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Abstract

A new methodologyof the partial eigen-
structureassignmentby statefeedbackvia
Linear matrix inequality(LMI) is extended
to obtaina solutionof the constrainedreg-
ulator problem for linear continuous-time
anddiscrete-timesystemsby usingtheLMI
formulation. Key-words: Linear sys-
tems, constrainedcontrol, positive invari-
ance,LMI technique.

1 Notation� For two vectors�������	��
����	�� if������ � ��������� � � ������ A squarematrix �	��� if � is definite
positive.��  denotestheidentitymatrix.� For amatrix ! ,"!#� $ !&%'!)(!)(*!&%,+ �
where- %� . ��/10�2�3 - � . �4��5 � - (� . ��/10�2�3 6 - � . �4��5 �"!87�� $ !89:!8;!<;=!>9 + �
where! 9 �@? - %� .=A BDC �FE�=G- � � B H I�J C K�L M J �! ; � ? - (� . A B�C �FE��G� BDH I�J C K�L M J �

for � ��GN���D�O� � � ��� , where

- � . denotesthe
matrix component!P3 � � G15 .
2 Intr oduction

In this paper, we study the stability of lin-
earsystemswith inputsaturation.Thisclass
of systemshasobtainedgreatinterestdur-
ing the last decade.It wasshown by many
authorsthat the global stabilizationof lin-
ear systemswith input saturation,can be
achieved if andonly if all the polesof the
given systemarestable,and,even then, in
generalonemustusenonlinearcontroland
only simplecasescanbehandledvia linear
control laws ( see[16] and the references
therein).

An efficient tool to develop local stabiliz-
ing controllersfor linear systemswith in-
put saturation,when the given systemis
not stable, is the positive invarianceap-
proach[3]-[6], [8]. The stabilizing regula-
tor Q obtainedwith this approachis a so-
lution to the non linear algebraicequationQSRNTNQSU<Q��:!&Q , wherematrix ! sat-
isfiesthe main conditionof positive invari-
anceof type

"!&VWXV , vector V representsthe
constraintson thecontrol. Onecancite the
work of [4] wheretheresolutionof equationY R,T Y U Y �X! Y is presentedasa tech-
nique of partial eigenstructureassignment.
This resolutionwas also associatedto the



constrainedregulatorproblem.For thesame
purpose,thefollowinggeneralizedSylvester
matrix equationZ�[:\X]<^�_`[Fa is used
in the literature[11], [13] [12] andthe ref-
erencestherein. In [12], the partial eigen-
structureassignmentproblem,in whichboth
theopen-loopandtheclosed-loopeigenval-
uesareallowedto possessarbitrarygeomet-
ric andalgebraicmultiplicities,is addressed.
Its solutionis similar to theoneobtainedby
[4].

TheLMI theoryhasbeensuccessfullyused
in many areasof automaticcontrol [9],[1],
[2], [7] andthereferencestherein.Thereex-
ist many efficient algorithmsto numerically
solveagivenLMI problem.

In this paper, weaddresstheregulatorprob-
lemfor linearcontinuous-timeanddiscrete-
time systemswith constrainedcontrol in
termsof anLMI problem.This formulation
is closelybasedonthework of [7] whichal-
lows oneto find a non singularsolution to
the Sylvesterequationwith possibleaddi-
tional specificationson the eigenvectorsof
theclosed-loopsystemsandwithout restric-
tive assumptions.Thus, a solution by us-
ing the LMI techniqueis provided for the
partial stabilizationproblem,that is, find a
statefeedbackb which ensurestheasymp-
totic stability of thelinearsystemwith con-
strainedcontrol.

The rest of the paperis organizedas fol-
lows: The backgroundof the techniqueof
the reducedordersystemtogetherwith the
LMI of partialeigenstructureassignmentare
recalledin the secondsection. Section c
presentsthemainresultof this paperwhich
consistsin a LMI allowing a directsolution
of theconstrainedregulatorproblemfor lin-
earsystems.An algorithmandan example
illustrating this new techniquearealsopre-
sentedin this section.

