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Abstract— In the paper a combined control structure is
proposed for tracking the path of the vehicle. Besides track-
ing this structure also guarantees rollover avoidance. First,
a Linear Parameter Varying (LPV) model is constructed, in
which both the performance specifications and the model
uncertainties are taken into consideration. Then a param-
eter dependent LPV controller based on the H∞ design
method is designed. Since a chattering problem may occur
when using this combined control, one possible extension of
the control structure is also proposed. The control mecha-
nism is demonstrated in various maneuver situations.

Keywords— vehicle dynamics, active control, robustness,
linear parameter varying control, nonlinear control systems.

I. Introduction

These days there is a growing demand for vehicles
with ever better driving characteristics in which efficiency,
safety, and performance are ensured. In order to meet these
demands the research and development of vehicle naviga-
tion systems and path tracking systems play an important
role. The basis of this research is the drive-by-wire systems,
which replace the traditional mechanical lineages with elec-
trical equivalents in the next generation of vehicles. This
upgrading of components includes steer-by-wire and brake-
by-wire systems. This will result in a variety of architec-
tures for enhancing steering characteristics and automatic
tracking. There are many papers concerning different ap-
proaches that develop steering and braking systems, see
e.g. [1], [8], [14].

In our paper a method for the tracking problem is pro-
posed. Besides tracking this method also guarantees the
rollover avoidance. When the vehicle is travelling on the
road there are maneuvers, e.g. a double lane change or
a cornering, which may result in an emergency situation.
Besides active steering this method applies an active brake.
In a normal driving situation the brake should not be acti-
vated. The brake is only activated when the vehicle comes
close to a rollover.

To perform tracking and rollover prevention at the same
time poses a difficult problem since these tasks are in con-
tradiction with each other. The tracking problem is solved
by using active steering and in this operation the objec-
tive is to minimize the tracking error. When the vehicle
body rolls out of the corner and the center of mass shifts
outboard of the centerline then a destabilizing moment is
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created and the vehicle is in an emergency situation. Sev-
eral schemes concerned with the possible active interven-
tion into the vehicle dynamics have been proposed: active
anti-roll bars, active steering and an active braking, e.g.
[2], [7], [11], [15]. Moreover, different control structures
are combined in one control mechanism in order to cre-
ate fault-tolerant systems and enhance safety. In Odenthal
et al. the linear steering control is extended by nonlinear
emergency steering and braking control, see [9]. In terms of
the autonomic vehicle control the combination of the brake
and the throttle has been proposed, see [6], [12].

In an earlier work of our project a combined control
mechanism, in which both the active anti-roll bars and
the active brake control are applied, was developed, see [5].
The purpose of the compensator is to reduce the lateral tire
forces acting on the outside wheel. These compensators,
however, do not only have effects on the roll dynamics of
the vehicle but they also modify the desired path of the ve-
hicle, so they affect the yaw motion. Choosing any solution
to the rollover prevention, the tracking error is increased.

Thus, in this paper a combined control mechanism is ap-
plied, which only guarantees the tracking in a normal situ-
ation. However, it also guarantees rollover avoidance in an
emergency situation. The combined yaw-roll model, which
is the basis of the control design, is nonlinear with respect
to the forward velocity of the vehicle. The control design
is based on the LPV model, which is adjusted continuously
by the forward velocity of the vehicle in real-time. The
normalized lateral load transfer at the rear side is also ap-
plied as another scheduling parameter in order to focus on
performance specifications. The model is augmented with
the signals defined by the performance specifications and
the uncertainty structure defined by the difference between
the plant end its model. The active brake is switched on
in an emergency situation and it is switched off after the
emergency. Using such switching structures a chattering
phenomenon may occur, and it may degrade the perfor-
mance properties of the vehicle. A possible extension of
the combined control structure is proposed for solving the
chattering problem.

