RXWHU�ERXQGDU\�RI�WKH�KLJKZD\�RU�WR�
FUDVK�ZLWK� DQ� DGMDFHQW� FDU� GXULQJ� D� ODQH� FKDQJH� HYHQ�ZKHQ�
ERWK�WUDFWRU�DQG�WKH�FDU�NHHS�WKHLU�UHODWLYH�YHORFLW\�ZLWKLQ�VDIH�
OLPLWV���
'XH� WR� WKH� VLJQLILFDQFH� RI� WKH� RII�WUDFNLQJ� SKHQRPHQRQ� IRU�
VDIHW\�UHDVRQV�PDLQO\�LQ�ERWK�UHVHDUFK�ILHOGV�D�QRYHO�PRYDEOH�
MXQFWLRQ�WHFKQLTXH�LV�GHVFULEHG�EULHIO\�LQ�WKH�QH[W�VHFWLRQ��

,,,�� 7 �^� 6 ��� �^� �i� . � �i�R�8� � 7 �b�:���4� �R�^� �
7KH�RII�WUDFNLQJ�FDQ�EH�HOLPLQDWHG�E\�VOLGLQJ�HDFK�WUDLOHU�ZLWK�
UHVSHFW� WR� WKH� SUHYLRXV� RQH�� D� WHFKQLTXH� ILUVWO\� GHVFULEHG� LQ�
>�@�� $FFRUGLQJ� WR� WKLV� WHFKQLTXH� WKH� NLQJSLQ� KLWFK� LQ� HDFK�
VHPL�WUDLOHU� VOLGHV� LQ� D� GLUHFWLRQ� SHUSHQGLFXODU� WR� WKH�
ORQJLWXGLQDO�D[OH� �L�H�� DORQJ� WKH� UHDU�D[OH��RI� WKH� WUDLOHU�E\�D�
GLVWDQFH� �6 �� ,Q� WKLV� VHFWLRQ� ZH� SUHVHQW� EULHIO\� WKH� VOLGLQJ�
NLQJSLQ�V\VWHP�DQG�WKH�VWDWH�HTXDWLRQV�RI�WKH�PXOWL�DUWLFXODWHG�
YHKLFOH�ZKHQ� VOLGLQJ� LV� XVHG�� WRJHWKHU�ZLWK� WKH� DVVXPSWLRQV�

WKDW�DUH�PDGH�GXULQJ�WKH�GHULYDWLRQ�RI�WKH�HTXDWLRQV��&RQVLGHU�
WZR� LQWHUPHGLDWH� VHPL�WUDLOHUV� RI� D� WUXFN� WUDLQ� DV� VKRZQ� LQ�
ILJXUH����7KH�SRVLWLRQ�RI� HDFK� VHPL�WUDLOHU�3 � �� LV� WDNHQ� WR�EH�
WKH�PLGGOH�SRLQW�RI�WKH�LWK�VHPL�WUDLOHU¶V�UHDU�D[OH��
��

 