3 Preliminary results

This paperis devotedto the studyof linear
systemsdescribedby equation(1)d e�f g h _�Z e�f g h \=]Wi f g h j (1)

wheretheoperatordenotedhere
d

is defined
asfollows :d e�f g h _lk�me�f g h je�f g \on h j
for continuous-timesystemsanddiscrete-
timesystemsrespectively,

e
is thestatevec-

tor in p4q , and i is the constrainedcontrol,
satisfying ilr&sXtop4uWv (2)

MatricesZ and ] areconstant,of appropri-
ate size and satisfy the following assump-
tion. Weassumethat:w H1): Thepair

f Z j ] h is controllable.w H2): Theopen-loopsystemhas x un-
desirableor unstableeigenvalues.s is thesetof admissiblecontrolsdefinedassy_�z i{r|p uS}1~�� �&� i �:� � ��� � j � � r|p uW� v

(3)
This is a nonsymmetricalpolyhedralsetas
is generallythecasein practicalsituations.

Let usfirst considerthe unconstrainedcase
and assumethat we constructa stabilizing
controller for system(1) which consistsin
realizinga feedbacklaw as:i f g h _=b e�f g h j b�r|p u�� q���� � ��� �1��� f b h _=x�v

(4)
In suchacase,system(1) becomes:d e�f g h _ f Z,\F]Wb h e�f g h _�� e�f g h j (5)

where b is generallychosenin sucha way
that an increaseof systemdynamicsis ob-
tainedwith the asymptoticstability of the
closedloopsystem(5).



In the constrainedcase,we follow the ap-
proach proposedin [3], [5], [6]. Recall
that this approachconsistsin giving con-
ditions allowing the choiceof a stabilizing
controller(4) in sucha way that model(5)
remainsvalid every time. This is only pos-
sibleif thestateis constrainedto evolve in a
specifiedregiondefinedby�l�N� �&���4�����F� ���o�S���X� � �� 

(6)

Notethatthesedomainsareconvex andun-
boundedfor ¡£¢o¤ .
Definition 3.1 A subset¥ of

� �
is saidto be

positivelyinvariant with respect to (w.r.t.)
themotionof thesystem(5) if for every ini-
tial state

�§¦¨� ¥ , themotion
��© ��¦ ªF« ¬{�¥ , for every

«
.

The necessaryand sufficient conditionsof
positive invarianceof the sets

�
w.r.t the

system(5) arewell known andaregivenby
[3], [5], [6] which is recalledby thefollow-
ing result.

Theorem 3.1 Domain
�

is positively in-
variant w.r.t. the system(5), if and only if
there existsa matrix  ���4®�¯ ®

, solution
to �S°=±:�W²W�	�  � (7)

andsatisfying ³8´ �X�Xµ�ª (8)

where

³8´ is definedby

³<´ �¶ ³ �F· ·�ª ¸ ¹Dº�»�¼ ½ ¾ º ¿ À ¿��PÀ ¼ Á8¿4½ Â�½ À ¿ Á8½ ª³<Ã ª ¸ ¹Dº�¾ ¹DÄ�À ¼ Ä�Å�¹�Å�½��PÀ ¼ Á8¿4½ Â�½ À ¿ Á8½ ª
An efficient algorithm to built such con-
trollers is given by the resolutionof the al-
gebraicequationÆ °N± Æ ² Æ � �Æ [4]
wherematrix  is firstly givenaccordingto

condition (8). Note that the obtainedcon-
troller is stabilizingthesystemin theclosed-
loop while the control is admissiblefor all��Ç<�F�

. This techniqueis so-calledthe in-
verseprocedure.The resolutionof this al-
gebraicequationnecessitatesthat matrix

°
admitsat least ¤ � ¡ stableeigenvaluesas
requiredby assumptionH2. If not, onehas
to usethetechniqueof augmentation[4] de-
scribedbelow:

Rewrite thesystem(1) undertheequivalent
form: È ��© « ¬&��°���© « ¬�±:²�É Ê<© « ¬ ª

(9)

with matrix
²�É

givenby:²�É��yË4²ÍÌ£Î�ª
where

Ì|�&Ï � ¯ Ð �DÑ ®�Ò
representsthenull ma-

trix. This augmentationtechniqueleadsto
theintroductionof ¤ � ¡ fictitiousentriesto-
getherwith their fictitious constraintsgiven
by:
�SÓ ��ÔNÕ8Ô Ó �

. In this case,thecontrol
law is alsomodifiedandbecomesÊ<© « ¬4�=Ö�× © « ¬Õ © « ¬WØ ªÊW© « ¬S�`Ù���© « ¬

and
Õ © « ¬W�`ÚS��© « ¬

. Note
Ù

and Û asfollows:Ù:��Ö �ÚyØ ª Û �4��Ö � �Ó � Ø ªÛ �O��Ö � �Ó � Ø ª Û �=Ö Û �Û � Ø (10)

where Û representsthe new vector con-
straint. Note that thesystemin closed-loop
given with the augmentedcontrol

Ê<© « ¬
re-

mainsthe sameas (5) while the set of ad-
missibleconstraintsbecomeswith this aug-
mentation,Ü É ��� Ê��¨� � ��� Û �)Ô Ê Ô Û � � (11)

It is worth noting that this techniquedoes
not modify the system,introducesnew de-
greeof freedomwith

Ó
, which areusedto



satisfyconditions(8), but in return,reduces
the domain Ý which is transformedto the
following boundedandconvex set:Þ|ß{à á�â�ã4ä�å�æPçDè�éoê�á&é,ç1ë ì�í

(12)

Obviously, conditions(7) and(8) areto be
written with matrices

ê
and î�ï , matrix ð

becomesof ñ�ò1ñ size.
Let óOô : bethesubsetformedby the õ ñ æ�ö�÷
open-loopeigenvaluesthat belongto some
desirablestableregion.ó ëOø bethesubsetformedby the

ö
eigenval-

uesthat onewantsto assignin closed-loop
by usingthestatefeedback(4).

Theproblemof partialpoleassignmentcon-
sistsin computingmatrix ù suchthat ó ßú õ ûFüFî<ù ÷4ß óOô�ý�ó ë þ
This work is also basedon the useof the
techniqueof reduced-ordersystemobtained
by theprojectionof theoriginal systemtra-
jectoriesin thesubspaceassociatedwith the
undesirableeigenvalues[10] . This canbe
achieved by a Schurdecompositionof the
systemmatrix in two blocksassociatedre-
spectively with the desirableand undesir-
ableopen-loopeigenvalues.Thus,let usre-
call the main outlinesof this techniquede-
tailedin [10].

Let usdefinea subspaceÿ§ô associatedwith
the õ ñ æ|ö�÷ stableopen-loopeigenvalues
andconsiderÿ�� acomplementarysubspace
to ÿ§ô , i.e ÿ§ô � ÿ � ßNã ä . Note that ÿ � can
be associatedwith the unstableor undesir-
ableeigenvalues.
In this way, considerthe following change
of basisin (1):á�ß�� � ô�� � �	� 
�� ô� �� í � � â�ã4ä � ��� � � â�ã �

(13)
wherethematrix

�|â&ã ä��Dä
is orthonormal,�{ß�� � ô � � � � í � ô â�ã ä���� ä�� ��� í � � â�ã ä�� � í

�����{ß�������ß�� ä í ���� � � ß�� � (14)

suchthat, 
thecolumnsof

� ô span ÿ ô�!ßXê#" $ õ ù ÷
thecolumnsof

� � spanÿ�� complementaryto ÿ ô
Matrix

�
can be obtained from a Schur

decompositionof matrix û by reordering,if
necessary, its Schurblocks[14].
In the orthonormal basis formed by the
columnsof matrix

�
, theopen-loopsystem

(1) is representedby :
&%� ô%� �� ß 
(' ô ' è) ' �� 
(� ô õ * ÷� � õ * ÷  ü 
 î ôî �+-, õ * ÷
(15)

where,' ß�� � û �{ß 
(' ô ' è) � � ��� ä�� ��� � ' �� íî�. ß 
 î ôî �� ß 
 � � ô� ��  î (16)/ � ô is theprojectionof
á

on ÿ ô along ÿ��� � is theprojectionof
á

on ÿ�� along ÿ ô
Note that the dynamic of

� � associated
with theundesirablepolesto bemodified,is
decoupledfrom

� ô . Thuswe canisolatethe
following open-loopreduced-ordersystem:%� � ß ' � � � õ * ÷ üFî � , õ * ÷ (17)

Recall that it is always possible to have$ 0 ñ21§õ î(� ÷	ß ö
and the reduced pairõ ' � � î(� ÷ completelycontrollable[10].