The structure of the paper is as follows. In Section 2
the LPV structure of the combined yaw-roll model is con-
structed. In Section 3 the LPV model for control design
is constructed and the solution to the chattering problem
is also presented. In Section 4 the the method of the LPV
control design is presented. In Section 5 the combined con-
trol mechanism is demonstrated. Finally, Section 5 con-
tains some concluding remarks.



II. The LPV model of the combined yaw-roll

dynamics

Figure 1 illustrates the combined yaw-roll dynamics of
the vehicle, which is modelled by a three-body system.
Here ms is the sprung mass, mu,f is the unsprung mass
at the front including the front wheels and axle, and mu,r

is the unsprung mass at the rear with the rear wheels and
axle.
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Fig. 1. Vehicle model of yaw-roll dynamics

In the vehicle modelling the motion differential equations
of the yaw-roll dynamics of the single unit vehicle are for-
malized, i.e. the lateral dynamics, the yaw moment, the
roll moment of the sprung mass, the roll moment of the
front and the rear unsprung masses. The symbols of the
combined yaw-roll model are found in Table I.

mv(β̇ + ψ̇) −mshφ̈ =
∑

i=f,r

Yβ,iβ

+
∑

i=f,r

Yψ̇,iψ̇ + Yδf
δf

(1)

−Ixzφ̈+ Izzψ̈ = Nββ +Nψ̇ψ̇ +Nδf
δf + lw∆Fb (2)

(

Ixx +msh
2

)

φ̈− Ixzψ̈ = msghφ+msvh(β̇ + ψ̇)

− kf (φ− φt,f ) − bf (φ̇− φ̇t,f )

− kr(φ− φt,r) − br(φ̇− φ̇t,r)

(3)

−r

(

Yβ,fβ + Yψ̇,f ψ̇ + Yδf
δf

)

= mu,fv(r − hu,f )(β̇ + ψ̇)

+mu,fghu,fφt,f − kt,fφt,f

+ kf (φ− φt,f ) + bf (φ̇− φ̇t,f )

(4)

−r

(

Yβ,rβ + Yψ̇,rψ̇

)

= mu,rv(r − hu,r)(β̇ + ψ̇)

−mu,rghu,rφt,r − kt,rφt,r

+ kr(φ− φt,r) + br(φ̇− φ̇t,r)

(5)

where Yβ,i, Yψ̇,i, Yδf
, Nβ , Nψ̇, Nδf

are the tyre coefficients.

TABLE I

Symbols of the yaw-roll model

Symbols Description

ms sprung mass
mu,i unsprung mass
m the total vehicle mass
v forward velocity
h height of CG of sprung mass from roll axis
hu,i height of CG of unsprung mass from ground
r height of roll axis from ground
ay lateral acceleration
β side-slip angle at center of mass
ψ heading angle

ψ̇ yaw rate
φ sprung mass roll angle
φt,i unsprung mass roll angle
δf steering angle
ui control torque
Ci tire cornering stiffness
Fzi total axle load
Ri normalized load transfer
ki suspension roll stiffness
bi suspension roll damping
kt,i tire roll stiffness
Ixx roll moment of inertia of sprung mass
Ixz yaw-roll product of inertial of sprung mass
Izz yaw moment of inertia of sprung mass
li length of the axle from the CG
lw half of the vehicle width
µ road adhesion coefficient

These equations can be expressed in the state space rep-
resentation. The system states are the side slip angle of
the sprung mass β, the yaw rate ψ̇, the roll angle φ, the
roll rate φ̇, the roll angle of the unsprung mass at the front
axle φt,f and at the rear axle φt,r.

Let the state vector be the following:

x =
[

β ψ̇ φ φ̇ φt,f φt,r
]T

(6)

The state equation is formalized in the following form:

ẋ = A(v)x+B

[

δf
∆Fb

]

(7)

y = Cx (8)

where the control inputs are the front wheel steering an-
gle δf , and the difference in brake forces between the left
and right-hand sides of the vehicle ∆Fb. In our case it is
assumed that the difference in the brake forces ∆Fb pro-
vided by the compensator is applied on the rear axle. The
measured outputs are the lateral acceleration of the sprung
mass ay and the derivative of the roll angle φ̇.