¡�¢
¡�£ ¢

¡ ¢ ¤(¥

¦

§�¢ ¤(¥ § ¢ §8£ ¢ ¨

© ¢ ¤(¥
¢ ¤(¥

ª8«�¬3­ ® ¯ ° ±
­ ² «(°b­ ³R´

ª�«�¬3­ ® ¯ °�±&­ ² «(°b­

¢
© £ ¢
¢© ¢
ª ¢

��
)LJ����7KH�NLQJSLQ�VOLGHV�DORQJ�WKH�D[OH�ZKHQ�WKH�VHPL�WUDLOHU�
WXUQV��
�
3RVLWLRQ� 3 � � LV� GHILQHG� E\� WKH� SDLU� � � �µ¶µ[ \ � LQ� WKH� &DUWHVLDQ�
FRRUGLQDWHV�V\VWHP�ZKLOH� µθ �LV�WKH�RULHQWDWLRQ�RI�WKH�LWK�VHPL�
WUDLOHU� ZLWK� UHVSHFW� WR� WKH� KRUL]RQWDO� D[LV�� 7R� VLPSOLI\�
GHULYDWLRQ� RI� WKH� WUXFN� WUDLQ� PRGHO� ZH� ZLOO� QRW� FRQVLGHU�
LQLWLDOO\�D�VWHHULQJ�DQJOH�IRU�WKH�WUDFWRU��VLQFH�WKH�H[WHQVLRQ�RI�
WKH�PRGHO�WR�FRYHU�WKLV�FDVH�LV�VLPSOH��,W�KDV�EHHQ�SRLQWHG�RXW�
>�@� WKDW� ZKHQ� WKH� OHDG� FDU� RI� D� VLQJOH� WUDLOHU� V\VWHP� LV�
WUDYHOLQJ� DORQJ� D� FLUFOH� RI� UDGLXV� ·5 �� WKHQ� WKH� WUDLOHU� LV�
WUDYHOLQJ� DORQJ� D� FLUFOH� RI� UDGLXV� ¸5 � ZLWK� WKH� VDPH� FHQWHU��
ZKHUH� ¹ º5 5< ��,Q�RUGHU�WR�FRPSHQVDWH�IRU�WKLV�SDWK�GHYLDWLRQ�
RI�WKH�WUDLOHU��ZH�VXSSRVH�WKDW�WKH�NLQJSLQ�KLWFKLQJ�SRLQW�VOLGHV�
IURP�WKH�SRLQW� »3 WR�WKH�SRLQW� ¼ ½3 E\�D�GLVWDQFH� 6 ��,Q�RUGHU�WR�
EH�DEOH�WR�GHULYH�D�UDWKHU�VLPSOH�PDWKHPDWLFDO�PRGHO�IRU�WKH�
NLQHPDWLF� HTXDWLRQV� ZLWKRXW� WDNLQJ� LQWR� FRQVLGHUDWLRQ� WKH�
FRPSOH[�HIIHFWV�RI�WKLV�WHFKQLTXH�LQ�WKH�G\QDPLF�EHKDYLRU�RI�
WKH�YHKLFOH�ZH�PDNH�VRPH�DVVXPSWLRQV�WKDW�FDQ�EH�IRXQG� LQ�
GHWDLO�LQ�>�@��
,Q� WKH� JHQHUDO� FDVH� RI� D� Q�WUDLOHU� WUXFN� WUDLQ�� ZH� KDYH� WKH�
FODVVLFDO� Q��� QRQKRORQRPLF� FRQVWUDLQWV� LPSRVHG� E\� WKH�
UROOLQJ�DQG�QRQ�VOLSSLQJ�FRQGLWLRQ�

VLQ FRV �¾ ¾¿¾ ¾[ \− =� � ���������������������������� �����������������������
DQG��Q�KRORQRPLF�HTXDWLRQV�LQWURGXFHG�E\�WKH�FRUUHVSRQGLQJ�
OLQNV��ZKLFK��EHFDXVH�RI�WKH�VOLGLQJ� À\Á À6 33= ��VHH�ILJXUH�����
DUH�RI�WKH�IRUP���
Â
Â

Ã
Ã

FRV VLQ
VLQ FRV ���

Ä
Ä

Å Å Å Å
Å Å Å Å

[ [ / 6
\ \ / 6

+

+

+

+

= − +

= − −
�������� �����������������������

7DNLQJ� WKH� GHULYDWLYHV� RI� WKH� KRORQRPLF�(T�� ����� FRPELQLQJ�
WKHP�ZLWK�(T������DQG�HOLPLQDWLQJ� �ÆÇÆ[ \� � �OHDGV�WR�D�V\VWHP�RI�



�+Q �HTXDWLRQV���
7KH� FRPSOHWH� VROXWLRQ� RI� WKLV� V\VWHP� FRPELQHG� ZLWK� WKH�
HTXDWLRQV� RI� PRWLRQ� RI� WKH� WUDFWRU� ZLWK� VWHHULQJ� DQJOH� IRU�
Q ���� FDQ� EH� IRXQG� XVLQJ� 0DWKHPDWLFD� Y������ $� PRUH�
GHWDLOHG�YHUVLRQ�RI�WKLV�ZRUN�LV�SUHVHQWHG�LQ�>�@�ZKLOH�KHUH�ZH�
LQFOXGH�WKH�NLQHPDWLF�HTXDWLRQV�XQGHU�WKH�DVVXPSWLRQ� �È6 =� ��
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7KH� FRPSOH[� QDWXUH� RI� WKHVH� HTXDWLRQV�PDNHV� YHU\� GLIILFXOW�
DQG� WLPH� FRQVXPLQJ� EXW� QRW� LPSRVVLEOH� LQ� SULQFLSOH� WKH�
GHULYDWLRQ� RI� NLQHPDWLF� HTXDWLRQV� IRU�PRUH� VHPL�WUDLOHUV� EXW�
RQO\� DIWHU� PDNLQJ� WKH� DVVXPSWLRQ� DERYH� ZH� ZHUH� DEOH� WR�
REWDLQ�D�UHFXUVLYH�IRUP�IRU�WKH�NLQHPDWLF�HTXDWLRQV��

,9�� 121/,1($5�&21752//(5�'(6,*1�
(TXDWLRQV�����DQG�����GHVFULEH�WKH�NLQHPDWLF�EHKDYLRU�RI�DQ�Q�
WUDLOHU� V\VWHP� ZLWKRXW� DQG� ZLWK� VOLGLQJ�� UHVSHFWLYHO\�� ,Q� D�
PXOWL�DUWLFXODWHG�YHKLFOH�WZR�GLIIHUHQW�FRQWUROOHUV�DUH�XVHG�WKH�
RQH� IRU� SDWK� IROORZLQJ� �KXPDQ� GULYHU� LQ� WUDQVSRUWDWLRQ�
YHKLFOHV��DQG�WKH�RWKHU�IRU�RII�WUDFNLQJ�HOLPLQDWLRQ�UHJXODWLQJ�
WKH� VOLGLQJ� GLVWDQFH� LQ� WKH� VOLGLQJ� NLQJSLQ� V\VWHP�� )RU� SDWK�
IROORZLQJ�LVVXHV�WKH�OLQHDU�YHORFLW\�DQG�WKH�VWHHULQJ�DQJOH�UDWH�
RI� WKH� OHDGLQJ� YHKLFOH� DUH� WKH� FRQWURO� LQSXWV�� ZKLFK� DUH�
UHJXODWHG�E\�WKH�³GULYHU´���
,Q�WKH�VHTXHO�ZH�DSSO\�WKH�UHVXOWV�LQ�>�@�LQ�ZKLFK��ZDV�SURYHQ�
WKDW� LI� WKH� OHDGLQJ� YHKLFOH� WUDYHOV� DORQJ� D� FLUFXODU� WUDMHFWRU\�
ZLWK�UDGLXV� U � �ZKHUH� U /> �� WKHQ�WKH�WUDLOHU�FRQYHUJHV�WR�D�
FLUFXODU�WUDMHFWRU\�ZLWK�UDGLXV� ÕÖÕ5 U /= − ���,W�LV�NQRZQ�WKDW�
WKH�FXUYH�UDGLXV�IRU�D�YHKLFOH�LV�JLYHQ�E\� 8 8U
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:H� FODLP� WKDW� XVLQJ� DV� VOLGLQJ� GLVWDQFHV� IRU� WKH� GLIIHUHQW�
WUDLOHUV� Þ Þß ß ß6 U / U= + − � WKH� LWK� DQG� WKH� L��WK�����������������������������������������
WUDLOHUV�PRYH�LQ�WKH�VDPH�FLUFXODU�WUDMHFWRU\��

8VLQJ� WKH� UHVXOW� LQ� >�@� WKDW� ZH� SUHYLRXVO\� UHIHUUHG� DQG� WKH�
HTXDWLRQV� DERYH� DQG� DIWHU� VRPH� DOJHEUDLF�PDQLSXODWLRQ� WKDW�
FDQ�EH�IRXQG�LQ�GHWDLO�LQ�>���@�ZH�FRQFOXGH�ZLWK�WKH�QRQOLQHDU�
FRQWUROOHU�IRU�UHJXODWLQJ�WKH�VOLGLQJ�GLVWDQFH�LQ�WKH�LWK�WUDLOHU�LV�
JLYHQ�E\��
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7KH�DQLPDWHG�YLVXDOL]DWLRQ�RI�D�V\VWHP�UHVSRQVH�KDV�EHFRPH�
D�YHU\�FRPSHWLWLYH�DOWHUQDWLYH�WR�FRVWO\�H[SHULPHQWDO�VWXGLHV��
,Q� RUGHU� WR� WHVW� WKH� QRQOLQHDU� FRQWUROOHU�� ZKLFK� KDV� EHHQ�
DQDO\WLFDOO\�GHULYHG��ZH�XVHG�WKH�0DWODE�6LPXOLQN�VLPXODWLRQ�
HQYLURQPHQW�� � ,Q� RUGHU� WR� YHULI\� WKH� FRUUHFWQHVV� RI� WKH�
SUHYLRXV�VLPXODWLRQ�UHVXOWV�0DWKHPDWLFD�DOVR�KDYH�EHHQ�XVHG��
9LVXDOL]DWLRQ�RI�VLPXODWLRQ�UHVXOWV�LV�VKRZQ�LQ�WKH�IROORZLQJ�
ILJXUHV� ZLWK� WZR� GLIIHUHQW� ZD\V� WKH� ILUVW� LV� WR� VKRZ� WKH�
VXFFHVVLYH� IUDPHV�RI� WKH�PRWLRQ�RI� WKH�Q�WUDLOHU�V\VWHP�ZLWK�
RU�ZLWKRXW� WKH� VOLGLQJ�NLQJSLQ�PHFKDQLVP�DQG� WKH�RWKHU�RQH�
VKRZ�LQ�RQH�ILJXUH�WKH�GLIIHUHQW�IUDPHV��
$QDO\WLFDOO\�LQ�ILJXUH���IRXU�GLIIHUHQW�IUDPHV�RI�WKH�PRWLRQ�RI�
D� PXOWL�DUWLFXODWHG� YHKLFOH� ZLWK� WKUHH� WUDLOHUV� ZLWKRXW� WKH�
VOLGLQJ� NLQJSLQ�PHFKDQLVP� DUH� VKRZQ�ZKLOH� LQ� ILJXUH� �� WKH�
VDPH�IUDPHV�DUH�VKRZQ�ZKHQ�WKH�VOLGLQJ�NLQJSLQ�PHFKDQLVP�
LV� LQ� XVH�� ,Q� ILJXUH� �� WKH� VDPH� IUDPHV� DV� LQ� WKH� SUHYLRXV�
ILJXUHV�DUH�VKRZQ�LQ�RQH�ILJXUH�IRU�HDFK�FDVH��9LVXDOL]DWLRQ�RI�
WKH�VDPH�VLPXODWLRQ�UHVXOWV� LQ�WKH�FDVH�RI�D�PXOWL�DUWLFXODWHG�
YHKLFOH�ZLWK�ILYH�WUDLOHUV�LV�VKRZQ�LQ�ILJXUHV��������)LQDOO\�LQ�
ILJXUH���ZH�VKRZ� LQ�GHWDLO� WKH�PRWLRQ�RI� D�PXOWL�DUWLFXODWHG�
YHKLFOH� ZLWK� WKUHH� WUDLOHUV� LQ� RUGHU� WR� SLQSRLQW� WKH� VOLGLQJ�
DFWLRQ�RI�WKH�NLQJSLQ�PHFKDQLVP�GXULQJ�D�VKDUS�WXUQ��
�

9,�� &21&86,216�
2II�WUDFNLQJ� LV� RQH� RI� WKH� PRVW� VLJQLILFDQW� SUREOHPV� ZLWK�
SRWHQWLDOO\� GDQJHURXV� FRQVHTXHQFHV� RFFXUULQJ� LQ� PXOWL�
DUWLFXODWHG�YHKLFOHV��7KLV�SUREOHP�FUHDWHV�GLIILFXOWLHV�RU�HYHQ�
UHQGHUV� SURKLELWLYH� WKH�ZLGH� DSSOLFDWLRQ� RI�PXOWL�DUWLFXODWHG�
YHKLFOHV� LQ� ERWK� URERWLF� DQG� WUDQVSRUWDWLRQ� GRPDLQV�� 7KH�
VOLGLQJ�NLQJSLQ�PHFKDQLVP�LV�D�PHFKDQLVP�ZKRVH�SULQFLSOH�RI�
RSHUDWLRQ�DOORZV�FRUUHFWLQJ�VXFK�GHYLDWLRQV��,Q�WKLV�SDSHU��WKH�
PDLQ� FRQWULEXWLRQ� FRQVLVW� SULPDULO\� RI� WKH� LGHD� RI� VOLGLQJ�
NLQJSLQ� DQG� SDUWLFXODUO\� RI� YLVXDOL]DWLRQ�YHULILFDWLRQ� RI� WKH�
PHWKRG�� :H� SUHVHQW� WKH� YLVXDOL]DWLRQ� RI� PRWLRQ� RI� PXOWL�
DUWLFXODWHG� YHKLFOHV� XVLQJ� WKH� FRPSOHWH� NLQHPDWLF� HTXDWLRQV�
IRU�PXOWL�DUWLFXODWHG�YHKLFOH�HTXLSSHG�ZLWK�D�QRYHO�PRYDEOH�
MXQFWLRQ�WHFKQLTXH�WKH�VR�FDOOHG�³VOLGLQJ�NLQJSLQ�PHFKDQLVP´��
:H�FRQFHQWUDWH�RQ�WKH�WKUHH�DQG�ILYH�VHPL�WUDLOHU�FDVHV�GXH�WR�
WKH�FRPSOH[�QDWXUH�RI�WKHVH�HTXDWLRQV��%DVHG�RQ�WKH�DQDO\VLV��
ZH� GHULYH� D� QRQOLQHDU� FRQWUROOHU� IRU� DGMXVWLQJ� WKH� VOLGLQJ�
GLVWDQFH� RI� WKH� VOLGLQJ� NLQJSLQ� PHFKDQLVP� EDVHG� RQ� WKH�
WKHRUHWLFDO�VWHDG\�VWDWH�RII�WUDFNLQJ�ZKHQ�WKH�OHDGLQJ�YHKLFOH�
PRYHV� DORQJ� D� FLUFXODU� WUDMHFWRU\�� 7KH� DQDO\WLFDOO\� GHULYHG�
QRQOLQHDU�FRQWUROOHU�SHUIRUPHG�H[FHSWLRQDOO\�HOLPLQDWLQJ�RII�
WUDFNLQJ�LQ�DOO�SKDVHV�RI�WKH�YHKLFOH�PRWLRQ��
��
��



-2 0 2 4 6 8 10 12

-2

0

2

4

6

8

10

12

3 Trailer without sliding

x (unit length)

y 
(u

ni
t l

en
gt

h)

�

-2 0 2 4 6 8 10 12

-2

0

2

4

6

8

10

12

3 Trailer without sliding

x (unit length)

y 
(u

ni
t l

en
gt

h)

�

-2 0 2 4 6 8 10 12

-2

0

2

4

6

8

10

12

3 Trailer without sliding

x (unit length)

y 
(u

ni
t l

en
gt

h)

�

-2 0 2 4 6 8 10 12

-2

0

2

4

6

8

10

12

3 Trailer without sliding

x (unit length)

y 
(u

ni
t l

en
gt

h)

�)LJ�����'LIIHUHQW�IUDPHV�RI�WKH�PRWLRQ�RI�D�PXOWL�DUWLFXODWHG�
YHKLFOH�ZLWK�WKUHH�WUDLOHUV�PHFKDQLVP��
�

-2 0 2 4 6 8 10 12

-2

0

2

4

6

8

10

12

3 Trailer with sliding

x (unit length)

y 
(u

ni
t l

en
gt

h)