In the new basis,the feedbackmatrix ù is
representedby:ù . ß ù � � ô � � � � ß�� ) � ��� ä�� ��� � ù2� � � (18)

with
$ 0 ñ21§õ ù � ÷Xß'ö . In this way, ma-

trix ù � assignsthe desiredspectrumof the
closed-loopreduced-ordersystem:%� � ß õ ' �PüFî(�Où3� ÷ � ��õ * ÷ (19)



The secondresult of this sectionconcerns
theproblemof partialeigenstructureassign-
ment which is related to a reduced-order
Sylvesterequationassociatedto agivenma-
trix 4 by usingtheLMI technique.

Theorem 3.2 [7] For a matrix 465�798(: 8
givensuch that ;9< 42=9>�?-@ , and AB5C798-:�8 ,D 5�798-:�8 solutionsof the following LMI
problem:E ACFHGIAKJ�L

u. c.: M 8 ANGPO 8 D�Q AR4#>�L (20)

the regulator of gain ST>US 8�V F8�W withS 8 > D AIX @ assignsthespectrum?	Y�Z#?-@
for thesystem(5) with assumptionsH1- H2.

4 Main result

In this section,we presentthe main result
of thispaperwhichexprimestheasymptotic
stability condition for linear systemswith
constrainedcontrol by meansof LMI tech-
nique. This resultis basedon anequivalent
formulation of the resolutionof the alge-
braicequation(7) usingtheSylvesterequa-
tion of thereduced-ordersystem.

Theorem 4.1 A matrix S of full rankis the
uniquesolutionof theequation,S�[PGPS�O�S�>�\#S (21)

where matrices [ , O satisfy assumptions
H1-H2 and \K5�798-:�8 a givenmatrix; if
andonly if thereexistnonsingularmatricesA]5C798-:�8 and

D 5C798(: 8 solutionsof the
followingsystem:E M 8 A^GPO 8 D6Q AR4C>�L�_\ D6QID 4C>�L�_ (22)

where thematrix 4 denotestheJordanform
of thematrix \ . Moreover, theonlysolution
of (21) is S`> D A X @ V F8 , matrix V�8 is
givenby (16).

Proof:

(if) Let A and
D

be the non singularsolu-
tions of the system(22). According to the
resolutionof theSylvesterequationM 8 A�GO 8 D6Q AR4C>�L�_ [12], onecanwrite,< M 8 GPO 8 S 8 = A]>�A+4�_ (23)

which meansthatthecolumnsof matrix A ,
which is nonsingular, representstheeigen-
vectorsof thereducedmatrix in closed-loop
associatedto theeigenvaluesof matrix \ . It
follows that,< M 8 GPO 8 S 8 =B>aAR4HA X @ (24)S 8 > D A X @ b (25)

By multiplying in the left equation(24) by
matrix AIX @ and

D
successively, oneobtains,D A X @ M 8 G D A X @ O 8 S 8 > D 4�A X @

(26)
Taking account of the second equation\ D > D 4 , oneobtains,S 8 M 8 GPS 8 O 8 S 8 >�\CS 8 (27)

By multiplying equation(27) in theright byV F8 , and using V F8 V�8 >dc c 8 one should
have,S 8 V F8 V 8 M 8 V F8 GPS 8 V F8 V 8 O 8 S 8 V F8>�\CS 8	V F8 _
which leadsto the algebraicequation(21),
keepingthe transformations(16) in mind.
Finally, onecannotethatmatrix S 8 is also
nonsingular, thatis,matrix S is of full rank.

(only if) Let matrix S with full rank be
theuniquesolutionof thealgebraicequation
(21). Using the sametransformations(16),
matrix S 8 is the non singularuniquesolu-
tion of the reducedalgebraicequation(27).
According to [4], this solution is given byS 8 > D A X @ whereA and

D
satisfy:S 8 A]> D (28)



and e#f�g�fih
(29)

Multiply in theright equation(27)by matrixj
, it follows,k2l&m n(lijNoPp(l-k2lij&q g�e k3lHj

(30)

Using(28)andthefactthatmatrix
k l

is non
singular, then,n l j^oPp l f�g j fsrut e�f9v

(31)

Using(29), oneobtainstheSylvesterequa-
tion of (22). In conclusion,the uniqueso-
lution of full rankof thealgebraicequation
(21) is given by

k gwf j rutux�yl
with ma-

trices
j

and
f

aresolutionsof the system
(22). zHziz
This result enablesus to built a stabilizing
regulatorfor system(5) despitethepresence
of theconstraintson thecontrolby usingan
LMI formulation.