The form of the LPV system is as follows:

ẋ = A(ρ)x+B(ρ)u (9)

where ρ vector contains the scheduling parameters. One
characteristics of the LPV system is that it must be linear
in the pair formed by the state vector, x, and the control
input vector, u. The matrices A and B are generally non-
linear functions of the scheduling vector ρ. In our case the
state space representation dependence on the velocity is
nonlinear (see equation (7)). Choosing the forward veloc-
ity v as a scheduling parameter, the differential equations
of the yaw-roll motion are linear in the state variables.

The aim of the control design is to minimize the tracking
error and to avoid the rolling over in an emergency situa-
tion. The roll-over situation can be detected if the lateral
load transfers for both axles are calculated. The lateral
load transfer can be given:

∆Fz,i =
kt,iφt,i
lw

(10)

where kt,i the stiffness of tires at the front and rear axles,
φt,i is the roll angle of the unsprung mass and lw is the
vehicle’s width. The lateral load transfer can be normalized
in such a way that the load transfer is divided by the total
axle load.

Ri =
∆Fz,i
Fz,i

(11)

where the Fz,i is the total axle load. The normalized load
transfer Ri value corresponds to the largest possible load
transfer. If the Ri takes on the value ±1 then the inner
wheels in the bend lift off. Using the brake system of the
vehicle a yaw moment can be generated by unilateral brake
forces, which can reduce the lateral acceleration directly.

III. The construction of the LPV model for

control design

In this section the control design for the combined track-
ing and the roll stability is discussed. Consider the closed-
loop system in Figure 2, which includes the feedback struc-
ture of the model G(ρ) and the compensator K(ρ), and
elements associated with the uncertainty models and per-
formance objectives. The control inputs are the front wheel
steering angle, δf , and the difference in brake forces, ∆Fb.
The measured outputs are the lateral acceleration of the
sprung mass ay and the yaw rate ψ̇. The noises, nay and
nψ̇, are from the measurements. The performance signals
z are the tracking error, er, the load transfer ∆Fz,i and
the control inputs δf and ∆Fb. In this representation the
uncertainty is the unmodelled dynamics.

The uncertainties of the model are represented by Wr

and ∆m. Design models used for tracking and roll stability
control typically exhibit high fidelity at lower frequencies
(ω < 10 Hz), but they degrade rapidly at higher frequencies
due to poorly modelled or neglected effects. Thus, Wr is
selected as

Wr = 0.1
s/2 + 1

s/40 + 1
(12)
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Fig. 2. The closed-loop interconnection structure

The input scaling weight Wcmd normalizes yaw rate com-
mand to the maximum expected command. It is selected
15 deg/sec yaw rate command. The dynamics of the refer-

ence input is as follows: T = ω2

s2+2ζωs+ω2 with ω = 12 and
ζ = 1.
Wn is selected as a diagonal matrix, which accounts

for sensor noise models in the control design. The noise
weights is chosen 0.01 m/s2 for the lateral acceleration and
0.01 deg/sec for the yaw rate ψ̇.

The weighting function Wp represents the performance
outputs: the tracking error, the lateral acceleration, and
the control inputs. The weighting function of the tracking
error is selected as:

Wpe
= 100

(s/20 + 1)

(s/0.1 + 1)
(13)

The weighting function of the lateral acceleration is se-
lected as:

Wpa
= φa

(s/100 + 1)

(s+ 1)
. (14)