�

-2 0 2 4 6 8 10 12

-2

0

2

4

6

8

10

12

3 Trailer with sliding

x (unit length)

y 
(u

ni
t l

en
gt

h)

�

-2 0 2 4 6 8 10 12

-2

0

2

4

6

8

10

12

3 Trailer with sliding

x (unit length)

y 
(u

ni
t l

en
gt

h)

�

-2 0 2 4 6 8 10 12

-2

0

2

4

6

8

10

12

3 Trailer with sliding

x (unit length)

y 
(u

ni
t l

en
gt

h)

�)LJ�����'LIIHUHQW�IUDPHV�RI�WKH�PRWLRQ�RI�D�PXOWL�DUWLFXODWHG�
YHKLFOH�ZLWK�WKUHH�WUDLOHUV�ZLWK�VOLGLQJ�NLQJSLQ�PHFKDQLVP��
�



-4 -2 0 2 4 6 8 10 12
-4

-2

0

2

4

6

8

10

12

5 Trailer without sliding

x (unit length)

y 
(u

ni
t l

en
gt

h)

�

-4 -2 0 2 4 6 8 10 12
-4

-2

0

2

4

6

8

10

12

5 Trailer without sliding

x (unit length)

y 
(u

ni
t l

en
gt

h)

�

-4 -2 0 2 4 6 8 10 12
-4

-2

0

2

4

6

8

10

12

5 Trailer without sliding

x (unit length)

y 
(u

ni
t l

en
gt

h)

�

-4 -2 0 2 4 6 8 10 12
-4

-2

0

2

4

6

8

10

12

5 Trailer without sliding

x (unit length)

y 
(u

ni
t l

en
gt

h)

�)LJ�����'LIIHUHQW�IUDPHV�RI�WKH�PRWLRQ�RI�D�PXOWL�DUWLFXODWHG�
YHKLFOH�ZLWK�WKUHH�WUDLOHUV�PHFKDQLVP��
�

-2 0 2 4 6 8 10 12

-2

0

2

4

6

8

10

12

5 Trailer with sliding

x (unit length)

y 
(u

ni
t l

en
gt

h)

�

-2 0 2 4 6 8 10 12

-2

0

2

4

6

8

10

12

5 Trailer with sliding

x (unit length)

y 
(u

ni
t l

en
gt

h)

�

-2 0 2 4 6 8 10 12

-2

0

2

4

6

8

10

12

5 Trailer with sliding

x (unit length)

y 
(u

ni
t l

en
gt

h)

�

-2 0 2 4 6 8 10 12

-2

0

2

4

6

8

10

12

5 Trailer with sliding

x (unit length)

y 
(u

ni
t l

en
gt

h)

�)LJ�����'LIIHUHQW�IUDPHV�RI�WKH�PRWLRQ�RI�D�PXOWL�DUWLFXODWHG�
YHKLFOH�ZLWK�WKUHH�WUDLOHUV�ZLWK�VOLGLQJ�NLQJSLQ�PHFKDQLVP��
�



-2 0 2 4 6 8 10 12

-2

0

2

4

6

8

10

12

3 Trailer without sliding

x (unit length)

y 
(u

ni
t l

en
gt

h)

�

-2 0 2 4 6 8 10 12

-2

0

2

4

6

8

10

12

3 Trailer with sliding

x (unit length)

y 
(u

ni
t 

le
ng

th
)

�)LJ������'LIIHUHQW�IUDPHV�RI�WKH�PRWLRQ�RI�D�PXOWL�DUWLFXODWHG�
YHKLFOH� ZLWK� WKUHH� WUDLOHUV� ZLWKRXW�ZLWK� VOLGLQJ� NLQJSLQ�
PHFKDQLVP�LQ�RQH�ILJXUH�
�

2.5 3 3.5 4 4.5 5 5.5 6 6.5 7
6.5

7

7.5

8

8.5

9

9.5

10

10.5

3 Trailer with ideal sliding

x (unit length)

y 
(u

ni
t l

en
gt

h)

actual slided kingpin

center of axle

�)LJ������6OLGLQJ�DFWLRQ�RQ�NLQJSLQ�LQ�WKH�FDVH�RI�D�VKDUS�WXUQ��

$ â:ãGäiåRæèç�é�ê?ë�é�ì=é�ä;í:î �
7KLV� UHVHDUFK� ZRUN� KDV� EHHQ� SDUWLDOO\� VXSSRUWHG� E\� WKH�
&DUDWKHRGRU\� 3URJUDP� RI� WKH� 5HVHDUFK� &RPPLVVLRQ� RI� WKH�
8QLYHUVLW\�RI�3DWUDV��

-4 -2 0 2 4 6 8 10 12
-4

-2

0

2

4

6

8

10

12

5 Trailer without sliding

x (unit length)

y 
(u

ni
t 

le
ng

th
)

�

-4 -2 0 2 4 6 8 10 12
-4

-2

0

2

4

6

8

10

12

5 Trailer with sliding

x (unit length)

y 
(u

ni
t l

en
gt

h)

�)LJ����� �'LIIHUHQW�IUDPHV�RI�WKH�PRWLRQ�RI�D�PXOWL�DUWLFXODWHG�
YHKLFOH� ZLWK� ILYH� WUDLOHUV� ZLWKRXW�ZLWK� VOLGLQJ� NLQJSLQ�
PHFKDQLVP�LQ�RQH�ILJXUH��

5 é�ï�é�ðGé8äiâ:éGî �ñ�ò.óDô?õ ö.÷�ø�ù�ú6ö�û3ü(ý â ýGø(ù�ú ì ø&ú6ú6þ*ÿ����3ü(ý �iý ���	��
 ��
�������
�����
���� ����� ����
����  �! 
�"î�# ô ì ü.þ%$6û ù�ø&õ&ô�&�&6õ ' ö(ú ì ø�( )�ö�*;ø�( ' ÿ��,+6þ*õ ý�-/.0�(ù�þ8ý�ò���&0&8ý�1�.%2 3�ò��8ò�4�.�.�ýñ 5�óDô?õ ( ø�6 ' ù�' â ý�ø�ù�ú ë $�( *;ø�ù87�ý 2 å ý ��9:��
 �:�%��! ! �%;�� ����;�� 
 �<�=
�>��0 �
�><� � �%?@
 �=�� �A%� ����0�0�B
 ��
8��? 
 �=��� ! 
��C" D�"�
 
�EF�G78û þ*ÿ&ö(ö(ú�' ù�H��;þ06F10I%( ) # é�é�é<â þ
ù�6�ý å ù ê ö(ÿ�' �J' þ
ùø�ù�ú â þ
ù0( û þ*õ � ï õ þ
û@' ú6ø�� ê ö(ÿ(ö�*FK6ö�ûRò�4�4�.�ýñ 1*ó�L:$�� )�ù�ö(õ õ ç ý ��L^ý ì ' û ( ' ÿ�)��6ô;ý î ø�)�ø�'�ø�ù�ú ì ý î ö(ÿ&þ
û@���0� �0? 
 �J�� �A0� ���BM	���%��>0"0�%����ONG����9P��! ! � ���RQ��=��� ! 
��@"S;�� 
 �BTU� ����V	� ��WX� 
  ���� ���G�Y78û þ*ÿ(ö(ö&ú�' ù�H��?þ06:( )�öB1�1
û�ú
â þ
ù�6 ö�û ö�ù�ÿ(öRþ*ù ê ö(ÿ�' �J' þ
ù;ø(ù�ú â þ
ù0( û þ*õ � ê ö(ÿ(ö�*FK6ö�ûRò�4�4%-�� ç ø��6ö	L:$�ö�ù�ø	ZF' � ( ø��ï�ç ��&0&�ý�5�4%-�-�2 -�4�ýñ -�ó ã þ*õ *4ø�ù�þ%+�� ��[ # ý � ì ÿ â õ ø�*4û þ6ÿ�)\�iý ä ý �^]C
���
�! �0E_V:
���
 "O� �R���0������! �0���0EF�   �����
 �=��! V^�=��`�! 
�E�"�� # é#é�éDâ þ
ù0( û�þ*õ î [�� ( ö�*C� ì ø�H6ø�a�' ù�ö���+6þ*õ ý ò�3�� ù�þ�ý b�� ê ö(ÿ6ý�4�3�ýñ 3*ó ì ø�ù�ö��J' � î ý �/�0� �%? 
 �J�� �A%� ���c
�! � EF� ���/
 � �0�8� �B���0��>�? 
 �J��� �0"U� �C��
���� D<>���
 Dd
 ���0 �A�";�� 
 �eEF��! 
 � V	! 
f"�
�EF� ?@
 �=��� ! 
��@"��g78û þ*ÿ(ö&ö(ú�' ù�H�� þ06h.�( ) # ï ô âji # ï�# 7 i # ï8åRðMî0i
# ì ô âRî þ
ù ç ø�û H6ö î ÿ(ø&õ ö î [�� ( ö�*C��k í )�ö(þ
û [Xl ô�&0&�õ ' ÿ(ø�( ' þ
ù��?ò�4�4�.Fm çbî8îXn 4�.%o �7�ø�( û ø%� ë û�ö(ö(ÿ(ö*ýñ b6ó ì ø�ù�ö��J' � î ý � ê ø�+*û�ø�a(þ�� ë ý ä ý � ã þ%$��=��þ%$�õ ø�� ä ý í ý ��N^�0��
 �=��! ! 
��:>�
�"�� �Y�_�%�0�	� � �%?
 �J�� �A0� ���p
�! � EF� ����
 � �0�c� �dEF��! 
 � ? ����
 �  ���! ��
 