Theorem 4.2 For a given matrix
e|{} l-~�l

satisfying(8) and � m e q gK� t , if
there exist non singular matrices

j
and
f

solutionsof thefollowing LMI problem:�� � j y oIjB���
u. c.:

n(lijNoPp(l f�� j h#g �
and
e#f6�PfHhCg � v v

(32)
where matrix

h
denotesthe Jordan form of

matrix
e

, then,thesystemin closed-loop(5)
with matrix

k
givenby

k g^f j rutux�yl
is

asymptoticallystablefor every ��� {C���
Proof:

Accordingto Theorem� � � , if thereexist non
singularmatrices

j
and
f

solutionsof the
LMI (32), then, matrix

k g�f j rutux�yl
,

which is of full rank, is theuniquesolution
of the algebraicequation(7). Sincematrixe

is givenaccordingto condition(8), then,

by virtue of Theorem� � � , the set
�

is pos-
itively invariantw.r.t the systemin closed-
loop (5). Further, � m �6o�pPksq g^� ��� � t
whichguaranteestheasymptoticstabilityof
thesystem(5) for every ��� {C��� zizHz
The following algorithm summarizesthe
stepsof calculationsfollowedduringthede-
velopmentof this new approachby intro-
ducingtheLMI. It is worth to recall thatthe
useof aSchurdecompositionguaranteesnu-
mericalrobustnessin thecomputationof the
open-loopeigenvalueswhile it determinesa
new basisfor theassociatedsubspaces[14].

Algorithm:�
Step1: Verify thatmatrix

�
possesses

only � undesirableeigenvalues.
� � is

thesetof theremainder
m � � � q eigen-

valuesof
�

.�
Step2: Apply a Schurdecomposition
of matrix

�
by reordering, if neces-

sary, its Schur blocks to have matrixx l { n�� ~�l
and the reduced-order

system(19) associatedwith the unde-
sirableeigenvaluesof matrix

�
.�

Step3: Give a matrix
e�{ n l-~ l

sat-
isfying (8) and � m e q gN� t . Compute
its Jordanform

h
.�

Step4: ComputetheLMI (32);
k l gf j rut�

Step5: Computethegainmatrix
k gk l x�yl

.�
Step 6: Verify that � m �^o^p�ksq g� ��� � t

Example4.1 In order to illustrate the use
of the proposedmethodology, we consider



thesamecontinuous-timesystemtreatedby
[12].������i�������� ����¡���

¢£C¤�¥ ����s�d�������
¢£

Let theconstraintson thecontrol beas fol-
lows: ¦ § �©¨ �� �Cª ¤ ¦ « �B¨ � ��+ª
Theopen-loopeigenvaluesof thesystemare
givenby:¬� ��®9�6¯ ��°�± ²�³�����´&����± ��²�³ µu´#¶�± ��·�¸�°�¹
Let the undesirable eigenvalues be¯ �(��± ��²�³ µu´�¶�± ��·�¸�°�¹ . For that, the Schur
decompositionof matrix

�
is givenby:º �»��w�u± ²�¸����¼��± � °�¶�³½�u± ��²�·�¶�u± ��¶ ¸�°¾�(�u± ·�¸�·�°��u± ³�¶ ·�³�(�u± � ·�²�³½��± ³�� µ��¿�u± ·�¸���¶

¢£C¤
º�À �»�� �u± � °�¶�³½��± ��²�·�¶�(�u± ·�¸�·�°d��± ³�¶�·�³�u± ³�� µu�¿��± ·�¸���¶