Here, it is assumed that in the low frequency domain
the steering angle at the lateral accelerations of the body
should be rejected by a factor of φa. The weights of control
inputs are: Wu for the steering angle is 1/20, and WFb

for
the brake force is 1/20. The reason for keeping the control
signals small is to avoid the actuator saturation.
φa is gain, which reflects the relative importance of the

lateral acceleration in the LPV control design. A large
gain φa corresponds to a design that avoids the roll over
situation. Choosing φa small corresponds to a vehicle in
a normal driving situation in which the minimization of
lateral acceleration is not needed. Consequently, when the
acceleration is not critical the weighting function should
be small and when the acceleration has reached the critical
value the weight should be large to avoid the rollover.
φa is chosen to be parameter-dependent, i.e., the func-

tion of Rr. When Rr is small, i.e., when the vehicle is
not in an emergency, φa(Rr) is small, indicating that the
LPV control should not focus on minimizing acceleration,
it should only guarantee the yaw rate tracking by steering
angle. On the other hand, when Rr approaches the criti-
cal value or the suspension has reached its physical limit,
φa(Rr) is large, indicating that the control should focus on
preventing the rollover.



In this paper the parameter dependence of the gain is
characterized by the constants R1 and R2. The parameter
dependent gain φa(Rr) is as follows:

φa(Rr) =







0 if |Rr| < R1
2

R2−R1

(|Rr| −R1) if R1 ≤ |Rr| ≤ R2

2 otherwise

(15)

R1 defines the critical status when the vehicle is close
to the rollover situation i.e. all wheels are in the ground
but the lateral tire force of the inner wheels tends to zero.
The closer R1 is to 1 the later the control will be acti-
vated. Parameter R2 shows how fast the control should
focus on minimizing the lateral acceleration. The smaller
the difference between R1 and R2 is the more quickly the
performance weight punishes the lateral acceleration.

The control mechanism proposed in the combined con-
trol structure can be considered as a switching system. The
active steering is primarily used to minimize the tracking
error of the vehicle; the brake system is only activated when
the vehicle is close to the roll-over. In practice, such switch-
ing structures are used a chattering may occur. Chatter-
ing causes small amplitude oscillations with high frequency
around the switching point, which may degrade the perfor-
mance properties of the vehicle. In our case the switching
point is the critical normalized load transfer defined as R1,
and the brake system is switched on and off at this value.

In order to eliminate chattering, a hysteresis character-
istic is applied with respect to the critical value of the
load transfer R1. It means that the value of R1 must be
larger when the brake system is switched on than when it
is switched off. Such a load transfer hysteresis is defined as

R1 = Rnom +
sgn(Ṙr)

wh
(16)

where Rnom is a nominal value of the switching point. wh
is the parameter with the width of hysteresis window can
be adjusted .

In equation (16), it is assumed that the derivative of load
transfer Ṙr is also computed in real time. The sign of Ṙr
can be used to deduce the direction of the load transfer
change. If the sign of Ṙr is positive the load transfer is
increasing and the brake system is switched on above the
Rnom. However, when the sign of Ṙr is negative, that is the
load transfer is decreasing, the brake system is switched off
at a smaller value than its nominal value. The sign(Ṙr)
can be used as an additional scheduling parameter in the
control design. In the design procedure, the possible values
of sign(Ṙr) are selected {−1, 0, 1}.

In the LPV model of the yaw-roll motion three param-
eters are selected as scheduling parameters: the forward
velocity v, the the normalized lateral load transfer at the
rear side Rr, and the derivative of lateral load transfer at
rear Ṙr:

ρ =
[

v Rr Ṙr
]T

(17)

The parameter v is measured directly, while the parameter
Rr can be calculated by using the measured roll angle of the
unsprung mass φt,r, and Ṙr can be calculated by numerical
differentiation from Rr.

IV. Solution of the LPV-based control design

The LPV model to be controlled has a partitioned rep-
resentation in the following way:





ẋ(t)
z(t)
y(t)



 =





A(ρ) B1(ρ) B2(ρ)
C1(ρ) D11(ρ) D12(ρ)
C2(ρ) D21(ρ) D22(ρ)









x(t)
w(t)
u(t)



 (18)

where ρ is the scheduling vector.
The induced L2 norm of the LPV system GFP , with zero

initial conditions, is defined as

‖GFP‖∞ = sup
ρ∈FP

sup
‖w‖

2
6=0,w∈L2

‖z‖
2

‖w‖
2

(19)

If GFP is quadratic stable then this quantify is finite.
The quadratic stability can be extended to the parameter
dependent stability, which is the generalization of quadratic
stability concept.