�>d��
����  �! 
�"��Y78û�þ*ÿ(ö(ö(ú�' ù�H��?þ06 # ï ô âæ þ
û õ ú â þ
ù�H
û�ö��J�=��L�ø�û ÿ(ö&õ þ
ù�ø%� î &6ø�' ù��(üJ$�õ [U5�q�q05ñ I6ó ì ø�ù�ö��J' � î ý � ã þ%$/�J��þ%$�õ ø�� ä ý í ý � ê ø�+6û ø�a(þ�� ë ý ä ý �:�	�g
 ��
8r/� V�V^�=
�"J"�� �0�s� ��0� �0? 
 �J�� �A0� ���\� ���<��! 
 � ? ����
 �  ���! �/
 
�>���
����  %! 
�"�
 ���=�����Y���<�<������`�! 
Ut��%�� %
 � �0�
Q�
� ������ u���
��v� $�K0*C' ( ( ö&úR6 þ
û�&0$�K6õ ' ÿ(ø�( ' þ
ù�' ù # ù0( ý:ü�þ%$6û ù�ø(õ^þ06 # ù0( ö(õ õ ' H*ö�ù�(Flð þ%K6þ�( ' ÿ î [�� ( ö�*C�ñ .
ó ì $6û û ø=[ ð ý ì ý � ç '_w�ý ��ø�ù�ú î )�ø�� ( û [ î ý î ý �%x��8��
 ��
�Ey��
 �  ���!�z=��
 �=�0>��0 %
 � �0�d
 �{ ��`0��
 �  :�8����� VP��! ��
 � �0��� âbð�â 78û ö��=�J��L�þ*ÿ(ø ð ø�( þ*ù��8ò�4�40I8ýñ 4*ó ä ø��6ø�*F$6û�ø}|;ý � é a(ø���'O�iý � í ø�ùv|;ý � â )�$6ù�H æ ý ��]C
�"�� �Y�v� �~"�
 
�
���� ���
EU
� �������� "=E�����>B ��0��
 ����!/� �S���0������! �0���0EF�  S
 �=��� ! 
��g" D�"�
 
�E�"���78û þ*ÿ6ý*þ06 # é�é�é
# ù0( ý â þ
ù�6�ý å ù ð þ%K6þ%( ' ÿ���ø�ù�ú^ô�$�( þ%*;ø�( ' þ
ù���5�q�q�q8ý


	Conference Program
	Author Index
	Main Menu