¢£
ThecorrespondingmatricesÁ À and

¥ À
are

givenby,Á Àa� ¨ ����± ��²�³�¶�·��u± � °�� µ� ¶�± ��·�¸�°�ª ¤¥ Àa� ¨ �u± ³�� µÂ����± ·�¸�·�°�u± ·�¸���¶¿�u± ³�¶ ·�³©ª
Choosea matrix Ã satisfying(8) of spec-
trum ¬� Ã ®���¯ �(µu´ ����¹ asfollows:Ã �©¨ ��µ¾��¾���Cª
The resolutionof the Ä	Å�Æ (32) yields the
followingnonsingularsolutionsÇ and È ,Ç �É¨ ¸�� µ�± ¶ µ�¸�¶`��³�µ���± ·�� µ�¶°���·�± µ�³�¶ µ¾� ¸�³�± ³�·�� ¸©ª ¤È �É¨ �(µ�°�����± ·�¸�·�¶Ê��³�� ·�± °�� °�·� �(µ�°�µ�¶�± ¸�¶�²Cª

FromtheAlgorithm,wehavethenext feed-
back matrix that assignsthedesiredclosed-
loopspectrum,Ë � È&ÇIÌ § º�ÍÀ �©¨ ����± ·�µ�µ�µÎ��± µ���¶�³Î��µ�± ·�� ·����± ��²�¶ µ�·`��·�± µ�����¶`����± ·�����µCª
The assignedspectrumin closed-loop is
thencomputed,¬9 �ÐÏ ¥ Ë ®���¯ ��°�± ²�³�����´ �(µu± ��������´ ����± �������u¹��Ñ	Ò�Ó ¬9 Ã ®
Thealgebraic equation(7) is also satisfied
and can attain Ô Ë �RÏ Ë ¥ Ë � Ã Ë Ô �°�± � Õ��&��� with a highprecisionof MATLAB.

Example4.2 In order to illustrate the use
of the augmentedtechnique, consider the
doubleintegrator systemin discrete-time,��� ¨ �d����iª ¤�¥ � ¨ ��± ��Bª
Let theconstraintson thecontrol beas fol-
lows:

¦ § � � ¤ ¦ « � � �
Theopen-loopeigenvaluesof thesystemare
givenby: ¬9 ��®9��¯ ��´I��¹
Theopen-loopsystemdoesnot contain Ö �× stableeigenvalues. For that, we usethe
augmentationtechnique.¥�Ø �B¨ �u± ����¿� ª
Choosea matrix Ã satisfying (8) with a
given fictitious constraints Ù § � ¶�± � andÙ « � � asfollows:Ã �©¨ ��± �¡��Ú��± °Cª



Theresolutionof theSylvesterequation(32)
yieldsthefollowingnonsingularsolutionÛ
and Ü ,Û ÝÉÞRß�à á�â ãuä å�á�á¾æ�à ç�â�ß�à�ä è�è�àæ�à å�ç�é�éuä ç�ç�ç¾à åuà çuà�ä ç�à�ß©ê�ëÜìÝÉÞ�í éuà çuä è�é�é`æ�è�å�á�çuä á�ç�í�éã è�å�áuä ç�á�ç�íÊê�ëî Ý�Ü�ÛIïuð	ÝBÞ�æ(ãuä é�ã`æ�ã�ä á�âã�ä à èñã�ä ß�í�ê
Theeffectivegainmatrix ò is to beextracted
frommatrix

î
asfollows,ò�Ý^ó æ(ãuä é�ã�æ(ãuä á�â�ô

The assignedspectrumin closed-loop is
thencomputed,õ9ö ÷PøPù ò�ú9Ý�û ã�ä å�ü ãuä â�ýÝ õ9ö þ ú
Thealgebraic equation(7) is also satisfied
andcanattain ÿ ò ÷�ø ò ù ò æ þ ò�ÿ-Ý à �3æà ç with a highprecisionof MATLAB.Never-
theless,thecontinuous-timedoubleintegra-
tor leadsto a Sylvesterequationwhich does
not admit a nonsingular solutionwhenthe
augmentationtechniqueis used.

5 Conclusion

In this paper, a new formulation for the
constrainedregulatorproblemis presented.
This techniqueis basedon the use of the
reduced-ordersystemandtheLMI’ s to sim-
plify the computationsand to have a good
numericalprecision. The resultsare given
for the continuous-timesystemsand the
discrete-timesystems.Thepaperpresentsa
simplealgorithmandtwo illustrativeexam-
ples.
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