Definition 1: Given a compact set P ⊂ RS , and a func-
tion A : RS → Rn×n, the function A is parametrically
dependent stable over P if there exist a continuously dif-
ferentiable function X : RS → Rn×n, X(ρ) = XT (ρ) > 0
such that

AT (ρ)X(ρ) +X(ρ)A(ρ) +

s
∑

i=1

(

νi
∂X

∂ρi

)

< 0 (20)

for all ρ ∈ P and |ρ̇i| ≤ νi, i = 1, 2 . . . , s.
Applying the parameter dependent stability concept, it

is assumed that the derivative of parameters can also be
measured in real time. This concept is less conservative
then the quadratic stability because the equation (20) is
solved by finding a parameter dependent X(ρ) instead of a
single X.

The quadratic LPV γ-performance problem is to choose
the parameter-varying controller matrices AK(ρ), BK(ρ),
CK(ρ), DK(ρ) such that the resultant closed loop system
is quadratically stable and the induced L2 norm from w to
z is less than γ. The form of LPV controller K(ρ) is as
follows

[

ẋK(t)
u(t)

]

=

[

AK(ρ(t)) BK(ρ(t))
CK(ρ(t)) DK(ρ(t))

] [

xK(t)
y(t)

]

(21)

The quadratic LPV γ-performance problem is solvable if
there exist a matrix W , W (ρ) = W T (ρ) > 0 such that

[

AT
clp(ρ)W (ρ) + W (ρ)AT

clp(ρ) W (ρ)Bclp(ρ) γ−1CT
clp(ρ)

Bclp(ρ)W (ρ) −Ind
γ−1DT

clp(ρ)

γ−1CT
clp(ρ) γ−1DT

clp(ρ) −Ine

]

< 0

(22)

for all ρ ∈ P, where the matrices Aclp, Bclp, Cclp, Dclp are
the closed loop state space data.



Theorem 1: Given a compact set P ⊂ RS , the per-
formance level γ and the LPV system (18), with restric-
tion D11(ρ) = 0, the Parameter-Dependent γ-performance
Problem is solvable if and only if there exist a continu-
ously differentiable function X : RS → Rn×n, and Y :
RS → Rn×n, such that for all ρ ∈ P, X(ρ) = XT (ρ) > 0,
Y (ρ) = Y T (ρ) > 0 and





ÂX + XÂT
−

∑s
i=1

(

νi
∂X
∂ρi

)

−B2BT
2

XCT
11

γ−1B1

C11X −Ine 0
γ−1BT

1
0 −Ind



 < 0

(23)




ÃT Y + Y Ã +
∑s

i=1

(

νi
∂Y
∂ρi

)

− CT
2

C2 Y B1 γ−1CT
11

BT
1

Y −Ind
0

γ−1C11 0 −Ine



 < 0

(24)
[

x γ−1In

γ−1In Y

]

≥ 0

(25)
where Â(ρ) = A(ρ)−B2(ρ)C11(ρ) and Ã(ρ) = A(ρ)−B1(ρ)C2(ρ).
The state space representation of the LPV controller K(ρ)
is constructed from the solutionsX(ρ) and Y (ρ) of the LMI
optimization problem.

