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Abstract

A new methodologyof the partial eigen-
structureassignmenby statefeedbackvia
Linear matrix inequality (LMI) is extended
to obtaina solution of the constrainedeg-
ulator problem for linear continuous-time
anddiscrete-timesystemdy usingthe LMI
formulation. Key-words: Linear sys-
tems, constrainedcontrol, positive invari-
ance LMI technique.

1 Notation

e Fortwovectorsz, y € R*, =z < yif
e A squarematrix @ > 0 if @Q is definite
positive.

e I denotegheidentity matrix.

e Foramatrix H,

> H* H-
i = [H— H+ ]
where
7 _ | i H
Al
where
hf; for i # g
= ij
i { hii otherwise ’
h;; for i # g
= ij
= { 0  otherwise '

fori, 5 = 1, ..., n, whereh;; denoteshe
matrix component (i, 5).

2

In this paper we study the stability of lin-
earsystemswith input saturation.This class
of systemshasobtainedgreatinterestdur-
ing the lastdecade.It wasshavn by mary
authorsthat the global stabilizationof lin-
ear systemswith input saturation,can be
achieved if andonly if all the polesof the
given systemare stable,and, even then, in
generalonemustusenonlinear controland
only simplecasesanbe handledvia linear
control laws ( see[16] and the references
therein).

Intr oduction

An efficient tool to develop local stabiliz-
ing controllersfor linear systemswith in-
put saturation,when the given systemis
not stable, is the positive invariance ap-
proach[3]-[6], [8]. The stabilizing regula-
tor F' obtainedwith this approachis a so-
lution to the non linear algebraicequation
FA+ FBF = HF, wherematrix H sat-
isfiesthe main condition of positive invari-
anceof type Hq < ¢, vectorq representthe
constrainton the control. Onecancite the
work of [4] wheretheresolutionof equation
XA+ XBX = HX is presentecésatech-
nique of partial eigenstructureassignment.
This resolutionwas also associatedo the



constrainedegulatorproblem.For thesame
purposethefollowing generalize®ylvester
matrix equationAX + BY = X.J is used
in the literature[11], [13] [12] andtheref-
erencegherein. In [12], the partial eigen-
structureassignmenproblem,in whichboth
the open-loopandthe closed-loopeigerval-
uesareallowedto possesarbitrarygeomet-

ric andalgebraianultiplicities, is addressed.

Its solutionis similar to the oneobtainedby
[4].

The LMI theoryhasbeensuccessfullyused
in mary areasof automaticcontrol [9],[1],

[2], [7] andthereferencesherein. Thereex-

ist mary efficient algorithmsto numerically
solveagivenLMI problem.

In this paperwe addressheregulatorprob-
lem for linearcontinuous-timeanddiscrete-
time systemswith constrainedcontrol in

termsof anLMI problem.This formulation
is closelybasedn thework of [7] whichal-

lows oneto find a non singularsolutionto

the Sylvesterequationwith possibleaddi-
tional specificationson the eigervectorsof

theclosed-loopsystemsandwithoutrestric-
tive assumptions. Thus, a solution by us-
ing the LMI techniqueis provided for the
partial stabilizationproblem,that s, find a
statefeedbackF’ which ensureghe asymp-
totic stability of the linear systemwith con-
strainedcontrol.

The rest of the paperis organizedas fol-
lows: The backgroundof the techniqueof
the reducedorder systemtogetherwith the
LMI of partialeigenstructurassignmenare
recalledin the secondsection. Section3
presentghe mainresultof this paperwhich
consistan a LMI allowing a directsolution
of theconstrainedegulatorproblemfor lin-
earsystems.An algorithmandan example
illustrating this new techniquearealsopre-
sentedn this section.

3 Preliminary results

This paperis devotedto the studyof linear
systemslescribedy equation(1)

dz(t) = Az(t) + Bu(t), (1)

wherethe operatordenotecheres is defined
asfollows:

for continuous-timesystemsanddiscrete-
time systemgespectiely, z is the statevec-
tor in R”, andu is the constrainectontrol,
satisfying

u € QCR™. (2)

MatricesA and B areconstantpf appropri-
ate size and satisfy the following assump-
tion. We assumethat:

e H1): Thepair (4, B) is controllable.

e H2): The open-loopsystemhasm un-
desirableor unstablesigervalues.

Q1 is thesetof admissiblecontrolsdefinedas

Q={ueR"/~¢2 2 u =2 q; 0,2 € R"}.
(3)

This is a nonsymmetricalpolyhedralsetas

is generallythe casein practicalsituations.

Let usfirst considerthe unconstraineaase
and assumethat we constructa stabilizing
controllerfor system(1) which consistsin
realizingafeedbacKaw as:

u(t) = Fz(t), F € R™ withrank(F) = m.
(4)

In suchacasesystem(1) becomes

Sa(t) = (A+BF)z(t) = ®z(t), (5)

whereF' is generallychosenin sucha way
that an increaseof systemdynamicsis ob-
tained with the asymptoticstability of the
closedoop system(5).



In the constrainedcase,we follow the ap-
proach proposedin [3], [5], [6]. Recall
that this approachconsistsin giving con-
ditions allowing the choiceof a stabilizing
controller(4) in sucha way that model (5)
remainsvalid every time. Thisis only pos-
sibleif thestateis constrainedo evolvein a
specifiedregion definedby

D={zeR"/—qp<Fz=<q}; (6)
Notethatthesedomainsarecorvex andun-
boundedor m < n.

Definition 3.1 AsubsetS of R* is saidto be
positivelyinvariantwith respectto (w.r.t.)
the motionof the system(5) if for everyini-
tial statez, € S, themotionz(z,, t) €
S, for everyt.

The necessanand sufficient conditionsof
positive invarianceof the setsD w.r.t the
system(5) arewell known andaregivenby
[3], [5], [6] whichis recalledby the follow-
ing result.

Theorem 3.1 Domain D is positively in-
variant w.r.t. the system(5), if and only if
there existsa matrix H € R™™, solution
to

FA + FBF = HF 7

andsatisfying

I:Iéq j 07 (8)

whee H; is definedby H; =

H — I for discrete — time systems,
H_, for continuous — time systems,

An efficient algorithm to built such con-
trollersis given by the resolutionof the al-
gebraicequationXA + XBX = HX [4]
wherematrix H is firstly givenaccordingto

condition (8). Note that the obtainedcon-
trolleris stabilizingthesystemn theclosed-
loop while the control is admissiblefor all

zo € D. Thistechniques so-calledthein-

verseprocedure. The resolutionof this al-

gebraicequationnecessitatethat matrix A

admitsat leastn — m stableeigervaluesas
requiredby assumptiorH2. If not, onehas
to usethetechniqueof augmentatiofd] de-
scribedbelow:

Rewrite the system(1) underthe equivalent
form:

dz(t) = Az(t) + Byw(t), (9)

with matrix B, givenby:
Ba = [ B © ] )

where® € R™(=™) representthenull ma-
trix. This augmentatiortechniqueleadsto
theintroductionof n—m fictitiousentriesto-
getherwith their fictitious constraintggiven
by: —ps < v < 1. Inthiscasethecontrol
law is alsomodifiedandbecomes

w(t) = Kz(t) andv(t) = Ez(t). Note K
andg asfollows:

— F I
K_|:E:|,gl_|:g01:|,

_ | @ _ |l n
92—[@],9—[92] (10)

where g representsthe new vector con-
straint. Note thatthe systemin closed-loop
given with the augmentedtontrol w(t) re-
mainsthe sameas (5) while the setof ad-
missibleconstraintdoecomeswith this aug-
mentation,

Qe ={w e R"/—go < w < g1} (12)

It is worth noting that this techniquedoes
not modify the system,introducesnew de-
greeof freedomwith ¢, which are usedto



satisfyconditions(8), but in return,reduces
the domain D which is transformedo the
following boundedandcorvex set:
G={zreR"/-gp<Kz<q}; (12)
Obviously, conditions(7) and(8) areto be
written with matricesK and B,, matrix H
become®f nxn size.
Let A,: bethesubseformedby the (n — m)
open-loopeigervaluesthat belongto some
desirablestableregion.