The constraints given by the LMIs in Theorem 1 are
infinite dimensional, as is the solution space. Therefore
some approximations are needed in order to compute solu-
tions. First, the infinite-dimensionality of the constraints
is relieved by approximating the parameter set P by a fi-
nite, sufficiently fine grid Pgrid ⊂ P. Second, the vari-

ables X,Y : RS → Rn×n by restricting the search to
the span of a collection of known scalar basis functions.
Pick scalar continuously differentiable basis functions {gi :

RS → R}Nx

i=1, {fj : RS → R}
Ny

j=1 then the variables in
Theorem 1 can be parameterize as

X(ρ) =

Nx
∑

i=1

gi(ρ)Xi, Y (ρ) =

Ny
∑

j=1

fj(ρ)Yj . (26)

Recently, there is no analytical method to choose the ba-
sis functions, namely gi and fi. Intuitive rules for basis
function selection are applied.

V. Demonstration example

In the demonstration example, cornering responses of
a single unit vehicle model travelling at 70 kph can be
seen. Figure 3 shows the time responses of the roll over
prevention system to the cornering. In this case chattering
elimination is not applied in the control design. The yaw
rate command applied in the simulation is a step signal.
In order to avoid the unrealistic change in the yaw rate
command, a ramp signal is applied, when the signal reaches
the maximum value (13 deg/s) in 0.5 s and filtered at 4
rad/s to represent the finite bandwidth of the driver. Since
the brake system is only activated when the vehicle is close
to the roll-over, the yaw rate command is generated in such
a way that the normalized load transfer reaches its critical
value R1.
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Fig. 3. Time responses to cornering when chattering elimination is
not included

In the cornering situation as the lateral acceleration in-
creases, the normalized load transfer lifts up the rear axle
more quickly than the front one since the ratio of the effec-
tive roll stiffness to the axle load is greater at the driven
axle. The relative roll angle does not exceed the accept-
able limit, which is about 6 − 8 degrees. Besides roll over
avoidance, the controller also guarantees the tracking per-
formance of yaw rate command. It can be seen that the
tracking error is negligible in the yaw rate channel. The
brake force is approximately 30 kN at the rear axle on the
right-hand side. It can be observed that chattering in brake
force occurs while the vehicle is decelerated. This phe-
nomenon appears in such switching system when the con-
trolled system reaches an equilibrium point with small am-
plitude oscillation. This small oscillation causes the brake
system to switched on and off around the critical value R1,
and this degrades the roll stability of the vehicle.

In the next example, the extension of the roll over avoid-
ance system with chattering elimination is analyzed (see
Figure 4). In order to eliminate chattering, a hysteresis
characteristic is applied with respect to the critical value
of the load transfer R1. It means that the value of R1 must
be larger when the brake system is switched on than when
it is switched off. The yaw rate command and the initial



forward velocity of the vehicle is exactly the same as in the
previous maneuver.

Using the controller with chattering elimination the con-
trol algorithm is activated and the active brake system re-
duces the lateral acceleration when the normalized load
transfer reaches the upper limit of the hysteresis charac-
teristic. Due to the hysteresis characteristic the oscillation
of brake force is disappeared. It can be seen that the vehi-
cle is decelerated until the normalized load transfer reaches
the lower limit of the hysteresis. When the brake control is
activated, the rear right-hand-side wheel is braked to avoid
the rollover of the vehicle, as shown in the brake force plot.
Approximately 30 kN control force is required for the rear-
right wheel during this maneuver. It can be stated that
the tracking performance requirement associated with the
yaw rate channel is fulfilled.
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Fig. 4. Time responses to cornering when chattering elimination is
included in the control design

VI. Conclusion

In the paper a combined control structure has been pro-
posed for tracking the path of the vehicle and prevent-
ing rollover. In normal situations the controller minimizes
the tracking error and when the normalized load transfer
has reached its critical value the brake control is also ac-
tivated in order to prevent the rollover. The modelling

and the control design are based on the LPV method. In
the LPV model the forward velocity, the normalized lat-
eral load transfer at the rear, and the critical value of the
rollover are chosen as scheduling parameters. The LPV
controller is able to handle the highly nonlinear model, as
well as the performance demands and the model uncertain-
ties. Since a chattering phenomenon may occur when using
this combined control, the control structure is modified to
eliminate this.
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