A; : bethesubseformedby them eigerval-
uesthat one wantsto assignin closed-loop
by usingthe statefeedback4).

Theproblemof partialpoleassignmenton-
sistsin computingmatrix F' suchthatA =
o(A+ BF) = A, UA,.

This work is also basedon the use of the
techniqueof reduced-ordesystemobtained
by the projectionof the original systemtra-
jectoriesin the subspacassociateavith the
undesirablesigervalues[10] . This canbe
achieved by a Schurdecompositiorof the
systemmatrix in two blocks associatede-
spectvely with the desirableand undesir
ableopen-loopeigervalues.Thus,let usre-
call the main outlinesof this techniquede-
tailedin [10].

Let usdefinea subspace, associatedvith
the (n — m) stableopen-loopeigervalues

suchthat,

the columnsof Q, spansS, = Ker(F)

the columnsof Q,,, spanS,, complementaryo S,
Matrix ) can be obtainedfrom a Schur
decompositiorof matrix A by reorderingjf
necessanyts Schurblocks[14].
In the orthonormal basis formed by the

columnsof matrix @), the open-loopsystem
(1) isrepresentedy :

(14)

2.50 _ Ro R2 Zo(t) BO
=l w5 e
1
where,
Ro R2 .
k=0AQ = [ Omx(n-m)) Bm ] ’
T
=[5, o

2z, Is theprojectionof x on S, along.S,,
zm 1S the projectionof x on S,, alongs,

{

Note that the dynamic of z,, associated
with theundesirablgolesto be modified,is
decoupledrom z,. Thuswe canisolatethe
following open-loopreduced-ordesystem:

im = R 2m(®) + Buu(t)  (17)

andconsiderS,, acomplementargubspace Recall that it is always possibleto have

to S,, i.e S, ® S,, = R". Notethats,, can
be associatedvith the unstableor undesir
ableeigervalues.

In this way, considerthe following change
of basisin (1):

<o
Zm

v = (Qu1Qu] |

] 120 € RV™, 2z, € R™
(13)
wherethe matrix € R™*" is orthonormal,

Q= [Qo| Qm]a Q, € Rnx(n—m);Qm € Rnxm;

rank(B,) m and the reduced pair
(R, By,) completelycontrollable[10].

In the new basis,the feedbackmatrix F' is
representedy:

FQ = F[Qo | Qm] = [Omx(n—m)| Fm]7 (18)

with rank(F,) = m. In this way, ma-
trix £, assignghe desiredspectrumof the
closed-loopreduced-ordesystem:

bm = (R + BuFin) zm(t) (19)



The secondresult of this sectionconcerns
the problemof partialeigenstructurassign-
ment which is relatedto a reduced-order
Sylvesterequationassociatedb agivenma-
trix J by usingthe LMI technique.

Theorem 3.2 [7] For a matrix J € R™*™
givensudthato(J) = Ay, and X € R™*™,
Y € R™*™ solutionsof the following LMI
problem:

XT+X >0
{ U.c: RuX +BpY —xJ=0 9
the regulator of gain F = F,, QT ;with

F,, = YX~! assignghe spectrum\, U A;
for the systen(5) with assumption$i1- H2.

4 Main result

In this section,we presentthe main result
of this papemwhich exprimestheasymptotic
stability condition for linear systemswith

constraineccontrol by meansof LMI tech-
nique. This resultis basedon anequvalent
formulation of the resolutionof the alge-
braicequation(7) usingthe Sylvesterequa-
tion of thereduced-ordesystem.

Theorem 4.1 A matrix F' of full rankis the
uniquesolutionof the equation,

FA+FBF = HF (21)

whee matrices A, B satisfy assumptions
H1-H2 and H € R™*™ a givenmatrix; if
andonlyif there existnonsingularmatrices
X € R™™ andY € R™*™ solutionsof the
following system:

{

whele thematrix J denoteghe Jordanform
of thematrix H. Moreover, theonly solution
of 21)is F = Y X~'QT, matrix Q,, is
givenby (16).

R,X+B,Y—-XJ=0,

HY -YJ=0, (22)

Proof:

(if)y Let X andY be the non singularsolu-
tions of the system(22). Accordingto the
resolutionof the SylvesterequationR,,, X +
B,Y — X J =0, [12], onecanwrite,

(Rm + BnF)X =XJ,  (23)

which meanghatthe columnsof matrix X,
which is nonsingular representshe eigen-
vectorsof thereducednatrixin closed-loop
associatetb theeigervaluesof matrix H. It
followsthat,

XJXx !
Yy XL

(Bm + BmFm)
F,

(24)
(25)

By multiplying in the left equation(24) by
matrix X ~! andY successiely, oneobtains,

YX 'R, +YX 'B,F,=YJX!
(26)
Taking account of the second equation

HY =Y J, oneobtains,
F,, R,, + F,, B, F,, = HF,, (27)

By multiplying equation(27) in theright by

T, andusing QT Q,, = I, one should
have,
Fr QT QuBmQT + FrnQF Qu B QT

= HF,QT,

which leadsto the algebraicequation(21),
keepingthe transformationg16) in mind.
Finally, onecannotethatmatrix F, is also
nonsingular thatis, matrix F' is of full rank.

(only if) Let matrix F' with full rank be
theuniquesolutionof thealgebraicequation
(21). Using the sametransformationg16),
matrix F,, is the non singularuniquesolu-
tion of the reducedalgebraicequation(27).
Accordingto [4], this solutionis given by
F,, = YX~! whereX andY satisfy:

F,X=Y (28)



and

HY =YJ (29)

Multiply in theright equation(27) by matrix
X, it follows,

F (R X + BpuFpn X) = HF,, X (30)

Using(28) andthefactthatmatrix F;,, isnon
singular then,

R.X+B,Y=XY"'HY, (31)
Using (29), one obtainsthe Sylvesterequa-
tion of (22). In conclusion,the uniqueso-
lution of full rank of the algebraicequation
(21)is givenby F = Y X' QT with ma-
trices X andY aresolutionsof the system
(22).VVV

This resultenablesus to built a stabilizing
regulatorfor system(5) despitehepresence
of the constrainton the control by usingan
LMI formulation.

Theorem4.2 For a given matrix H €
Rm™ ™ satisfying(8) and o(H) = Ay, if
there exist non singular matricesX andY
solutionsof thefollowing LMI problem:

XT+X>0
u.c. Ry X+B,Y —XJ=0,
and HY —YJ =0,

(32)
whee matrix J denoteghe Jordan form of
matrix H, then,thesystemn closed-loog5)
with matrix F' givenby FF = Y X1 QT is
asymptoticallystablefor everyz, € D.

Proof:

Accordingto Theorenmd.1, if thereexistnon
singularmatricesX andY solutionsof the
LMI (32), then, matrix FF = Y X' QT,
which is of full rank,is the uniquesolution
of the algebraicequation(7). Sincematrix
H is givenaccordingto condition(8), then,

by virtue of Theorem3.1, the setD is pos-
itively invariantw.r.t the systemin closed-
loop (5). Further (A + BF) = AgJA:

which guaranteethe asymptoticstability of

thesystem(5) for everyzy € D. VVV

The following algorithm summarizesthe
stepsof calculationdollowedduringthede-
velopmentof this newv approachby intro-
ducingtheLMI. It is worthto recallthatthe
useof aSchurdecompositiomguaranteesu-
mericalrobustnessn the computatiorof the
open-loopeigervalueswhile it determinesa
new basisfor the associatedubspacefL4].

Algorithm:

e Stepl: Verify thatmatrix A possesses
only m undesirablesigervalues. Ay is
thesetof theremaindern — m) eigen-
valuesof A.

Step2: Apply a Schurdecomposition
of matrix A by reordering,if neces-
sary its Schurblocks to have matrix

Qn € R™™ and the reduced-order
system(19) associatedvith the unde-

sirableeigervaluesof matrix A.

Step3: Giveamatrix H € R™ ™ sat-
isfying (8) ando(H) = A;. Compute
its Jordarnform J.

Step4: Computethe LMI (32); F;,, =
YX-!

Step5: Computethe gainmatrix F' =
F.QT.

Step 6: Verify that o(A + BF)
AgUM

Example 4.1 In order to illustrate the use
of the proposedmethodolgy, we consider



the samecontinuous-timesystentreatedby
[12].

—5 10 00
A= 0 1 1|;B=|01
1 11 10

Let the constaints on the control be asfol-

lows:
T R
QI - 10 ) Q2 - 5

Theopen-loopeigervaluesof the systenare
givenby:

o(A) = {—4.9711, —0.0973, 2.0684}

Let the undesiable eigervalues be
{-0.0973, 2.0684}. For that, the Scur
decompositiof matrix A is givenby:

[ 0.9851  0.1427 0.0962
Q = 0.0284 —0.6864 0.7267 | ;
| —0.1697 0.7131 0.6802
[ 0.1427 0.0962
Qnm = —0.6864 0.7267
| 0.7131  0.6802

Thecorrespondingnatricesk,,, and B,, are
givenby,

B _ [ 009726 0.4137
m = 0 2.0684 |’
5 _ [ 0713 —0.6864
m = | 06802 0.7267

Choosea matrix H satisfying(8) of spec-
trumo(H) = {-3, -5} asfollows:

-3 1
n=|0 5]
Theresolutionof the LM I (32) yieldsthe
following nonsingularsolutionsX andY’,

¥ 813.2382 —735.6532 |
456.3723 187.7618 |’

v = —3400.6862 1716.4146
- 0 —3432.829

Fromthe Algorithm, we havethe next feed-
badk matrix that assignghe desied closed-
loop spectrum,

—0.6333
—0.09236

0.3527
—6.3952

_ AT —3.616
F=YX"0Qn= —1.6003
The assignedspectrumin closed-loopis
thencomputed,

o(A + BF) = {—4.9711, —3.0000, —5.0000}
= AO U O'(H)

Thealgebraic equation(7) is also satisfied
and can attain |FA + FBF — HF|| =
4.1e — 15 with a high precisionof MATLAB.

Example 4.2 In order to illustrate the use
of the augmentedechnique considerthe
doubleintegrator systemin discrete-time

i<[3 1) [¢]

Let the constaints on the contol be asfol-
lows:

11
01

g =95 q=10

Theopen-loopeigenvaluesof the systenmare
givenby:

o(4) ={1, 1}

Theopen-loopsystendoesnot containn —
m stableeigervalues. For that, we usethe
augmentatiotednique

0.5 0
m= |0

Choosea matrix H satisfying (8) with a
given fictitious constaints ¢; = 2.5 and
w9 = b asfollows:



Theresolutionof the Sylvesteequation(32)
yieldsthefollowing nonsingularsolutionX
andY’,

x _ [ 21950499 —16521.881 ],
= | —14633.666 14161.612 |’
v 7316.833 —8496.9673 |
0 849.6967 |’
Cowot [ —030 —0.95
K=YX _[ 0.18  0.27

Theeffectivegainmatrix ' isto beextracted
frommatrix K asfollows,

F=1[-030 —0.95 ]

The assignedspectrumin closed-loopis
thencomputed,

o(A+ BF) = {0.4,0.5}
=o(H)

The algebraic equation(7) is also satisfied
andcanattain||FA+ FBF — HF|| = le—

16 with a high precisionof MATLAB.Never-

thelessthe continuous-timeloubleintegra-

tor leadsto a Sylvesteequationwhich does
not admita non singular solutionwhenthe
augmentatioriechniqueis used.

5 Conclusion

In this paper a new formulation for the

constrainedegulator problemis presented.

This techniqueis basedon the use of the
reduced-ordesystemandthe LMI’ sto sim-
plify the computationsandto have a good
numericalprecision. The resultsare given
for the continuous-timesystemsand the
discrete-timesystems.The paperpresenta
simplealgorithmandtwo illustrative exam-
ples.
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